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TOPOLOGICAL PROPERTIES OF PROJECTIVELY
PARALLELIZABLE MANIFOLDS

BY

ANTONIO VALDES MORALES

1.Introduction. Let M be a differentiable manifold, and let LF(M) — M
be the bundle of linear frames of M. The bundle PF(M) = LF(M)/R* — M
is called the bundle of projective frames of the manifold M. M is said to pro-
jectively parallelizable if the projective frame bundle admits a global section
sp: M — PF(M).

This paper has two purposes.The first. one is to find necessary and/or suffi-
cient conditions for M to be projectively parallelizable; the second one is to study
the relation between the notions of projectively parallelizable manifolds and linearly
parallelizable manifolds. As for the first purpose, we have found that a neccesary
and suffiecient condition for M to be projectively paralielizable is the existence of a
certain decomposition of the tangent bundle of M into a direct sum of line bundles
(theorem 1). This decomposition allows us to find obstruction for M to be pro-
jectively parallelizable in function of the Stieffel-Whitney classes of M (corollary
2), the orientability of M (corallary 3) and cobordism properties (corollaries 8 and
9). Also we found a necessary condition in the annulation of the Euler-Poincaré
characteristic of M (corollary 6).

Regarding to the relations between the notions of projectively patallelizable
manifolds and linearly paralielizable manifolds there are two questions that we have
iried to solve. The first one is to know when a projectively parallelizable manifold
is linearly parallelizable (since it is proved in proposition 3 that every linearly
parallelizable manifold is projectively parallelizable ). The second question is to
know when every projective parallelism is the projection of a linear parallelism.
The first question is partially solved since it is proved that if the dimension is
1.2,4 or 8, then every projectively parallelizable manifold is linearly parallelizable
{corollary 10), and in the other dimensions we have found examples of projectively
parallelizable anifolds that are not linearly parallelizable (examples 2 and 3).

The second question is solved since we have found a two-covering manifold
Lssociated to cach projective parallstisin with the property of being trivial if and
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%1;1113; :‘lli(l;‘i gzosjfgtwe pa.rallel.lsm is th'e pro:iect.ion of a linear parallelism (theorem 4)
e prove th:?,t. ifa man.rfold is simply connected, then every projectivé
e e p:l?Jectlc?n of a lme:ar parallelism (corollary 4). Examples are
S pmjectionev?n ;mensnon of m_amfolds with projection parallelism which are
e pfoj:ctilr:a;af;;a]l'ldls'm glexam;?les. ). In each odd dimension is
ke (Comeul:rmy 158)_t € projection of a linear one if and only if

This work has bee S et . -

sincerily grateful for hisnvaizg;l:nhiﬁ;;lﬁ? LD AR DI Masqué. I am
From iﬁp‘vhi::ﬁ?? of Pl‘i;)JECtlve frames. Let M be a differentiable manifold.
M. As it is well kn enote by #np LF(M’) — M the bundle of linear frames of
group, GL(n,R) OW‘:'I, (seell]) LF(M) is a principal bundle with the full linear
dinate, o S, ; (Uas structure group, where n is the dimension of M. Every coor-
l<ii E " ef } &1, ..., Zn) of M induces a coordinate open set (L {U); 24, z3;)

£vismo0 LF{MY) in this manner. If u = (x}, .. X?)is a lin L b iy
at a point z € U, we define the scalars zi;(u) by tﬁ; folrmzula- EURRL LTS

w = ((0/921),, ., (8/02a), ) (215 ()

That i;f )‘;(it‘: E,!;l_?-(u)(a/ax,-),,,l <j<nm
otation 1. Let R* be the sel of no '
of nom ser0 and pastiiee toary he set f non zero real numbers, and let R+ the set

Proposition 1. We consider the actio
. nofR* mm LF ]
manner by MXJ,..,XP) = (AX}, .. X1),AeR” (x} ()?{') dﬂiﬂ;d e
Ak (Xzi s X2) € LE(M).
o o:e.r ‘ﬁle' quotz’ept _manifold LF(M)/R* ezists, and fibered in a natural man-
s ts 8 principal bundle with structure group the hnear project
(n,R}= GL(n,R)/R". prsee grow
- CB.R‘ C;;.:u;i‘ro;g;t actwf} Ic;le}.:*(' 1;1 LF(M) induced by the inclusion
" : manifo M)/R* also erists and natural
:zct::r;\f;: a 1:f‘mcf:pal (}z';;c(:'le with structure group GL(n R)/l'\'.‘:m ;‘;:rigvfff-';‘;‘:
ojection from M)/RY onto LF(M)/R" is o tw :

