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Proof. If n + 1 is odd then the result follows, since the manifold is not
orientable. If n+1is even and P* x S! is lineraly parallelizable we will have (sec[3])
that here exists an inmersion of P™ x S' in R**! and then that there exists an
inmersion of P* in R"*!, Thus P" is a 7 -manifold (see[4]). But the characteristic
of P" is 0, and then it is lineraly parallelizable. But this isn’t possible because n
is different from 1,3,5 or 7 (sce(3]).

Corollary 11. Ifn # 0,1,3 or 7 there ezists no conlinuous map from the
n-dimensional sphere into the gencral linear group of rank n+1 that commutes with
antipodals.

Proof, If there exists such a map, say a : 8" — GL{(n + 1,R), it is easily
seen that there exits a continuous parallelism over R™1\ {0} given by

P= (21, 2041) = ((8/821)p, .., (8/02041),p) ‘“p”a(n_;n)

that projects onto a continuous parallelism over P* x 51, But then P x S! is lin-
early parallelizable (see[d],pp.25—28), and this is possible if and onlyifn = 0,1, 30r7.
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ABOLIC PROBLEMS
OPTIMAL CONTROL OF PAR
WITH BOUNDARY IMPULSE - VARIABLES

BY

ANITA SEBASTIAN

1.Introduction. This paper concers the following optimal control problems
with boundary impulses

. ) Q
—Ay=10 in (0,7 x

(1.1) %‘1 + oy = E;‘zl u;{t)6,, ?n (0,T) » 052

- y(0, x) = yo(x) in 2
= i T) = Q

w—Ay=0 in (0,

(1.2) 8 | oy = S0, gt in (0.T) x 09
(0,2} = yolz) in

(zi, u; € 002) where 6. is the Dirac mass at the point z; € 3. In system {1.1)

i i 5 ilst @ the
the control variables repiesent the magnitude of impulses whilst in the second

1 i 1L 1 When the
i = : the spatial position of impulses.
| variable u = (uy,u2, ..., Un) is the ‘

(i:'?;t,:gary problem is replaced by an interior problemtthe olzt.xme;lgconfir(fé]has been
g’tudied in [1]. For other related results we refer to [6 P ES} 119 E:rl(l 1). .
k The physical significance of such a problem is obvicus if we vie .
: heat or diffusion process in (1. o - _ ]
o h;a:;r:!one studies the existence and optimality c_ondlt.uns. Thg papersgsotzra?e

pzed - follows: Seciion 2 is concerned with the existence an-_l.um'quen?. |
"F';e;_‘;‘:: of (1 ‘.) and (1.2). lu Seciion 3 we control the magnitude of 1fnl;)>llls.se -
ATy H 3 ot 5 5 ) b o o ' '
-\:xr‘ila.b!e% and in Section 4 we control the spatial posn}t}on of 1m£uif:z b:')?ll:zede -

Exi iqueness. ' hout this paper
. tence and uniqueness. Throug > |

pen 2115:150(; RY(N € {2,3}) with a smooth boundary A, Let M(0f) be the
open subset NN e {2,.

set of Re asurcs on 0! ‘
o gi?l(;ﬂl::i?m; ppose 1 € M(OQ). We say that y 15 o weak solution lo fhe
Jellowing problem:

(Ay—~Aya=0 in

(2 4} 1\ Yiay=q indl
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ify € LY(Q) and

(2.2) jﬂ YO = AQ)dz =< ¢ Jon, 1 >,

for all ¢ belonging to V = {H € W22(Q); 2 + oh = 0 in 00}.
Here < .,. > is the pairing between C(0%) and M (992).
.1 Lemma 2.1. Ifa > n, A > 0 then there exisis a unique y, weak solution of
P‘roof. Consider a sequence {u;} C L*(8Q) such that {|pkll;: a0y < c and
pr —*" p in the w* -topology of M(69). If u € L*(8Q), then (2.1) has a unique
weak solution (see [2], p.57).

