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ON THE MULTIPLE ZEROS OF DIFFERENCE
OF TWO MEROMORPHIC FUNCTIONS

BY

$.M. SARANGI and $.J.PATIL

Let f(z) be a meromorphic function of finite order p. It is assumed that the
reader is familiar with the following symbols of frequent use in Nevanlinna’s Theory
m(r, f),n(r, f), N(r, f), T(r, £),8(a, ).

Let D denote the family of all meromorphic functions g which satisfy the
condition T(r, g) = o{T(r, f)) .

Let n,(t, g) denote the number of zeros of f(z) — g(z) in |z} < t of order k
being counted k times if k < p and p times if k> p for a positive integer p. Let

r ¢ -
Np(r,g) = jo mpll9) 7 np(O,g)dt +np(0, g)log 1.

In this paper we compare the number of multiple zeros of f(z)—g(z) with the
function ##L(r) where L(r) is a slowly increasing function - satisfying L(ct) ~ L(t)
as t -+ oo for every fixed positive c.

Theorem 1. Let f(z} be a meromorphic function of order p

(0 < p < 00) with &(00, f) =1

and
(. J) < limsup It )

D<a< ll‘_n_lglfm msu T‘PL(T’)

<B<oo

and SBLEY — 0 asr — oo for certain function, gy € D. Then for allg #.91,9 € D,

€D %%(’;g% and 25%(%} are confined belween positive limils.

Proof. Since limsup,_ o, 221t = 0, np(r,¢1) < gr?L(r) for all r 2> ro.
Hence

r? L(r)

Np(r,91)=A+] -@@)—dt<:‘l+s[ tPlL(t)di~ Ate

fo o
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Also by C.T.Chuan g [1] T(r, f) < Np(r,q1) + Np(r, o - ,
(a = e)rPL(r) < o(r*L(r)) + Ny(r,9) _?_ O(IOEES.QI'II)ence p(r,9) + O(log r). Hence

.. Np(r,9)
it o 270

Also, Ny(r,g) < T(rf - o) < T(r o(T(r,
<(ﬂ+€frpL£Er)+0(T((r,f)) fof)alrr 2(*‘()1- S (rf) + o(T(r,f)) + O(1) <

. Np(r,g)
—_— =
]l’l:llsol:p WL < 8 <o

N . . L. .
Hence —,_-5%';’% is confined between finite limits. Again

ny(r,g)log2 < Np(2r,9) <T(2r,f—9) + O(1) <T(r, f)+T(2r,9)+0(1) =
= T(2r, f) + o(T(r, f)) + O(1) < (B +e}(2r)" L(2r) + o(T(r, f))+
+0(1) ~ (8 4 €)2r* L(r) + o(T(r, f}) + O(1).

Hence,

=00

2 4 (rig)

1 e P o

imsup - ®) <k < o0,
Also

(a — €)r?L(r) < o(r’L(r)) + o(logr) + ,/: Wdt =

= o7 L) + ollogr) + o) + ’ 2Dy [ "ne(h9) g <

ro i t

Fa

ofr?L(r)) + k j’ =1 L(t)dt + ny(r,q)logo ~

Fo

~ o L))+ S L) + mplr ) oge

Since ¢ > 1, can be chosen so as to make the L.H.S. positive we get
Hminfr - o %} > (). Hence % is confined between positive limits.
Theorem 2. If f(z) is a meromorphic function of order p (0 < p < 00)

with §(co, f) = 1 and satisfying for certain constant limsup, %—)TW,"",, =«
(0<ag o) k> 1. Then

. ne(r,f—g) _p-a k-1 . No(r,f—9) alk-1)
limsup —£ d I g
meup Ny 2 ok Ea1 O MMSP TSRy 2 2ke(k+ 1)
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excepl possibly for one meromorphic function g(z) € D.
Proof. Let 0 < a < oo. Let us suppose that there are two functions
gi(2) € D(i = 1,2) for which

ny(r,f = gi) pra k-1

limsup = ¢; where ¢ < T 1

- r?L(r)

Let ¢ = max (c1,¢z) and ¢ < B < &5 55}, Hence np(r, f - i) < BreL(r) for all
r > ro, and

Mg = A+ B [ 28 i=1,9)<

T i
<A+Bf t”‘lL(t)dt~A+B-r—L;(L)
o =

Also from C.T.Chuan g (1]

2
(1= ONT(r ) < 3 Nl }%;)w(logr)

i=1

Hence
(1 = o()T(r, ) < %L(r){l +o(1))

Also for arbitrarily large values of r we have

70, £) > (@ - )(P UG

and hence (:—;}-)(a —e}§)YL() < %r"L(r){l + o(1)} for a sequence of r — o0.
Since L(}) ~ L(r) we have B > %ﬁ,ﬁ This gives a contradiction and the result
is proved for 0 < & < co. We can precisely choose the constant k. it can easily seen

tobek=(1+(1+ pz)ll %y/p. The case a = oo is similar. We need take arbitrarily
large number in place of a. f a =0 the result is obvious.

