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ON A SOLUTION OF OPERATOR DIFFERENTIAL EQUATION
AND APPLICATION TO PARTIAL DIFFERENTIAL EQUATION

BY

LE. SHARKAWI

1.Introduction. The field M of Mikusinski operators is an extension of the
integral domain C, [1]. As it is known that the quotient field M of Mikusinski con-
tains the differential operator s, the integral operator { and translation operator.
The differential equation in M covers some classes of partial differential equations,
integral equations and difference equations, which have quite wide range of appli-

cations.
In this paper we shall deal with the differential equation

(1) Lpz(A) = 2MA) + 621Nz () + .+ ao(N)z(d) = 6(A), 0< A < A
where 2(}),b(}) and a;(A), i =0,1,.,n— 1 are functions which map the interval
[0, A] into the field M of operators.

2 Preliminaries. The class C of continuous complex-valued functions of
non-negative real variable forms a commutative algebra without zero divisors,
where the product is defined as the finite convolution, the sums and scalar products
are defined in the usual way. The quotient field of this algebra is the operator field
M of Mikusinski.

K(}) is the class of all numerical bounded function of the form of finite sum
T, A,e'?*, where A, is a numerical constant, i = V=1 and A € [0, A). We shall let
f = {f(t)} denote the representation of f(t) in C[0,00), while z(}) = ¢{z(}, 1)}
stands for an operation function, where ¢ € M and {z(A,1)} is a parametric
function.

M(A) is the set of all mappings of [0, A) into M,A < o0

D(T): 0 <A <A, Ogt§T<ooist.hedomainR2.

J(D) : is the set of all continuous complex-valud functions f(},t), such that
(i) for every T < oo, f(A,1) is defined, bounded and measurable over D(T),
(i1) for every A in [0, A], f(A, 1) is in C.

Finally J()) is the algebra which lies in M(A), its elements are of the form:
f) = ¢{f(A )}, ¢ € M and f(A1) € J(D). In M(}) the limit, derivative and
integral are defined {1].
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3.0perator spaces, C,(}),C,(A\) and A,(A). In [4)Stankovic has
defined and investigated the spaces C,{)) and C,()). We present here only the
essentials, and define a space A,(A)C,{}) : is a commutative algebra which lies in
M(}), its element are of the form f(A) = s?{f(A, 1)}, B> 0 and f(),t) € J(D).

C,(A) : is a vector space that contains C,(}).

A,()) : is the set of all members of the form: a + s~° f(})
where, a is numerical constant, s=f = [ = {{:(%},,B >0, t € [0,T] and
f(A) € K(A).

4.The system of differential equations. Equation (1) can be reduced to
the equivalent system of differential equations:

(2) 2i(0) =Y ai (N (A + b(A), i=1,2,..n

i=1

where, a; ;(A), bi(A) and z;(A) are functions which map the interval [0, A] into the
field M.Mik usinski[l] proved the unicity of the solution of the system (2) when
a;(A) are independent of A. He solved equation (1) when a;{)A) are polynomials of s
with numerical coefficients [1]. In the case when a; ;(A) = %73 {w; j(A, 1)} € C,(})
and b;(A) € C,(}), and under some conditions on 3 ;, St an k o vi ¢ [5] proved
the unicity of the solution of the system {2) with the initial conditions:

(3) (0)=zeM, i=12.,n

we shall use the results of Stankovic unicity theorem to prove the unicity of the
system (2) when a; j{A) € A,(A), with initial conditions, (3). We need not mention
Stankovic conditions in the following theorem:

Theorem 1. Let a; j{A) € 4,()) and b;(A) € C,(}), then the system (2),
with the initial conditions (3) has a unigue solution in C,.

Proof. Since a;;j(A) € A,(A), then a;;j{(A) can be written as
a;;(A) = af'{l-l- s~P £ ;()) where af; is a number, § > 0 and f;; € K. For any

av

@i >0, we e
- @ ° AT el
a.’,,‘(:\) = §g%uig '*«‘a.—,—(z\) =5 -J{ai'j I‘(aij +
1% +e- A o
+ i) €GO

(ie. A, (A} € Ci(A), but @;j, 1 € i, j £ n are arbitary +ve numbers hence
we can choose o; ; such that Stankovic conditions are satisfied. Thus by applying
Stankovic theorem of unicity we complete the proof of this theorem.
5.Homogeneous logarithmic differential equation with

coefficients in A,()). Here we shall consider the equation (1)} when b(A) = 0,
ie.