Consic'ler vi the weak solution of (2.1) corresponding to ui (replacing g by
Hx ). Y satisfies

(2.3) /ﬂyk()( — A{)dz = ./.an () (x)dr,

forall{ € V.
For any A C € measurable subset we choose (3 € V, a solution of

A — A sgn yelz), ifrxe A
(2.4) { G — A € {0, if 2 € Q\A
& 4o =0 in 09,
-1, fz<O
where sgnz = < [~1,1], ifz=0

Y if z > 0.
H.Brézis has proved in [4] ( Remark I3z, p.42) that for any f € L7(2)(2 <
r < +00), the following problem -

(25) P
SE+aw=90 indQ,

has a unique solution w € W2"(Q) and the following estimation holds

(2.6) llwllwar@y < ellfllpe@

( ¢ depends only on r ).
Using this estimation, it follows that

(27) ”Ck“W’-'(ﬂ) <c- [meas(A)]lh,Vk e N,
for a fixed » > N. Rellich - Kondrachov theorem assures that

(2.8) Wekliciany < e1 - [meas(4)]'/",Vk € N,
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and substituting (i in (2.3) we get

(2.9) [ tuekd = || r(@eteyde < cerfmeas(a)' "

This estimate along with the Dunford - Pettis criterion assure that there exist
y € L'() and a subsequence of {w+} ( also denoted by {u} such that yx — ¥
weakly in L!(§2). Passing to the limit in (2.3) we obtain that y is a weak solution
of (2.1) (because pp —* g in M (99).

If y; and y, are two weak solutions of (2.1), then y; —y2 is 2 weak solution

of
(2.10) My —y2) — Ay —y2) =0 inQ
' ﬂylaT:v_nl'{”C'(yl"yz)=0 in 0§

This is equivalent to
(2.11) [ w3~ a0z =0, W €V

We choose { a solution of (2.12)

AC — A¢ €sgnl{yi —y2) In Q

(212) { ¥ 4a(=0 in 90
Substituting ¢ in (2.11) we obtain that 1 —y2 = 0ae in{.
We mention that existence results for linear elliptic problems with measure
boundary condition may be found in 5].

The equation —Ay+g{y) = 0in 2, where y is equal to some measure on a0
has been studied by A. Gmiraand L. Véronin (6].
We will study the existence and uniqueness for the following parabolic prob-

lem:
y—Ay=0 in (0,T) x Q
(2.13) % ray=u()®p in(0,T)x 80
w0, z) = yo(2) in Q, (v € L'(Q))

where u € L2(0,T),« > 0 and ¥ ® p is the product of two measures.
Definition. We say that y € LY{(0,Tx Q) s a weak solution 1o (2.13) if

T T
(2.14) jo jn Y(Go + AC)dzdt = [ﬂ yo(2)C(0, 2)dz + ]0 u(t), (C(t, ), wt,

for all ¢ € W = {h € WH3(0,T;L%Q) 0 L2(0, T, W22(0)); & + ah = 0 in
(0,T) x 8 and h(T,z) =0 in 2.}
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(we have used the compact embedding W22(Q) — C(Q), because N € {2, 3}).
The main result of this section is the following:
Theorem 2.2. Problem (2.13) admits a unique weak solufion.

Proof. Consider i € C'([0,7]) such that nx — u in L?(0,T). Let = be the
weak solution to

(2.15) {Az—Az:O mQ (>0

g—j-!-ay_.,u in 8Q

If x* is the weak solution to

(2.16) 8" taxt =0 in (0,T) x 8Q

{xf — Ax* = (7% (t) = Ame(t))z in (0,T) x Q
X*(0,7) = yo(z) — nel(0)z(z) in Q
(the existence and uniqueness of a generalized solution for this problem is a con-
sequence of Th.1 in {3]) v = x* + ne(t)z is a weak solution of (2.13), where u is
replaced by n¢ ( a generalized solution for (2.16) is also a weak solution).

It is well known that for f € L2((0,T) x ), the problem

G+AC=f in(0,T)xQ
X +aC=0 in(0,T)x 60
((T,z) =0 inQ.

(2.17)

has a unique weak solution ¢ € W42(0, T; L3(Q)) N L*(0,T; W*3(2)) and

(2.18) Iclw 20,7330, mweacay) <
< el fllso,ryxn)

(see [4]}.

