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1.Introduction. We study vector fields X on locally product or para -
Kahler manifolds whose | -parameter local group consists of paraholomorphically
projective transformation.

After some definitions, we give the equivalence theorem: Such an X is
characterized by LxJ = 0 and (LxV)(¥,Z) = 8()Z + (2)})Y + 0JY) Z +
+6(JZ)JY, where L stands for the Lie derivative, V denotes a torsionless linear
connection V which parallelizes the almost product tensor field J, and # is certain
1 -form on the locally product manifold (M, J).

Then we obtain several results in the para - Kahler case; and further in the
para - Kihler - Einstein with dimension > 2 and nonzero scalar curvature case,
obtaining that the 1 - form # associated to a paraholomorphically projective vector
field X as in the previous general theorem is an eigenform of both the flat and the
complete Laplacian of the manifold.

For the basic definitions and properties see, for instance, Rey es (6]
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2.The almost product and locally product cases.

Definition 1. Let (M,J) be an almost product manifold, and V a linear
J - connection ( that is, such that VJ = 0 ) on M. We shall say thal a curve
vy on M is a paraholomorphically plane curve (or, briefly, a ph-planc curve} if
Vi = oy +8J%, wherea, B € C(M) are functions of the parameler {.

For such a curve, the planc generated by ¥ and Jy (or the straight line, if
J% = Ay ) is maintained by parallel translation along 7.

Definition 2. Let (M, J, V) and (M",J/, V') be two almost product manifolds
endowed with the linear connections V and V' such that VJ =0 and V'J" = 0.
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We shall say that the map f : (M, J, V) — (M",J', V') is a peraholomorphically
projective map (or, briefly, ph- projective map) if for each ph -plane curve v on M,
f o is a reparametrization of a ph -plane curve of M’.

As it is well - known, on an almost product manifold (M, J) there exsits a
torsionless linear J -connection if and only if J is integrable. That is, M is locally
product {see R e y e s [6]).

Definition 3. Two torsionless J -connections V and V on the locally product
(M,J} are said paraholomorphically projectively equivalent (or, briefly,
ph -projective equivalent } if they have the same ph -plane curves.

Definition 4. A paraholomorphically projective map (or briefly,
ph -projective map) of the locelly product manifold (M, J, V), where V is a torsion-
less linear J -connection on M, is a diffeomorphism of M which is a ph -projective
map.

Proposition 5.(Prvanovi¢ (5, Reyes [6]) Two torsionless linear
J-connection V and V on the locally product manifold (M,J) are ph -projeclively
equivalent if and only if there exists a I -form § on M such that VxY = VxY +
+HX)Y +0(Y)X + 8(JX)Y +8(JY)IX.

Corollary 6. A diffeomorphism ¢ of the locally product manifold (M, J)
endowed with the lorsionless linear J.connection V is a ph -projective map if and
only if Vv 7 = ¢.V¢::Y¢__IZ +0(Y)Z +0(Z)Y +6(JY)IZ +8(JZ)JY, for all
Y, Z € X(M).

Definition 7. A vector field X on the locally product manifold (M, J} endowed
with the torsionless linear J -conneclion is said a paraholomorphically projective
vector field ( or, briefly, ph -projective vector field), or well that is an infinitesimal
ph -projective map if ils local | -parameter group consists of local ph -projective
maps.

Definition 8. Let V be a linear connection on the mantfold M. Then,
the Lie derivative of V with respect o X € X (M) is defined by (LxV)(Y,Z) =
=[Lx,Vy]Z - Vixy1Z, forall XY, Z € X(M).

Proposition 9. A vector field X on the locally product manifold (M, J} en-
dowed with the torsionless linear J -connection V is ph -projective tf and only if:

(i) LxJ = 0;
(i1) There ezists a | -form 8 on M such that
(1) (LxV)Y,Z) = 8(Y)Z + 8(Z)Y +8(JY)IZ + 0(J Z)JY.

If (i) holds, then R(X,Y)Z + (VyVX)Z = 8(Y)Z + 0(Z)Y + 8(JY) Z +
+0(JZ)JY, where R(X,Y) = [Vx,Vy] - Vix,y] i the curvature operator and
(VyVX)Z =VyVzX - Veo,2X,X,Y, Z € X(M).