Similarly the other result follows.

Corollary. Under the same conditions of the above theorem

r
liminf T(kr, f) < L and liminf ______T(kr, f)

futh S < 2k*.
e -0 = o e N(r 7

Proof. Since

. T(kr,
L T(kr, f) limsup,_ o r-Lriri .
liminf < o
r—oo np(r, f—9) T limsup,_ —’,.ir};(;)ﬂ
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by the above theorem

liminf —rond) @ _ 7
r—oo ny(r,f—g) = paf2k” — p
Similarly the other result follows.
Theorem 3. Let f(z) be a meromorphic function of order p (0 < p < o0)

with §(00, f} = 1 satisfying lim,_.m%k{f;f% = a (0 < o < o) and

lim, oo S22 = 0; then for all meromorphic functions g(z) € D for g(z) # g1(z)
e 358 = 8.

Proof. Since lim,_co % = 0, we have n,(r, g,) = o{r?L(r)} as r — oo

1

and hence Np(r, _—g‘) = of{r?L(r)} as r — co.
Also from C.T.C{mang
i 1
{t —=o(1)}T(r, f) < Np(r, m) + Np(r, = g) + O(log )

Hence for all r > ry,

(e = )(F) L(F) < o L)} + Ny(r, =) + Olog 7)

f-3
N,(f': — )

Hence liminf, .., —57/E > &. Also, since g(z) satisfies T(r, g) = o{T(r, f})

No(rs =) < {1+ o(DIT( 1) < {1+ o(D}(a + )P L)

) Np(r =) . N
Hence limsup, _ %E{;‘F— < &. Hence lim,_. o :—i}%—) = &. By a lemma of

SK.Singh[2),

lim nP(rsf_g) _a-p
reeco rPL(r) Tk
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¢* - RIGID SETS IN TOPOLOGICAL SPACES
BY
C.K. BASU, S. RAYCHAUDHURI and M.N. MUKHERJEE

In literature we find a large variety of covering properties studied in analogy to
that of compactness. Mention may be made of almost compact sets, nearly compact
sets and @ -rigid sets introduced respectively by Porter and Thomas[9),
Carnahan[landDickmanand Porter[4] Such notions have
already been generalized in terms of covers with semi-open sets and allied concepts
asinitiatedbyLevine[5]andCrossleyandHilderbrand[2]. These
attempts have given rise to the initiation of S -sets and s -sets by N o iri(8) and
M aioand N oiril6] respectively. Since the introduction of these concepts, an
extensive study of these and associated notions have been undertaken by a large
number of topologists. A set A in a topological space (X,T) (henceforth to be
denoted simply by X ) is called semi-open (5] if A C cl int4, where by intB and
cLB we denote the interior and closure of a set B in X. Complements of semi-open
sets in X are called semi-closed [2). The semi-closure of A(C X), to be denoted
by sclA, is the intersection of all semi-closed sets, each containing Af2). A(C X) is
called semi-regular [6] if it is semi-open as well as semi-closed.

Although the notions that are used in this paper are quite well-known, in
order to facilitate our discussion in the sequel we recall the following definitions.

Definition 1. A subset A of a topological space X is called

a) s-closed [6) ( S-closed [8]) relative to X or simply an s-sel (resp.S-set) if
every cover U of A by semi-open sels of X admils a finite subfamily Uy such that
A C Upe,slU (resp. A C Uyeu,cll).

b} almost compact or simply an AC-sel [9] (nearly compact or simply a NC-
set [1], @ -rigid [4] ) sf every cover U of A by means of open sets of X has a
finite subfamily {Uy, ...,Un} (say} such that A C UL, cll; (resp. A C Ui, intcllU;,
A Cintcd UL, Ui).

The mutual relationships among all the above defined classes of sets are
known to be as displayed by the following diagram:

5 —sel => = S — set

Y 4
NC —set = 8 —rigid = AC — sel