: . 0-coveri
PF(MNotatlon 2. We will denote LF(M)/R* by L}r(M),LF(’;fr)r;;Tf:M
e L)I,?(aj:}d) by 1;5;‘ LEMY— M, n; : LF(M) = M, n1p : LF(M)— PF(M?)

L .proof ;\-; Lpﬁi/jr a.nd Tip :'LF(M) — PF(M), the natural projections. ’
e e o .t ! (M}is a principal bundle of structural group GL(n,R) (see[l])
b thi Sfmgtt € spaces LF(M), PF(M) principal bundles structures over M
. Uulte groups G'L(nR)/R"' and PGL(n,R), respectively, In this con-
i GL(’n R)/le- a c0311-d1nate open set of M, the trivializations will be
el ;w — 'rrf" (U) and U x PGL(n,R) — 75! (U). To prove that
GLLP(’; R)} Rl : I;g(LM }is a two-covering manifold it is sufficient to prove that
oL : (n,R) is a two-covering manifold. But this is clear si

an exact sequence of Lie groups. e

1 - R*/R* = {+1,-1} = GL{n,R)/R* — PGL(n,R) — 1

Definition 1. The bundle 7p : PF(M) — M is called the bundle of
projective frames of the manifold M.

Proposition 2. There ezisis a canonical isomorphism belween each fibre
11';,](1:) and the set of projective frames of the associated projeclive space lo the
tangent veclor space Tx M.

Proof. As it is known, a projective frame of the projective space associated
to the vector space Tx M is a system of n + 1 points < Xt >0<i<n,of
P(T:M) such that every n of them are a basis of the space. It is possible to
choose representatives X0, X', ..., X" of these points such that X9 = P X' If
Y0, YL, .., Y™ is another system of representatives verifying the last condition, then
there exsits A € R* such that Y¥ = AX® for all i = 0,...,n. If [X*,..., X"] is the
class of (X',..., X™) in PF(M), it is clear that (< X0 <X >, ., < X" >)is
completely determined by [X', ..., X"].

3.Projective parallelizable manifolds.

Definition 2. A differentiable manifold M 15 said io be projectivelly par-
allelizable if the projective frame bundle mp : PF(M)— M admils a global section
sp: M — PF(M).

Proposition 3. 1. If M s linearly parallelizable then M 1s projectively
parallelizable.

2. Iff: M — M s a local diffeomorphism and M’ is projeclively paralleliz-
able then M is projectively parallelizable.

Proof. 1. Let s : M — LF(M) be a global section of the bundle
7L : LF(M) — M. Let mpp : LF(M) — PF(M) be the natural projection.
sp=mpposy: M — PF(M)is a global section.

2. Let s'p : M' — PF(M’) be a section of the bundle of projective frames
of M’, and let z € M. The map f. : To M — TyzyM' is an isomorphism, so we can
define a section sp : M — PF(M) by the condition sp(x) = {x1,...,X2] if and
only if [fo X}, ..., f. X2 = &'p(f(2)}.

Theorem 1. The manifold M is projectively parallelizable if and only if there
exists n+1 line bundles over M, Lo, ..., Ln, such that T(M) = Lo® ... Li®..®&L,
for every i=10,...,n.

Proof. If there exists a section s, : M — PF(M), define (L), =< X >,
1<i<n, (L), =< Xs+ ..+ X2 >, where sp{z) = [X],..., XZ]- Reciprocally, if
TM)Y=Lo® .. D Li®..® L, forall i =0,..,n we define sp : M — PF(M) in
this manner: for each = € M there exists bases X € (L), 1£1<n such that
X} 4.+ X7 €(Lo), These vectors are unique except for a proportionality factor.
Let then be sp(z) = [X1, ..., X7]. Tt is evident that the definition does not depend
of the representatives chosen.

Corollary 1. The line bundles of the last theorem are pairwise isomorphic.

