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After routine ¢alculation, ‘we get:

dRéA((l) —21w208
TIG:GO = e e aay Bagwi3vg , (2akw 312 <0
G1(=& — 292 + (5 — 4wP)?

The __fa.cts established about the behaviour of the eigenvalues mean that the
conditions of Andronov - Hopf bifurcation theorem hold and the theorem is proved.
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GREEN’S FUNCTIONS FOR HIGH ORDER BOUNDARY VALUE
COUPLED DIFFERENTIAL SYSTEMS

BY

R.J. VILLANUEVA and L. JODAR

1.Introduction. Two - point boundary value problems for coupled systems
of differential equations of the type

X0 4 A, XD 4+ A XD+ A X = f(t);, 0Lt <h

. .
(1.1) Z{E.-,-X("‘U(U) + F,-,'X(j'l)(b)} =r; 2<i<p
j=1 s

where f(t), X(t), A, Eij, Fij, r; are complex matrices in C"*%" for 0 < E<p-1,1<
i,7 < p, appear in many different physical problems, see (1, chap.1.] . .

The standard approach to study such problems is based on the consideration
of an extended first order problem

(1.2) Y'(‘K: CY(t) + F(t); BY(a) + By Y (b) = R.
where Y = (X, X', ..., X[”'U)T,F = (0, ...,f)T, B, and B, are appropriate matri-

ces in C"P*™ R is a matrix in C*?*", apd C is the companion matrix defined
by

0 I 0
1.3 =
(1.3) : i
—Ag -4 - —Apaa

See [1]{2][9} T Ak ' .
This «lassical approach has the intonveniente ofithé computational cost QUe
i t oun. In particular it needs the computation

a i known ult task [8}. -
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These inconveniences motivates the study of some alternative approach that
avoids the increase of the problem dimension. In {3], a solution for a very particular
second order problem of the type (1.1) is proposed avoiding the increase of the
problem dimension, however, the explicit solution of the problem is not computable.
In recent papers [6][10] a method for solving problems of the type (1.1} for the case
p = 2, without considering the extended system (1.2) have been proposed. Such
papers are based on the existance of solutions of the characteristic algebraic matrix
equation

(1.4) Z24+ AZ+ Ag=0.

* Unfortunately, equation {1.4) may be unsolvable [5) and in this case, the
method given in [6](10] is not available.

The aim of this paper is to study a uniqueness condition for the solution of
problem (1.1) as well as an explicit expression of the solution of the problem in
terms of a Green’s matrix function G(¢, s), taking the idea of [6][10] but without the
restriction of the existence of solutions of the associated albegraic matrix equation

(1.5) ZP 4 Ap 2P+ L+ MZ + A= 0.

The paper is organized as follows. In section 2 we introduce the concept of
rectangular co-solution for the equation (1.5) and we state some results recently
given [7], that will be used in the following sections. In section 3, we construct the
Green matrix function of problem (1.1} by using an appropriate set of co-solutions
of equation (1.5). Finally, in section 4 an explicit closed form solution of problem
(1.1) in terms of the Green matrix function is given.

2.Rectangular co-solutions of polynomial matrix equations and ap-
plications. The results of this section are given in [7). We begin by introducing
the concept of rectangular co-solution of equation (1.5)

Definition 2.1. We say thai (X,T) is a (n,g) co-solution of equation {1.5)
fXeCrI TeCI* X #0and

(2.1) XT? 4+ Ap 1 XTP 7 4 4+ ApX = 0.

Definition 2.2. Let (X;,T;) be a (n,m;) co-solution for1 <i< k. We say
that {(Xi,Ti),1 < i < k} is a k -complete set of co-solutions of (1.5) if the block
matriz W = (Wi;), with Wi; = X;T; ) for 1 <i < p 1< j <k, is invertible.

Theorem 1.([7)) Let us suppose that the companion malriz C has k lin-
early independent eigenvectors. Then equation (1.5) admits a k-complete set of
co-solutions. If M = (Mi;) with My; € C*™™, is a nonsingular mairiz in
corxpn 1 < i < p,1 € § < k, and if the canonical form of C lakes the form
J = diag(J;, ..., Ji), with J; € C™iX™i my + ...+ my = np, such tha!