dn-1
dan—1

(4) Lnz(A) = a‘f\-n—nz(A) + an-1(A) z(A) + ...+ ao(X)z(M) =0
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(N e AR, i=01.,n—L ‘ o .
WhereDa‘e(ﬂr)lietions )Equation (4) 1s said to be logarithmic if it has n lineraly

independent solutions (logarithmic solutions). ‘ ‘
GiveI:'l the coefficients ai(A) = a] + s"’f;_(,\) € A,{/\) we can interpret equation (4)
in the form of nonhomogeneous differential equation

n—1

a-1 E
d
d L [ - Oi 1] 2) = —;B(A),
() F(aye() = (o +at s ggmr ool + =N = 2 S

let the characteristic equation of the differential equation F({;)z()\) = .0 del(liott}ald
by F(r) = 0 which has n roots. In carlier papers (2] and [3] we investigated the
formal solution of equation (5) and gave it in the form:

(6) .’.l:k(A) = [1 + is—'ﬂj y,,,-()i)] exp[rk + Z s-ﬂjpkj]A = Yk(z\)eR*A

i=1 i=1

where r; is one of the numerical roots of the equation F(r) = 0,px;, J = 1,2,...,
are complex-numbers, yi; € K(A) and

(7 Yi =1+ 6750, Re=re +3 57 i
i=1 =1

Theorem 2. The number of linearly independent (logam'thmic} solutions of

} is less than or equal to the order of th.zs equalions. '
Equﬂfig:ﬁogg 'iet z1(A), z2(A), ..y 2np1({A) be solutions of equation (4). Itis a.l-‘
ways possible to choose n + 1 constants Ci,Ca,...,Cny1 not all null such that :

Eg':llcjmgi)(O) —0fori=0,1,..,n— 1 then the function

n+l

z(A) =Y Cjz;(A)

i=1
also satisfies the equation (4) and the initial conditions:
200)=0 for i=01,.,n— 1.

By unicity theorem (1) we have z(}) = 0 identity :ln D(T). Thus z;(A), z2(A), s
linearly dependent, which proves the theorem. )
znﬂ(g?l;roin]::g:niouf logarithmic equation with coeﬂicn.ents in C,(}). }\n
this section we shall consider the differential equation (1) with a;i(A) € C,(b)
and b(}) is a given operational function C,()), then every solution of (1) can be

ted as the sum
respresente 20 = 53 -
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where, v(}) is any solution equation (1) and u(A) is the solution of the homogeneous
equation L, z(A) = 0. Thus if we know all logarithmic solutions 2, (), k = 1, 2,...n
of the homogeneous equation Laz(A) = 0, we shall know all the solutions of equa-
tion (1).

Theorem 3. The particular solution of equation (1) when a;()) € Ci(A) and
b(A) € C,(A), always exist if the equation Loz()) = 0 has n logarithmic solutions
zi(A)=1,2,..,n.

Proof. Write uo(A) = Cizy(A) + Coza(X) + ... + Cnza(A) and choosen the
constant operators C},Cy, ..., C,, so as to have

(8) 4o(0) = w'o(0) = ... = u{"~2(0) = 0 and ul*=D(0) = 1.

In order to determine C|, C,, v Cr we have to solve the system of n equa-
tions. This is always possible. In fact, suppose the converse. Then the determinant
of the considered system vanishes, and we can find a set of C; such that ug")(O) =0
fori =1,2,...,n—1. By Stankovic theorem of unicity we then have identically
u,(A) = 0, which contradicts the hypothisis that L,z(A) = 0 has n logarithmic
solutions. Thus we have proved that there is a solution u,(A) of L,z()) = 0,
satisfying conditions (8). Now we can easily verify that:

A
o) = jo oA, )b}

is the required particular solution of ( 1) when a;(}) € C,(A) and b()\) € C, ().
7.Application to partial differential equations. We shall retain our
restriction to the partial differential equation of the form:

& i 2% S22 = Y AN (M) + 9001

=0

for which our results can be applied when af,i = 0,1, ..., n are numerical constants,

fi(A} € K(A) and g(), ¢) is a given function in J(D). By using the general function
givenbyMikusinski[l]

m—1]
(10) Bemas (4 8) = s™{une (X, )} = D s™i1y,,,0(0,0)

i=0

we can write equation (9) in the operational form:

(11) an(N)2™(A) + a5 (N2 D) + .+ a,(A)z(A) =
= h(A) + 5" {g(X, 1)} = $())
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where z(O(A) = {z) (A, )} for i=0,1,2,...,n.