We choose ¢* a solution to

b ok g0 (L)€ BC(0.T)xQ

G +AC E{o if (t,2) € (0,T) x O\B
k

% tac*=0 in (0,7)x 80

K(Ty2)y=0 in G

(2.19)

where B is a measurable subset to (0,7} x Q.
Since y; 1= a weak solution to (2.13), using {2.18) we obtain

f
(2.20) / iy 1 [meas( 537’
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which implies that {yx} is weakly convergent to y in L'({0,T) x Q) (on a subse-
quence ; we have used Dunford - Pettis criterion). Passing to the limit we obtain
that y is a weak solution to (2.13).

If y; and ¥ are two weak solutions to (2.13). we choose the test function ¢
such that

(2.21) X +a(=0 a.c. in (0,7 x 89

Co+ AC €sgn(yy = y2) ae in (0,T)x 0
((T,z)=10 ae. in

and we obtain that f(;r foly —pldedt =0 == 1 = in L1{(0,T) = Q)).

Remarks, If u € CH{[0,T}), then the week solution y belongs o
C([0,71): L'(2)).

If we take u;, ug, ..., un € LE(0,T), pt; = 6;,,i = I,n and y the weak solution
of (2.13) corresponding to u; = u, pi; = p and initial value 0 for i = 2. n and imtial
value yo for i = |, then y = y1 + y2 + ... + ya is the unique weak soiution of (1.1)

3.The optimal magnitude of boundary impulse-variables. This sec
tion concerns the following optimal control problem: .

{P) Minimize

T
] ly(t, ) — (1, z)|dzdt,
0 L7

over all y € LY((0,T) x §2) and w; € L=(0,T), Ly; < u(t) < Ly ae in 0,7,
i=T,n subject to (1.1) (y is the weak solulion of (1.1)).

Here § € L((0,T) x @), @1 is a measurable subset of , with meas (€2;) > 0
and Ly, Lo; are real constants. Denote by

T
I(u) = ] [ to-sideat,
0 Y}

(where y is the weak solution of (1.1) corresponding to u = (uy,uz,...,un )) and
by d = inf I(u). It is easy to prove that —oo < d < +oco. Let {u*} be a sequence of
controllers such that d < [(u¥) < d + }. Since {u*} is bounded in L*((0,T)") =
I = (u], 63, .., us), Ly € u](t) € Laiyi = Lnae in (0,T) such that uF —
u* weak star in L=((0,T)") (on a subsequence ). Using the same compactness
argument as in the second paragraph (based on Dunford-Pettis criterion) we may
conclude that on a subsequence we have y* — y weakly in L'((0,T) x §1) where
y* is the weak solution of (1.1) corresponding to u* and y* is the weak solution of
(1.1) corresponding to u*. That means u* is an optimal control for (P).

As regards the characterization of the optimal controllers we have the follow-
ing result:
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Theorem 3.1. (u*,y") (salisfying (1.1)) is an opti 3 '
) . , . plimal P
only if there ezsits p € W13(0,T; L3(Q)) N L0, T; W22(Q)) sol}::::oj::o( ) i and

p+Ape {SS"(V' —§) n(0,T)x

3.1) 0 in (0,T) x (2\)
8p .
3 +tap=0 in (0,T) x Q2
p(T,z)=0 in Q :
and
(3.2), (1 ={L1-" fp(t,z) <0 . —
) UI() L?l" tfp(tlx3)>0 A

( we used that p € L*(0,T;C(0)))

Proof. The idea is to approximat bl i
e X pp ¢ problem (P) by the following one (see[2])

T
1
Ay — 7 - u"?
.[0 N sy — §dzdt + 2”‘!1 u ”Lﬂ((o,’r)"):
over all (u,y) subject to (1.1}, where

ha(g) = inf{|f — qI*/2A+ f; f € R}(A > 0)

Using the same device as for I(u), it follows that the optimal control problem (Py)
admits a unique optimal pair (u*, y*).