(2.2) Mdiag(J1, ... Jx) = CM
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then {(My,,J,),1 < s < k} is a k-complete set of co-solutions of (1.5).

Corollary 1.([7]) Let us suppose that C has k linearly independent ergenvec-
tors, and let {(Mi;,J,),1 < s <k} the k-complete sel of solutions provided by the
theorem I. Then, the general solution of the matriz differential equalion (1.1) is
grven by

E
(2.3) X(t) = z My, exp(tJ,)D,

=1

where D, is an arbitary matriz in C™**. If W is the block partiltoned matriz
associaled to the set {(My,,J,),1 < s < k} by definition 2.2, the only solution of
(1.1) the Cauchy conditions X)(0) = C;,0 < j < p— 1, 1s given by (2.9), where
the matrices D,, for 1 <i < k, are uniquely determined by the expression

D, Co
o [l
Dk Cp—]

3.Construction of the Green matrix function. Let us consider the
homogenecus problem

(3.1) XP g A XU 4+ A XD AX =0, 0<t<h
p . .
(3-2) ST{EG;XU-D0)+ Fy XUV} =0; 1<i<p.
1=1

and let {(Mi;,J;),1 < i < k} be the k-complete set of co-solutions of equation

(1.5) provided by corollary 1. Then, the general solution of equation {3.1) is given
by

k
(3.3) X(t) =Y _ Ui(t)Di
i=1

where D; is an arbitrary matrix in C™+*" and

Ui(t) = My exp(tJ;).

(3-4) i=1,..k

Let us consider the matrix function G(t, s) defined by

3.5 o [T UPe), 0<t<s
o i {ELI Ui(t)Qi(s), s<t<b
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where the C™'*" valued matrix functions Pi(s), Q(s) have to be determined so
that
_ 1.- G(t,s) is a continuos matrix function in [0,5] x [0,6] and moreover,
#U)G/6t4) is a continuous function in {t, 5), for (¢, 5) in the triangles0 <t < s < b
and0<s<t<bforj=1,..,p-2
2.- If I is the identity matrix in C"*", one gets the jump discontinuity

(3.6) FP-VG P54 0,5} — dP-VG/otP~ (s —0,5) = I

3.- As a function of t, G(t, 5) satisfies (3.1) and (3.2) in [0, 8], if ¢ # 5.
From (3.5) the continuity condition at ¢ = s of Green's function gives us that

1S

Z (t)Pi(s) = ZU(t)Q.(s
and
k
(3.7) Y U()(Pifs) - Qifs)) = 0.
i=1

On the other hand, by the continuity condition of the partial derivatives of
the Green’s function until order p — 2 at ¢ = s, we obtain

ZU(’)(t)P EU(’)(t Qi(s), j=1,.,p—2
i=l
and then
k .
(38) S UPOP() - Que) =0, j=1,.,p— 2.
i=1
From (3.5) and (3.6) it follows that
k
(39) D_UETIPis) - Qils)) = 1.
1=1
Let us write
(3.10) Ri(s) = Pi(s) = @i(s), i =1,k
then, conditions (3.7) - (3.10) may be written in the compact form
Rl(s) 0
(3.11) OIE =1
Ryi(s) 1

s

P 3
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where
Uy (s) e Ur(s)
(3.12) U(s) = : :
UfF~(s) U ()

Note that the matrix function U(s) defined by (3.12) is invertible for all s,
because we can decompose U(s) in the form

(3.13) U(s) = W diag {exp(sJ;),l < i<k}
where
My o My
(3.14) W= : :
My, gt My gt ’

is invertible since {(My; 5,1 < i < k} is a k-complete set of co-solution of equation

(1.5).