Proof. Let w(M) = 1 + wi{M) + wa(M) + ... be the total Stieffel - Whit-
ney class of M. We have that w(M) = Mg il + wi(L;)) = 1+ Efpwi(ly) —
wy{L;)+ higher degree terms, for each 0 <i < n If0 < h < nh#i, then

w(M) = Il;-‘zu’#h(l+w1(L,-)) = 147 qwi(L;)- wy (L4 )+ high degree terms, and,
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equating the first degree terms in the last two equalities, we obtain
wl(Lh) = wl(L.-), and then that Ly = [;.

Remark 1. Note that M is linearly parallelizable if and only if M salisfies
the above conditions and in addition the bundles L; are trivial.

Corollary 2. If M is projectively paralielizable then tts tolal Stieffel - Whit-
ney class is of the form w(M) = (1 + )", for certain a € H'(M, Z5).

Corollary 3. A projectively parallelizable even dimensional manifold is ori-
entable.

Proof. From the formula in corollary 2 we deduce that w;(M) = na = 0,
because n is even. Then (see [2]), the line bundle associated with the orientation
sheaf is trivial.

Remark 2. Lel ¢ be a riemmanian mefric in M. It is possible to build
ezplicitly a volume form associaled to the projective paralielism sp : M — PF(M)
in this manner: if z € M, and sp(z) = [X], ..., X2, with g(X}, X1) = 1, we define
wa(z) = wp A Awp where wl, .. uw® is the dual basis of X! ..., X", and the
definilion makes sense because n is even.

4.The two-covering associated with a projective parallelisin.

Theorem 2. The principal bundle 7, ; : LF(M) — LF(M) is a trivial
principal bundle,

Proof. The fibre of #;; : LF(M) — LF(M}) is R*, that is diffeomorphic
to an affine space; hence 7, ; : LF(M) — LF has a global section, and thus is a
trivial principal bundle (see [1]).

Theorem 3.  Suppose that the dimension of M is odd and that
8p : M — PF(M) is a section of the bundle mp : PF(M) — M. Then the pull-back
sp(LF(M)) — M is the orientation covering of M,

Proof. The map

. A"T(M) — {zero section
p (LR — FTEN  Lze )

defined by @([X],...,X2]) = [X! A... A X2] is a covering isomorphism.
Theorem 4. Suppose that M is connected and let sp : M — PF(M) be a

section. Then there exists a fwo-covering of M, 75, + My, — M, and a section
Sep i M y

M,. — LF(M,.) such that mpp o ,p_ o .§‘,P = sp o y,.. This covering
15 only one with this properly up to isomorphisms. M, s trivial if and only if
there exisis s;, : M — LF(M) such that mpp o sp = sp. One of these coverings

s M,, = s},([ﬂF‘(M)). Also, if p is the automorphism of M,, different from the

wdentity, then —#,,..08,, = Ty, 0 5,, 0 p.

Proof. Let us call 71, 72 the natural projections from s} (LF{M)) onto M
and LF(M ) respectively. Since m) : sp(LF(M)) — M isa two-covering it is a local
diffecomorphism as well. Then, given £ € M, there exist two and only two classes

