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1. Let f(z) be a meromorphic function of order p . Let N(r f),
m(r, £),T(r, f),8(r, [}, 6(a, f}, H(a, f) have the usual meaning of Nevanlinna the-
ory. Let « be a real number such that 0 < o < pif 0 < p<ocand a =0 if
p=0.

Definition. For rp > 0,

T, f) 1 " N(t,a)

Ta('r‘,f) - /ro ‘zﬁa—dt' I“\'a('r’ f — a) = Na(’f”, ﬂ,) = . —iT{—mr_dt’
malr, f) and Su(r, f) are defined similarly .
Let
— : Na(r,a) _ . Nofr,a)
50(01 f) - l - ll:[l‘st:;p Ta(T.f) ¥ hrﬂ(a'l f) - 1 hfl:rl.igp Ta(r,f)

Ts(r, f) is called the modified characteristic function and §,(a, f) the modified
¢ ~defect with respect to f(z), see [6]. The advantages in meodified characteristic
function and the modified defect lie in the fact that the exceptional set for p = o0
does not occur here. It is known that if f(z) is a meromorphic function of infinite
srder, then S(r, f) = o(T(r, f}) for all r outside an exceptional set L of finite linear
measure and such sets exist. An example of the existence of such a sei has been
given by H a y m an [1, p.122]. Butin modified characteristic function ( for ali
functions of finite or infinite order ) we have Sx(r, f) = o(Talr, f)) asr— co.
Definition. Sel

N(r, 73)
6,(_”((1, f) =1- limsup W

§£1)(a,f) is called the relative defect of a with respect to f'(z) { v in the symbol
refers to relative ).
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We extend the idea of relative defect to relative modified defect. We define

Nﬂ(r: _f_(T}__a')

§&F)(a, f) = 1 = limsu
(a,f) me

We shall call 655 (a, f) the relative modified defect of @ with respect to F¥)(a)
here ar is not the product of & and r.

In general 6((,'?) a, f) # 8a(a, f¥)). As a matter of fact using the inequality
4

T(r, f*) < (k+ VDT(r, f) + S(r, )

rs " logT'(k
L -——t(1t_;.£)dt=o(jrn LogTk, /)

tH’O’

and

we can deduce that
602(a, £) 2 (k +1) 8afa, fH) — ko
Also from the definition of §(a, r} and a{a, f) it follows that
(1) Sala, f) 2 &(a, f)

In general equality in (1) does not hold (see T o d a {6]).

2. We prove the following theorems.

Theorem 1. Lel f(z) be a iranscendental meromorphic function and lel
ba(a,f) = 1,(a # o0) and Ha(oo,f) = 1. Then for all b # a, bq(b, f¥)) =
(k)
das’ (b, ).

Corollary:  If Ho(co,f) = 6a(0,f) = 1, then for all b (b # 0, 0o),
ba(b, ff*)e = 0,(k = 1,2,..). In particular §(b, f*)) = 0 since 5(b, f*)) <
< 8alb, fV).

Theorem 2. Let f(z) be a transcendental meromorphic function such that
Ha(oo,f) = 1. Then either f(z} has no finite modified o -defect or
S 8a(b, fY < 1 (b # 0,00) where 8,(b, f') is the modified o - defect with respect {o
72).

Theorem 3. Let f(z) be a transcendental meromorphic funclion such that
Ho(oo, f) = 1 and 3, bafa, f) = 1. Then f'(z) has no finite modified a -
deficient value ezcept possibly zero.

3.Proof of Theorem 1.

T(r, f') = m(r, f') + N(r, ') < m(r, {.i) +m(r f)+ N(r f)+ N(r f) =
= m(r,f%)-}-T(r,f)'l-N'("af)-
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Hence
() To(r, ') < ma(r, fT') + Ta(r, )+ Na(r, )

Since

ma(r, -‘?—) = o(Ta(r, f)), seeld,69]
and since Ha(o0, f) = 1, we have

lim sup T—-——-"(r' f)

<l
=00 Ta(r! f) -

On the other hand [4,298)

T(r, ) < Tlr, )+ N5, ) = NGy )+ (. 0)

f

Hence since bq{a, f}) =1, we have
Talr, f) < Ta(r, )+ Salr, f).

Also from [2,33] for a1, @z, ..., a, finite, we have

,,Zi:,"‘(”’“”’s’"("*;f_la,”"“) <
g i g
< mir, ) +m(nY ) + o(1)
f v=1 f-ay
Hence
g
(3) ;ma(", a,) < mq(r, }1-,) + o(Ta(r, ).