Let us denote ¥ = Vi), ;¢ 1c5ch With Yij € C™" the inverse of the
matrix W. Then, from (3.11) and (3.13), it follows that

(3.15) Ri(s) =exp(—sTi)Yir 1<i<k

If we impose that G(¢, s) defined by (3.5) satisfies the initial conditions (3.2},
we obtain condition

? k k
Z{E,-,- 3 UG-D(0)Prls) + F5 3 u!..f-”(b)om(s)} =

i=1 m=1 m=1

i=1,..p.

(3.16)

From (3.10) we have
(317) Q,‘(S) = P‘(s) - R.‘(S), i=1.,p .
Substituting {3.17) into (3.16), it follows that

P k ] k )
S{ B 30 U401 (s) + By 3 VS0 Pos) = R} =

i=1 m=1 m=1

i=1,..,p.
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and

P . N
3 (BsU40)Pn(o) + By U4I®) ) Prls) =
f=1

P .
S USI()Rm(s)

. B
Let S be the block matrix

(3.19) S= [z,,: (E‘,-U,‘,{'""(o) + F.-,-U.‘,{"’(b))]

i=1 1%i<p,1<m<k

(3.18)

- i

3
1l
=
-
i

i=1,

and let us suppose that S is a nonsingular matrix, and let S~ be the inverse of §
(320) S—l = [Tm']lsmsk.ls'ﬁp’ with Tm| 'E Cm'xn-
Note that the conditions (3.18) may be written in the form
Ps)]  [Thei Zher Fis U D) Rmlo)
P(s)] LTho Z0aaFr URTV(E) Rms)
From (3.20) and (3.21), it follows that:

Pi(s) T - Ty E?=1 an:l Fyj Ug-l)(b) exp(—sTm) Ymp
Ps)] |Tm Tip] L0 S5 By USD0) exp(=sTm) Yoy
and then
P P k .
P()=3_ 3 TuFy U4=1)(b) exp(—5Tm)Ymp
(322) i=1 j=1m=l
s=1,...,k

Hence and from (3.15), (3.17) it follows that
Q.(8) = Py(s) - Ru(s) =

P P k )
= Py(s) = (EZ Y TuFUS D) exp(—sTm)Ym,) -

I=1 j=1m=1

(3.23)

— exp(—sT,)Ysp
s=1,..,k
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Thus the following result has been established.

Theorem 2. Let {(Myi, Ji),1 <i <k} be the k-complete set of co-solutions
of equation (1.5) given by theorem 1 and let {Ui(t),1 < i < k) be defined by (3.4).
If the matriz S defined by (3.19) is nonsingular, then the boundary value matriz
problem (3.1) - (3.2) has a unique Creen’s matriz function defined by (3.5), where
Pi{s) and Qi(s) are given by (3.22) and (3.23).

4.Solution of the non-homogeneous boundary problem. Let us con-
sider the intermediate boundary value problem,

x®) 4 A,,-,X("‘l) Fo+ ALXD 4 AgX = f(2)

(4.1) & . .
S EXUTD0) + F;XG-D)=0 i=1,..p

i=1

where f(t) is a continuous matrix function in [0,3].
Let X(t) be defined by

b
X(t) =j G(t, s)f(s)ds =
(4.2) o

t b
- j G(t, s)f(s)ds + j Gt 5)f(s)ds.
0 . t

Taking derivatives and using the Leibniz’ rule, we have

! s b s
xt = [ 2% s+ G010 + | 8G9 s(s)ds-
_ [t 8G(t,9)
— G010 = [ @i
1 a2 5 b n2 5
X"(t) = ; g—%i’—)f(s)ds+§6—§:£f(t)+/i a—qa%—)f(s)ds—