f LF,, Xz, . Kn (s' (LHF(A'{)))
Y1, Y], —[Vi,... . Ya] € el r}é -
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= where
such that 7z p(m.([Yi, . Ya]) = wLP(frl,(—[Yl,..:Yn]))(x)— VJ:(:;)r; chl:mse
[X1,.., Xn] € LF(M) is such that mjp [X1, o Xal = ;p iy
canonically one of this classes, namely, C(z,[X1, - /‘:’]) yX S
condition: my, o‘C(z,[Xl, e Xa) = w;l('a(:i, [?’1, ..‘LX,‘L) ; [C ;..i;d:g. efine 1
Y = Y ! 7, = m g = 3 . A B
;\r'“.F‘LF'—(S— zi;((l;:fﬂ)())M;)f)l; : LF(S*([:F(M)). We have thaL_ TFL}.::~ © Wyp, © s,: ;
ﬂL‘P om,oco0( =spom =Spo ﬁ'”:. Suppose now that M, 1s non-c.orznecsic-.
Since M:P is a two-covering of M, is My, = M x Z, and then,_-tllere t(?;ls (S,\?,_,:)))_
tion A : M — M,,. Define s, : M — LEF(M) as follows: sp{X) };Eix}) ;ﬁch o))
Conversely, suppose that there exists a sec_tlon st M - :) Sl
xLp o s;, = sp. Consider the sets: Ut = ~{;r: EhM,Pr{TrJ"(S%(? = nzcte,(;M |
and U, = {2 € M, [Fsp (5,.(2) = —sp(Fsp(Z))}. These sets discon el c;:e
Suppose that there exists N’,P with the same propcrty Lhz‘xt M,g.sepve oot
of trivial coverings there is nothing to prove. ~In Lhe~ opposn,e.case, 0 t et
Ey,%2 € M,P, with 7. (£1) = Fop(B2) = 2,2y F zig and pis the~ auvomo.;)non_
0;’1\7!“, such that p(#1) = Z2, then {/%.p.(3:, () :'ﬂwip'(:ﬁpﬁi)gr; oo
elnpty, since if for all £ € M, is Fypu(Bsp(P(£))) = Tsp. (350 (%)) the

s, M - LF(M) such that #pp © sp = 48P rdEﬁnedI Fb&ﬂ)
:9;(35) = SEL(’}JP- (gsr-(él))) = Sf,]_,{'frap: (5:?(?2))): Where Sf“!‘, . J(':'f;;fli)s“;p;n -
is a section. Also, the set {;_E/:"r,P,(s,p(p(:c))) = ~Fap,(5:p(T

closed. As we suppose that M, is connected, is M;, = {ii/fr,P_(§,Pd(;;‘(z))) z
‘fr (5,,(%))}. We can do an analogous observation for ]\I,P. We e;]nehtpt.
~ * ! ' - -~ — -
M ” — PK’ as follows: (&) is the only point of (Fsp) 1r,,,(.z) suc ftﬂz:
3P ‘ S

w sf(a“r,P (8, 0(E))) = wLL(fr’,P_(.i,:P((p(.jc)))), where 7 is the projection of Nsp
agfo M. Then ¢ is a covering isomorphism. . . er i

Corollary 4. If m (M, *) has no subgroup of inder two (in par?:ct{; a:,‘
is a simply connected manifold) then the following statemenis are equivaient:

1. M is lineraly parallelizable

2. M is projectively parallelizable . .
Moreover, for each section sp M — PF(M) there ezists a seclion

+ M — LF(M) such that mpp o s = 5p. - ‘

" Corollary 5. Suppose that the dimension of M is odd ;:;d t?}:]t,-e
sp : M — PF(M) is a section of the bundle mp : PF(M) = 1‘.: 1”’} Meis
e;is.ts a seclion s : M — LF(M) such that Lp o 5L = Sp if and only 1
orientable. - -

Proof. It is a consequence of theorems o anc 4. . . -

Corollary 6. If M is compact and projectively parallelizable, then ils Euler
Poincaré charcateristic vanishes. o .

" Proof. The characteristic of M is the half of the charz?ctenst.lc of t,hefi clc?verlr;g

associated with the projective parallelism. Thi§ covering is compact and lineraly
parallelizable, and consequently its characteristic vanishes.
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Corollary 7. If M is a compact ecls ] 3
iy Ak Lk ze:_::c projectively parallelizable manifold then all
Proof. By corollary 2, w,(M) = a", bei !
, Wy = o, being o € H'(M,Z,). Let u be the fun-
;ig:::n:‘al h?nﬂ}ology class of M. Then (see [2]) < o”, u > is the Euler-Pcﬁ‘incaréechuarrl-
istic o modulo 2, and hence, from corollary 6, it vanishes. Let r b
non-negative integers with r + 2r, 4+ ... + ar, = nl’ 'i"rl;:: ’

Stiefel-Whitney numb i i
" y er of M associated to the monomial w?...w7» is, from corol-

*1 n *n
lary2,<(l) (n) a u>=0.

Corollary 8. If M is a jeclt '
. . projectively perallelizable compact ]
can be realized as the boundary of some smooth compact ma:ﬂ"}zldfnamfou fhen M

"Corollary 9. Two projectivel ] '
‘ : 5 y parallelizable compact
dimension belong to the same cobordism class. pect manfolds of the same

5.Examples of projectively parallelizable manifolds.