Lemma 3.2. Th 1 1,2 Ly :
tion of ere ezsits py € W0, T; LYQ)) 0 L2(0, T; W23(()) solu-

Waly* =§) in(0,T) x
(Pr)e+ &pa € {0 in (0,T) x (Q\y)

%2 4 apy =0 in (0,T) x 40
pa(Tz)=0 in Q

(3.3)

which satisfies
(3.4) (., %) € Nu(v) + v —u*
(where U = {u € L®((0,T)"); Ly; < wi(t) < Ly ae,, i =T,m} C L((0,7)") and

Ny (w*) is the normal cone in u* ).
Proof. Let I, : U — R be the convex function defined by

T
— oy 1
Iy(u) = /0 fn.l ha(y — gldzdt + 5”“ - “‘”i?((o,'r)"),
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where y is the weak solution of (1.1) corresponding to u. We set py the solution of
(3.3) and for any v € Ty(u*) { Ty (u?) is the tangent cone in u? ) consider z the
weak solution to (3.5)

zn+Az=0 in(0,7) x 2
(3.5) % 4 az =Y iy vi(t),, in(0,T)xQ
z(0,2) =10 in
Since u* is a minimum point for Iy, we conclude that there exists

£ =(&,&2, ..., €n) € Ny(u?) + u* — u* such that

jT / R a(y — §)ededt + z": .[T LEult)ydt =0
. o, o o ) ] 1

or equivalently
T n T
f [(p2)e + Apajadzdi + Z/ &(f)v(t)dt = 0.
g R i=1 0
Since z is the weak solutin of (3.5), it follows that
T n T
/ [(p2): + Aps|zdzdt + 2/ palt, z)vi(t)dt = 0
0 Ji i=1 Y0

and

n LT
Efo [pa(t, 2:) - &(DJvilt)dt = 0, ¥ v € Ty (u?).
i=1

We conclude that p satisfies (3.4).

We continue the proof of Theorem 3.1. {u*} is convergent on a subsequence to
u® € L2((0,T)"). Using again Dunford-Pettis criterion we can prove that ¥ -yl
in L1((0, T) x ) and that y° is the weak solution of (1.1) corresponding to u®.
This yields

T
B2 [ ha - ot
0 F1 5

and In(u") > In(u*), In(u")xno — I(u"), which imply that limsupy< e L(w*) <
I(u*). If u® # u*, then

T
. 1 2
A a0 0_
11Am<51fIA(u )2.[0 . hi(y° — §)dzdt + §"u = vl Loy

(because hy(g) > hj(g), for 0 < A < ).
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It follows that

T
L. . 1 2
A 0 ¢ =
hgr&:(r,lff,\(u )2/0 -/n: |y" — g|dzdt + 5”“ —u ”p((o,'r)") >
> I(u®) > I(u');

which is absurd.

It means u® = «* and v* — u* in L?({0, T)"). Passing to the limit in {3.3) and
(3.4), we obtain the existance of p € W-2(0, T; L())N L0, T; W22(9)) solution
of (3.3} and ‘that (3.4) holds. (we have used the boundedness of {h’,{y* — §)} in
L**({0,T) x Q) and the compact embedding W22(2) C C(RQ).

Conversely the proof is trivial (because the cost-functional is convex).

4.Controlling the spatial position of impulses. This section concerns
the following optimal control problem

(P2) Minimize
T -
/o fm ly(t, =) - (¢, x)|dzedt

over all y € L1((0,7) x Q) and u; € 89,1 = 1, n, subject to (1.2) ( y is the weak
solution of (1.2) }. Here g; € W 2(0,7),i =T, n, §, yo, @ and ; are satisfying the
hypotheses from Section 3 and 89 is of C? -class.

Using the same ingredients as in the second section (based on Dunford-Pettis
criterion) we can prove that (P,) has at least one optimal pair (u*,y"}u* =

(ui, u3, ..., u})). As regards the characterization of the optimal controllers we have
the following result:

Theorem 4.1. If (u*,y*) is an optimal pair for (Ps), then there exisis
p € WL0,T; L3(Q)) N L0, T; W2(R)), solution to (4.1)