Hence from (2) and (3) we deduce
g
3 8ala, £) < 8a(0, fH2 = Haloo, )}
v=l

Hence since q is arbitrary making g — 00, we get

z 60(“1.{) < 60{(01 f'){2 - HO,(OO,f)}-

afoo
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Hence 8,(0, f) = 1. B
Also since No(r, f') = Na(r, f) and Ta(r, f') ~ Ta(r, f), using the first part Now from [4,299] we have

we get To(r, f'} ~ Tulr, f').
By induction it follows that
qT(r, 1) < N(r, ) + N(r, f,)+ZN(r, f, ~ )+S(r f.
(4) To(r, f) ~ Talr, f*)
Thus the result foliows. Hence qTa(r, f') < Na(r, f) + Na(r, %H'
Proof of the Corollary. From [3,671],

- 1 1 | +E{1— (b5, f) + €3} Talr, ') + Sal(r, f).
(q+1)T(T,f)<2N(r,f)+(q+I)N(T,?)+N(f,f_a)+ 3 i
Hence 1
+ ZN(r =)+ St ) 1 (M = é2 = gea)Talr, ) = Ny 37) < Nalr )+ 5a(r, ).
‘ by, ba, ..., b, are distinct, f d Since M 2 1, 1
where a, by, b2, .. are istinct, finite and non-zero. i , ,
Now since /W (r, Y= a) < T( f) + 0(1) we get . (M — €2 — 953)70,(7‘ f ) - MN, (T' —
| . 1 < {1 — Haloo, f) + €4} Ta(r, £} + Sa(r, f).
ol ) <2l )+ @4 Dl P+ DM g ) +Sun -l Henes
Since 64(0, f) = 1, Ha(0o, f) = 1 , it follows that . (5) M{To(r, ) = Nolr, 5 )} — {1 - Ha(o0, f) + €4}Tal(r, f) <
1 B :;I < (62 + t]€3)Ta(T, f ) + Sa(f’, f)
Na(r, =) = o(Talr, £)), Neolr, f) = o(Tul(r, f}). |
( f) ( ) 9 (Talr 1)) Now § < 37, 8alai, f) + &1
i | Hence
Hence l
' p
{g 4+ o(1))Talr, F} < S Nalr, f(k) ) (6) > Na(r, 7 _{ a_) <(p+e1—S—e3)Tulr, f)
i i=1 ¢
Hence from (4), |F Also from [4,298] we have
O‘K?) W) i
g < < th{l‘aup T -"(k)) i ?
e el pTa(r, f) < Talr f) + 3 Nalr 5—70)-
Thus 377, 8« (b5, f)) = G for all b; such that 0 < |b;} < oo. ' =
This proves the coroilary. ' Hence
Proof of Theorem 2. Let 3¢ <o fa(b f) = M and let M > 1, l' 1
z; ) 8afai, f} = 5. Stnce § <2 and M < 2, we can choose p and q such that pTa(r f) <Tu{r, Y+ {(p+e1 - §—e3)Talr, ) — Na(l‘,F) + Salr, ).

Hence

S dalai f) <1, D _balby, f) < 2 *.
Pt 9! | (7 (S — €1+ €5)Tulr, f) < Talr, f) = Na(r, %) + Salr, f)
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From (3) and (7) we get

.%)}+sa(r,f) <

< {1 = Ha{oo, f) + ea}Ta(r, f)+ (e2 +e39)Ta(r, f) + Salr. f).

M(S — ey + e5)Tu(r, f) < M{Tu(r, f') — Nafr

Hence SM <1 — Hy(oo, f).

Now by hypothesis Hy(co, f) = 1, hence S =0,
Thus f(z) has no modified « -deficient value.

Proof of Theorem 3. Let ¥ ,40,8a(a,f) = S and 3, 860(, f) = N

(b # 0,b # o0). Now from [4,299] we have
4
PT( S < N(r )+ 03 N =)+
g = |
i
N(r,——
+ 3N )+ S )
Hence
?
peTa(r, f) < Na(r, [)+ 43 Na(r, 7 1 >+
i=1 T
(8)

g
+ 3 Nl ) + Salr, f).
i=1 f _bJ

Now choose p so large that

then

zéa(ai:f) < £y,

r+l

P

1
3 Mol =) < (4 pe2 = S = 1)l ).
i=1 ¢

Also choose g such that Y% 8§)(b;, ) < €3

q+1
\ .
Then T{_) Na(r,725)(a + ges = N = €3)Ta(r,f) and Na(r,f) <

<(1- Ho,(oo,f) +55)Ta(r; f)

Hence

Hence from (8) we get
PeTa(r, f) < Ta(r, f){1 = Ha(oo, f) + pg — ¢S + ¢ = N} + o(Tu(r, f)).

»

N+ Ha(oo, f) <q(l1 - 8)+1.
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Thus N + ¢S + Ha(oo, f} € ¢+ 1. Hence using the hypothesis, we get N < 0.
Also since Hol(oo, f} = 1, 2 jaj<co bq(a, f) = 1, so from theorem (1), 8a(b, f) =

Db, f). Thus 0 = N = ociaicon 860 (5:S) = Tocipicon bald, f1). Hence
ba(b, f') =0 for all b £ 0,b # co.
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