Lo a]'.'.:x;:rmpli;‘.NLet N be a lineraly parallelizable manifold of odd dimension.
Let M._ N—-;( i (S])bbf:- a(z) = (.E'l(z:),l...,E'ﬂ(z:)), a linear parallelism. Letl us
ol —” g , eing the I-dimensional sphere. Then there erists a projec-
. paratieiism sp : M — PF(M) such that there exists no linear parallelis
SL.M%LF(M) wzih‘.erposL_—..s'p. "

Proof. Define sp : M — PF(M) by the next formula: sp(z,e'*) =

[/ cost{2  sint/2 0 0 0 i
: 0 - A(e
~sint/2 cost/? 0 0 0 0 Eg(r))

0 0 cost/2  sint/2 0 0 Ey(z)
‘O 0 —sint/2 cost/2 0 G E3(x)
0 0 0 0 co.s‘t./2 ]
sint /2
L 0 0 0 0 —sint/2 cost/2/ | EE-_ES:)

lli . .
:-1(8 ) being a normalized tangent vector field to S* with the usual positive orienta-
ﬁ::l.iLetAlrjs ﬁgt/:or;pute&’w. To do so, it is easier consider N x §! = N x R/27Z
N % 7Z — N x R/2xZ be the natural jecti i is a
. . ' /272 projection. This ma
differentiable two- covering, and its differential is represented by the identity liJn 1tshz

standard coordinates. Let’s define th §:
Follomer 3o T efine the map & : N x R/47Z — LF(N x R/4nZ) as

cost/2  sinif2 0 0

: 0 Alet?
—sint/2 cost/?2 0 0 0 g EE(”;
~ 0 0 costf2 sintf?2 0 0 Ey(z)
= 0 0 —sint/2  cost/?2 0 0 Ey(x}
0 0 0. .(-). s . :
i/2
0 . . : cost/ sint /2 En_i(2)

—sinl/2 cost/2 Eu(z)
r
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Since the conditions of the theorem 5 are satisfied, is ¥ = 7,0, 8 = §,. Also, since
N x R/477Z is connected, there exists no sp : N x 8! — LF(N x §') such that
mTLP O SL = 5P,

Example 2. For each n € N, P* x S! is projectively parallelizable.

Proof. Define G = {{e,m)/e € {1,-1}, m € Z}. Define an abelian group
structure in G as follows: (¢,m) - (¢/,m’) = (¢ - €', m+ m'). The action of G in
RHI\{0) is ¢ : R"Y\{0} x G — R"+1\{0}, ¢(z, (¢, m)) = ce*"™x. This action
is properly discontinous. Also, the quotient manifold is diffeomorphic to .F"“ X .S'}.
Actually, a : (R"1\{0})/G — P" x S' defined by afz] = ([Ir;—“],nxll) is a dif-
feomorphism. Consider in R"+1\{0} the global natural chart (€1, .y Zn41). The
parallelism ((8/0z1), ..., (8/0xn11)) is projectively projectable to (R*+1\{0})/G,
because for all (¢,m) € G and for all x € R*M1\{0}, is (g, m).((8/821)z, -
(5/0man)a) = (€67™(8/021)ecrmmz. (3] 02ay1)esivme) = €6¥ ™ (8/021Jecremse
o (8/8Zp41)cernms). Thus (R {0})/G = P x S! is projectively paralleliz-
able.

Theorem 5. If M is projeclive parallelizable then il hes a non-zero veclor

eld.
! Proof. 1. If M is compact, by corollary 6 the Euler-Poincaré characteristic
of M is zero. By the Poincaré-Hopf theorem, we obtain that M has a global non-
vanishing field.