P+ Ape {Sgn(y' -9 @ (0,T)x

% tap=0 in (0,T)x 80
p(T,2)=0 in Q
and
T
42 ~9a( [ 9Pt w)dt) + N5 50,6 =T

Remark. Denole by x(z) = f(;r gi(t)p(t, z)dt. It 1s clear that x is a solution

to (4.3)
x - Ax € L=(9)
& tax=0 tn 0

X € W2T(2),Vr > 1 (we have used that p belongs to C([0,T]); L™(Q)),¥r > 1).
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This fact makes sense to (42) '
Proof. Consider the approximating problem

( PQA) Minimize & .
haly — §)dzdt + ollu— u" o)
0 o 2

on alt (u, y), where u € (3Q)" and y is the solution of (4.4) ( f, is defined in Section
3)

w—Oy=0 in (0,T) x ©
(4.4) { % 4ay =Y, 6ty (z) n(0,T)x o0
y(0, ) = yo(2) in

where 5} is defined in the following way:

" Sulppbse that in a neighbourhood of u; we have that for any (z1, zgh.:i TN) €
80 : zn = p(z1, . ZN-1) ( @ is of C? -class ). Consider ¢, € C=(RN~1) such
that suppfs C Bn-1(0,1},80, >0 and that n} defined by

N=1
o (1, 1 EN-1,TN) = On(zy —ul, . BN — U )¢

to satisfy
' j 0x(2)dE = 1 ] ) (z)do = 17
RN=1 an

- - 0 A A
Problem ( Psy ) has a unique optimal pair (u*,y ).
Ler&nmza ?1.2. There ezists px € L0, T; WH3()) N W20, T; L*(Q)) such

that
Wiy =) in(0,T)x D
{(pr) + Apa € {0 ( in (0,T) x (M)
(4.5) 23 4 ap, = 0 :z g).T) x 89
pA(Ts I) =0
and

T —
(4.6) — ] f ai(O)palt, £) Vot (@)dodt + +u = u} € Ng(u) + O(N),i=1,n
0 an

A
Proof. For the sake of simplicity we suppose n = 1. Let v € Tg(u?) and
consider z the solution of the following problem:

8 4z = gi{t) < Venla(z) v > in(0,T)x 09

2 —A2x=0 in (0,7) x Q
4.7 :
z(0,z) =0 in §2



258 ANITA SEBASTIAN 10

(Here < .,. > is the usual scalar product in RV ).

. A . - - -
st Since (u*,3") is an optimal pair for (Pyy), it follows after some computations
al

T
—/0 A Ro(y* = fzdzdt+ < u* ~u",v > +LMvflgw > 0

where L is a positive constant independent of A.
Let py be the solution of (4.5). If we mulitiply (4.7) by pa, we get

T
‘/0 Lngl(t)p,\(t,z) <Venhi(z)v >+ <ud ~u', o> 4LA >0,

{Vv € T5(u*)
l[ollpw = 1.
It follows (4.6).

R Ua:,.il?g a sj&anqard device it is possible to prove that on a subsequence we have
u* — u* in RY. Since {p,} is bounded in L2(0,7; W?22(Q)) n WH2(0, T; L*(Q))
we may conclude that there exists p € L2(0,T; W22(Q)) n W2(0,T; L%(Q)) such
that on a subsequence we have: o

(pr), = pi in L¥((0,T) x Q)
Apx =¥ Apin L2((0,T) x )

] 8
% ¥ 79% in L*((0,T) x 8Q)
px =" pin L*((0,T) x 6Q)

and p(T,z) = 0 in Q. It means that p is a solution to (4.1}. Since
T
f f n1()pa(t, 2)Von)s (2)dodt =
o Jan
. T
= [ 0@Vents@o = 0o = [ a2
0
=- [ ih@)Vexn(e)o
an
{(we have used the boundedness of {p5} in C([0,T]; L"(€2}, ¥ r > 1 and the bound-

edness of {x»} in W2"(R2)), Vr > 1).

T

Denote by E(:) = [, 91(t)p(t, z)dt. For r > N we get the compact embedding
W) — C(Q).

Since q::,. — by in M(8Q), it follows that

[ ms@)Vaxn(e)de — ~Tx(w)
a0
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(on a subsequence).
Passing to the limit in (4.6) we obtain that (4.2) holds. As regard numerical

schemes for problems (Py) and ( Pz) we shali give details in a later paper.
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