¢(N) = h(X) + s ™ {g(A 1)}

n m=1

(12) h(,\) = Z z a?s_j'IItJA'(A)U)

i=0 j=0

d ai(A) = (af — s~™ fi(A)) € A,(A). N
* all(Vo)te. (C'ondition 212) may be replaced by Cauchy conditions

ai
oty
‘Thus the partial differential equation (9) with addition of initial condition (12} is

equivalent to the nonhomogeneous operational equation (l.l).Similarly, the homo-
geneous problem is represented operationally by the equation

z(0,0)= b)) (G=0,1,..,m=1 see [1]).

(13) an(N)ZM(A) + an (N2 + o+ as(M)2(X) = 0

when h(}) are given, (12) are initial conditions on A.
Consider the homogeneous problem

Mmoo , Sy =0
(14) EtTﬂ- E_:O a; -a-F.T:(/\, t) z f:(’\)x(/\; !’)

i=0

with initial conditions on the A axis

n m-1I

- W)= 305 et 10,0
i j

obtained by putting ¢{),t) = 0 and A{(}, ) = 0 in th:i-lnonthotmhog:lrlle:rlismp?;;)lar:
isti i ditions (12). According to the the _

consisting of equation (9) and con ‘ o
[ i ists i 13) has n logarithmic solutions.
ticular solution always exists if equation (13

E?frler cases it is possible to find particular solut.lons‘of (11}, but we are n:: av:zz

of any general method. It may happen that no solutior of (11) exsits.On the 1owa '

hand, we can find the formal solution of (13) see {2] and [3]. Hence we can alway
the general solution of (13). _ ' . ‘

i t;oin;rli. Every solution of the partial equation (9) is a sollut.lfm Off :2:
corresponding operational equation (ll).BuL‘ notl (;onw:_rsly. F;;s: 32132;0;;.6 ne
i is 1 1 an operational function, whose :
operational problem is tn genera netic : : s
i 1 i5. Thus tional solution of equation
sense in classical analysis. Thus, the general opera S

] arii f type (9) and all the sclutions
contains all the solutions of partial equations of ty he
p‘:lr;t,i?.i ccuation with numaerical cocflictent [1].Without any restrictions we can
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take a,(A) = 1 in (11).Thus our results can be usful in establishing the form of
solution of the partial equation (9) in D(T).

Let, zx(A) = Yief** = 1,2,...,n as defined in (6) be the set of n loga-
rithimic solutions of equation (13) and the general solution of (13) is in the form:

(16) 2(A) = Ciz1(A) + Caz3(A) + ... + Cnzn(N)

where C;,i=1,2,...,n are arbitary operators.

In order that (16) to be a solution of (14) and (15) we have to impose con-
ditions on the coefficients Ci,i = 1,2,...,n similar to the conditions given by
Mikusinskiin the case of partial differential equations with numerical coeffi-
cients [1). Those conditions should be sufficient to ensure that (16) be a parametric
function, i.e. z(A) € J(D). We can establish such conditions by the following two
lemmas.

Lemma 1. If (16) is a solution of the partial equation (14), each of the
terms zi(A) = C;Yie® (i=1,2,...,n) on the r.h.s. of (16) must be a parametric
SJunction.

Proof. By assumption Yiefd § = 1,2,...,n are logarithmic solutions of
equation (13) then YJ(') and R; are operationally convergent. Thus, Y,-,Y,-(’) and

(eR'A)U) can be written as

Yi=(1+4G), ¥V =6", i=1,2..nj=01,. .n—1

17 )
W e (1 + Hy)

where G.—,G?) and H; are in J(D) and r; satisfy the characteristic equation
F(r)=0.

Finally, the expression: :::Ej)()«) = (Y,—eR"‘)m. In connection with (17) can be
written in the form

(18) 25")(/\) =[b; + ¢£,j]€RM = fr.-,,-eR""

where 0y ; = b; ; + $ij b #0,i=1,2,...n, j=0,1, ..,n— 1 are numbers and
¢:,; € J(D). Thus equation (16) can be rewritten as

x(J)(’\) = ‘7'1',‘7'6'16'R'A + Ui'jCQCR:'A + ...+ Un,anCR"A, i=0,1, eqn—1.