9. If M is open (see[3)) there exists a submersion f : M — R. Let X be
X =grad f.

Theorem 6. If P*~! 1s linearly parallelizable, then for every n-dimensional
manifold M the following lwo conditions are equivalent:

1. M is projectively parallelizable.

2. M is lineraly parallelizable.

Proof. If M is linearly paralielizable then M is projectively parallelizable
by proposition 3.Conversely, if P7=1 is linearly parallelizable then there exists a
linear parallelism over S"~',s: 5" — LF(S"=1) such that if we denote by a the
antipodal map a. 08 = soa. By theorem 5, there exists a non-vanishing vector field
X over M. Let sp - M — PF(M) be asection and let g be a riemannian metric in
M. Take for each £ € M two representatives of sp(x), (X1, .., X2), —(XL, .., X2

with g(X},X1) = 1. Then X = Tiai X! = Ei(—ai{—X3))- Set W;‘—‘IL-J%:—)“ =
= (by,...,ba) € S™. Let &7 ({b1, b)) = (8] ((b1, -y b)), oy 8L ((b1, ..., bn})). Define
n linearly independent vector fields over MY, as follows: Yi(z) = TesF((by,y .o ba))
Xk,
: Corollary 10. If the dimension of M is 1,2,4 or 8 the following two condi-

tions are equivalent:

1. M 1s projectively parallelizable.

2. M is linearly parailelizable.

Proof. The result is clear since (see{5]) Span S™ = Span P", and , asit is
known, S" is linearly parallelizable if and onlyifn,is 1,3 or 7.

Example 3. Ifn+1 € {1,2,4,8} then P"x SY it is not linearly parallelizable.
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Proof. 1f n + 1 is odd then the result follows. si i i
' . e T s, since the manifold is not
orientable, Ifn-l—l i1s even and P” x S! is lineraly parallelizable we will have (sec[3])
f,hat ht?re exists an inmersion of P" x §! in R"*! and then that there existszan
o . .
:)r;n}l;e:silma ode tl}:l RT‘+'1. lThus lF"' 1s a m -manifold (see[4]). But the characteristic
ot /7715 U, and then it is lineraly parallelizable. But this isn’t i g
is different from 1,35 or 7 (see[3]). pessible because n
p Co:_‘o]lalryhll. Ifn £ 0,1,3 or 7 there exisls no continuous map from lhe
n-dimensio 1 ]
v nai spaere into the general linear group of rank n+1 that commutes with
Proof, If tl}ere exists such a map, say a : §* — GL(n + 1,R), it is easily
seen that there exits a continuous parallelism over R*+1\ {0} given by,

P= (21, Zat1) = ((8/021)p, .., (8/02ns1)y) - IIPIIa(H—zI—I)

that projects onto a continuous i
‘ parallelism over P* x §1. But then P x S! is lin-
early parallelizable {see[1],pp.25-28), and this is possible if and onlyifn =0,1,30r7.
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OPTIMAL CONTROL OF PARABOLIC PROBLEMS
WITH BOUNDARY IMPULSE - VARIABLES

BY

ANITA SEBASTIAN

1.Introduction. This paper concers the following optimal control problems
with boundary impulses

w—Aoy=0 in (0,T)x Q
(1.1) % 4oy =Y wilt)bs, in (0,T)x 00

y(0, z) = yo(x) in 2

w—Ay=10 in (0,T) x Q
(12) % 4oy = 50, it in (0,7) x 09

(0,2} = yo(z) in

(z:, u; € OK2) where 6., is the Dirac mass at the point z; € 9. In system (1.1)

the control variables repiesent the magnitude of impulses whilst in the second the

control variable u = (uy, uz,..., un) is the spatial position of impulses. When the
boundary problern is replaced by an interior problemtthe optimal control has been
studied in [1]. For other related results we refer to [6]. p. 89 - 119 and (8]

The physical signifieance of such a problem is obvicus if we view (1.1Yor (1.2}
25 a heat or diffusion process in (1. _

Herc one studies the existence and optimality condit.ons. The paper 1s orga-
nized as follows: Seclion 2 is concerned with the existence and uniquen?ss of the
solutions of (1.1) and (1.2). lu Seciion 3 we control the magnitude of 1.mpu|se -
variables and in Section 4 we control the spatial position of impulse - variables.

2 Existence and uniqueness. Throughout this paper €0 is a bounded and
open subset of RV (N € {2,3}) with a smooth boundary A, Let M(8Q) be the
set of Radon measures on G§1 ‘

Definition. Suppose n € M{0Q). We sau that y ts 0 weak splution o the
fellowing problem:

. (Ay—=Ay={ inQ
2 ié:} fay =g in
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