AG(t, ¢ ¥ 92G(L, s
‘__'é: Jf(t) = /0 _——852 ) f(s)ds.
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164 R.J. VILLANUEVA and L. JODAR B The initial conditions of (4.3) give us the next expression
b glp-1)
X(p—l)(t) =f ?___H__(_;gt’_s)f(s)ds n E _
0 Jtlr-1) P . U(j_l)(O)Q + Z U(j-l)(b)Q } - {0 1#1
xr(y= [ FCts) 9@-1G(t,t - 0) 25 DL S AL
()= A Tf(s)ds + —at—(;:l)—“f(t)+ : =
b -
Gt s AP=VG(t, ¢ 40 and
+ [ T s - Tl o - | ACTPNE G- 0 I#i
' ZZ{E,-,-ZU,(,{ (0)Qm + FsUE 00 p@m ={] 7}
b - =1
=/ aPG(t,s)f(s)ds N [atr UG, -0)  8P-DG(,t+ 0)]f(t) _ j=im=1 m=1
0 o Gee=1) at(r=1) - If we set the last expression in matricial form
_ [P oeGt,s)
== A ——Wf(s)ds + f(t) r Ql h 0
Hence and from the properties of G(t, s) it follows that I
S =
X(p)+AP_IX(P—1)+...+A,-X(1)+A0X = : :
b oGt s ) 0
=/ ""&Ti)_) f(s)ds + £(2) L Q]

b o(e- ”G’(t, ) b and remember that S is a nonsingular matrix, then from (3.20)
+ Ap-l /0 W’-)—f(s)ds + ...+ AQL G(t, S)f(S)dS =

O i Ty ] T
_ P[OPG(, 5) ae-DG(2, 5) Ql I ] ro i 1
=l e thrTgey T .+ AoG(t, 8)| f(s)ds + f(t) = f(t) 1

and , - : :

i — 8t -1G(o, : : : : .
EtX( l)(O) - -F:X(‘ 1)(b) = V/0 [E‘—-at(l__(l)-—s-—) _Qk ] _Tkl ________ Tkp.. 0 -Tki i

8t-1IG (b, : ; .
+ F; —3{6:%] fls)ds=0 i=1,...p Thus Q; = Tj; and the solutions, which we call Gy(¢), are

Let us solve now, the auxiliary problem k '
(4.4) Gi(t)=)_Ui(hT;  i=1,..p
X(P)""Ap—lx(p—l)+...+A]X(l)+A0X=0 i=1
p
EpniXU-1 XUy = i Thus, the following result has been proved: '
(4.3) JZ=; ¥ LRAE s SR Theorem 3. Lel us assume that the algebraic equation (1.5) has a k -

complete set of co-solutions {(Myi,Ji),1 < i < k} and let {U.-(.t),l <i 51 k}
be defined by (3.4). If the mairiz S defined by (3.19) 15 nonsingular, S™' =
[Tmilicm<k 1cicp ond f(1) is continuous, then the boundary value problem (1.1)
has a unique solulion given by

P
Y EGXUD(0) 4 Fiy XG-D(b) = 1
i=1

Then, it is known that the form of the solutions of (4.3) is

P
k X{t) = /b G(t, s)f(s)ds + Z Gi(t)r;
X(t) = Z Um(t)Qm L) i=1

m=1
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where Gi(t),1 < i < p, is given by (4.4) and G(t,5) is the Green’s matriz Sfunction
consiructed by theorem 2.

ACKNOWLEDGEMENTS.

- This paper has been suported by the
NATO grant CRG 900040.

REFERENCES

l.Ascher, UM, Mattheij, RM.M. and Russel, R.D. - Nu
value problem for ordinary differential equations, Prentice Hall Inc., New Jersey, 1988.

2. Conti, R. - Recent trends in the theory of boundary value problems for ordinary differential
equations, Boll, Un. Mat. Ital., 22(1967), 135 - 178.
3 Heimes,

merical solution of boundary

K.A. - Green’s functions for linear second order
9(1978), 207 - 214,

4. Ince EL. - Ordinary differentiai equations, Dover 1957.
§. Y édar, L. - Explicit solutions for second order operator differential equations with two
boundary value conditions, Linear Algebra Appl., 103(1988), 73 - 86.