Let o be the determinant of the above system. As it is known from theorem (2)
the determinant o # 0.

it follows that

oA 2%y ni_(n-1)
(19) Cie™? = M)+ —=2'(A) +..+ g (A)
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where A;; is the minor of o, corresponding to the element that lies in the j th

column and ¢ th row. . ~
Since, all elements of o are of type o;; then, we can write 0 = B(1 + ¢},

where B is a number, (B # 0) and ¢ € J{D). Similarly, each of the minor Ay can

itten in the form:
e wnA_:nz Bji(1 + ®;i), where Bj; are number and ¥;; € J(D). Hence,

Aji  Bji (1+5i) _ Bji 1+ 0;:)
= =B axe ~BUTY
;i also in J(D). ‘
Wherel?::(f?()\) H =(0, l,..,n—1 are supposed to be in J{D), each oi‘;tlle temgs on
the r.hs. of (19) must be in J(D), i.e. Cie* € J(D). Hence CiYieR* € J(D).
Lemma 2. Consider the expression

(20) w(A) = pYef*
where

[ =] . )
Y =143 Ye()s™, vO =S¥ j=1,2,00m
E=1 k=1

(21) o0
R=ro+ ) mes ™
k=1

: () k=0,1,..) are numbers and
Iy convergent, Y, Y. € A (A),ri,( b : L2
1-5;;"6;16?'“}1}3;18‘3 yeC.C}(D),glhen pE kC If p € C then w()) and all its derivatives
wl(X),j = 1,2,..,n are in J(D).
Proof. From (21) we can write

(22) Yef* = e™M 1 4+ E(V)
where , E(}) € J(D).
Hence,
1 -ty 1 . E-—roA A
(23) ver=¢ T rrEgy o (O

where G(A) is again in J{D), from (20) and (22) we find
p=e M1+ G(A)w(X).

i i i i ion, the coefficient p must be a
H it follows that if w()) is parametric function, . ) T
fu(:::i?on of the class C. On the other hand, if p € C, the equality (22) implies that
w(A) € J(D). Since in this case

Yef* = e (1 + E(N))
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where E(X) is parametric. As before we find

p=e M1+ G(A))w())

where G(A) is parametric.Th i
: .T'he conclusion is th . . .
only if p € C. Moreover if p € C, all the deriliati\eressiur?:%“w(/\) e

) are parametric in D(T').
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TOPOLOGICAL PROPERTIES OF PROJECTIVELY
PARALLELIZABLE MANIFOLDS

BY

ANTONIO VALDES MORALES

1.Introduction. Let M be a differentiable manifold, and let LF(M) — M
be the bundle of linear frames of M. The bundle PF(M) = LF(M)/R* — M
is called the bundle of projective frames of the manifold M. M is said to pro-
jectively parallelizable if the projective frame bundle admits a global section
sp: M — PF(M).

This paper has two purposes.The firsi one is to find necessary and/or suffi-
cient conditions for M to be projectively parallelizable; the second one is to study
the relation between the notions of projectively parallelizable manifolds and linearly
parallelizable manifolds. As for the first purpose, we have found that a neccesary
and suffiecient condition for M to be projectively parallelizable is the existence of a
certain decomposition of the tangent bundle of M into a direct sum of line bundles
(theorem 1). This decomposition allows us to find obstruction for M to be pro-
jectively parallelizable in function of the Stieffel-Whitney classes of M (corollary
2), the orientability of M (corallary 3) and cobordism properties (corollaries 8 and
9). Also we found a necessary condition in the annulation of the Euler-Poincaré
characteristic of M (corollary 6).

Regarding to the relations between the notions of projectively parallelizable
manifolds and linearly paralielizable manifolds there are two questions that we have
iried to solve. The first one is to know when a projectively parallelizable manifold
is linearly parallelizable (since it is proved in proposition 3 that every linearly
parallelizable manifold is projectively parallelizable ). The second question is to
know when every projective parallelism is the projection of a linear parallelism.
The first question is partially solved since it is proved that if the dimension is
1.2,4 or 8, then every projectively parallelizable manifold is linearly parallelizable
{corollary 10), and in the other dimensions we have found examples of projectively
parallelizable manifolds that are not linearly parallelizable (examples 2 and 3).

The second question is solved since we have found a two-covering manifold
Lasociated Lo eaclh prajective parallshsm with the property of being trivial if and