6. Jédar, L. - Boundary value problems and Green's operator functions,
24(44) (1989), 507 - 518.

7.Jé6dar, L. andNavarro, E. - Rectangular co-
and applications, Applied Maths. Letters

8 Moler,C.andVanLoan- Niniteen dubious ways to complete the exponential of &
matrix, SIAM Review, 20(1978), 801 - 836.

9. Reid W.T. - Ordinary differential equations, John - Wiley,

10. Rubio G.,Jéda r, L. - Green’s functions for line
Scientific Annals of "ALLCuza”, Univ. of lasi

systems, SIAM J. Math. Anal.,

Glasnick Matematicky,

solutions of polynomial matrix equations
(in print).

New York 1971.

ar second order matrix systems,
» (to appear).

Received:8.11.1991 Departamento de Matémética Aplicada
Universidad Politécnica de Valencia
P.O.Box 22012, Valencia

SPAIN

ANALELE STIINTIFICE AL UNIVERSITATII "AL.I1CUZA" TASI
Tomul XXXVIII , s.l.a Matematica 1992, {.2

NOUVELLES CLASSES DE VARIETES DE KENMOTSU
PAR
T.TSHIKUNA-MATAMBA

0.Introduction. Soit (M',g¢’, J'} une variété presque hermitle{nlle. Utllf]s?:t
la classi.ﬁcation deGray-Hervella[6] des variétés presque herm{;tlenrtles, t‘;re.s
O ubiia[l0,11] a pu obtenir quelques classes remarquables des struc e
, i ; arnm
métriques presque de contact sur le produit M xR ; c’est le cas n::e men
des structures trans - sasakiennes, nearly - trans sasaklennea;,. presq
sasakiennes , G et (7 - sasakiennes , pour ne ‘;ter que:‘celies ;102113 5 produit
$ inté d’étudier, de maniere an ,
11 nous a sembié intéressant et ; 18 rodu
déforiné de la droite réelle par une variete presq]ue hermltlfznne. E{l eﬂ‘:::.in;;c;mque
iété kahlerienne motsu 9] a construit une struc '
est une variété kahlerienne, K en e mirau
presque de contact sur ce produit ; Janssens- Vanhecke t[S] c?’mm
”n
O ubii a2 appellent cette structure: " structure c%e. Kenmolsu | _
\ Dans ce papier hous nous proposons de caractériser quelques classes e .
it dé . En
quables des structures métriques presque de contac? sur ce p:jodug d:fo;m; :
faisant parcourir la variété M’ dans la classification de ' Y
Hervella, nous obtenons huit nouvelles classes apparentées dauK i
de Kenmotsu que nous appelons: variétés nearly de Kenmo.tsdu ,;emz- te encm *
' g de Kenmotsu , G -semi-de Kenmotsu , Gz - de
normale | quasi de Kenmotsu , G, € i oo
Y 1 ( t presque trans-de Kenmotsu. . _
Kenmotsu, Go -semi-de Kenmolsu e de e et
i : i - fondamentale ainsi que sa diftére ,
il nous a fallu déterminer la 2-forme . N e
ifférenti ion ri nne de ce produit déforme.
différentielle et la connexion riemannie luit d P
de retrouver les définitions des s ‘
nous avons obtenues permettent ' e e rappol:
. me déja formulées par [8]. Ap pel
motsu et presque de Kenmotsu com ja i | S
quelque nf))tions fondamentales sur les variétés pr(fsque herrfuhex:nes_ ;t };eis; nade v
métriques presque de contact, nous avons consacré le Sec.2 a lac as;lm g:“ustrer -
nouvelles variétés. Au Sec.3 nous produisons quelques exemples afin
classes obtenues. ' . . ) -
Nous terminons par I’étude des relations d’inclusion entre les diverses clas
obtenues. B . ST
Les variétés presque hermitiennes guil interviennent danslo’:e] pf;)prl:rdz o d[;S
posées de dimensions 2m et lisses. Nous nolerons par X (M) Dalge
champs de vecteurs sur M. - o -
pl Préliminaires. Une variété presque hermitienne est la donnée d’un trip
(M, g, J) soumis aux conditions suivantes:
(i} (M, g) est une variété riemannienne;