Moreover, the set of ph -projective vector fields is a Lie algebra.

Proof. Let Y € T, M,z € M, such that JY # 4Y. Then, there exists a
unique ph -plane curve v on M such that being T, = 4(s), we have V7T = JT and
Tp =Y. Let {¢:} be the local | -parameter group of X. Then, if X is ph -projective
we have

(2) V¢_'.T, $-toTs = a(t’ 5)¢-i'Ts + ﬂ(tl S)J¢—t‘T3
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for sufficiently small ¢, s. For ¢t = 0 we have V7, T, = a(0,s)T, + (0, 5)JT,. Since
JY # 2Y and Ty = Y, for sufficiently small s we have JT; # +7T,, and also
V. T, = JT,. Thus a(0,s) = 0 and B(0,s) = 1 for sufficiently small s and so
B(t,s) # 0 for sufficiently small ¢, s. We can write (2) as

¢t' (v¢_|0T.¢—t‘TJ) = ﬂ’(t,S)T, + ﬁ(tls)qs!‘J(b—t'Ta

Hence, from Cor.6

at, $YT, + B(t, 8)di-J$-eTs = V7. Ty — 20(T)T, — 20,(JT,)J T, =

= (a(D, 5} — 294'1",)) T, + (ﬁ(o, s) — 20,(.17;)) JT,.

From which ¢ J¢_¢oTy = A(t,8)T, + filt,s)JT,. Thus ¢ Jd_nY = )Y +
+u(t)JY, for all Y € T, M and z € M, which initial conditions /\’(0) = M0,0) =
0, {0} = (0,0} = 1. But one can prove (LxJ)Y = =X (0)Y - p/(0)JY = aY +
+4JY. .

And from J? = [, we have (Lx J)JY + J{Lx J)Y = 0. That is, aJY +bY +
aJY +bY = 0. From which, since JY # £Y,a =0 and 6 = 0. Hence (LxJ)Y =0
for all Y such that JY # £Y, and by continuity, for all Y. That is, LxJ = 0.

As for (ii), if we define Y; = ¢ oY 0 ¢_¢ = ¢, then from Cor.6, one can

deduce (VYZ)t = vy'Zg - og(Yt, Zg), where gg(Y, Z) = (0; ® I+ I®9; + (Gg =4 J)®

J+J®(bo J)) (Y, Z},6: being the 1 -form corresponding to ¢;- as in Cor.6.
Thus, as it can be proved, LxVyZ = Vi,vZ + VyI_..XZ +ﬂ0(Y,Z), where
Y, Z) =8Y)Z+6(Z2)Y +8(JY)Z +6(JZ)JY and & = limy_q 3.
Conversely, we have LxV=0Q [ +I®@8+ (8o J)®J+J @ (0o J}, where

V-V, d
{ EI!:UVI

L9 = ln

and (Vi)yZ = 04,.y,$-1+Zi. We can apply the formulaof Kobayashi-
Nomizu [2,p.32] to Vy, and the fact that ¢, o J = J (from LxJ = 0 and with

the notations of [2]) to obtain £(Vi)li=: = —¢,0LxV = —{(¢;0)®I+I®(¢:0)+

+((¢;‘0) o J) ®J+J® ((qb;B) ) J) }
Integrating this expression we obtain .
At = V——V, - 9¢®I+ I®8¢+(9¢0J)®J+J®(8;0J), where 01 = f0(¢:9)dt,

for all t. ‘ )
Hence, X is a ph -projective vector field, since we have obtained

VyZ = ¢4+ Vy_eyd-1-Z + 8,(Y, Z), for all t.
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As for the assertion on the curvature, it follows from the fact ¥ is torsionless.

Finally, the last assertion may be obtained by a long but strightforward
computation .

Definition 10. We shall call I-form associated {o the ph -projective vector
field X to I-form 8 given by (1} in Prop.9,

We want to express # in terms of X,

3.The Para-Kahler case.

Proposition 11. Let X be a ph-projective veclor field on a para-Kdahler
manifold (M?", g, J). If 6 denotes the I-form associaled fo X, then

_ d(divX)
“2An+ 1)

Proof. We can choose locally an adapted frame {e;},1 =1, ...

,2n, such that

8, W=l
glei,e;) =< 0, i=1,..,n;)=n+l,.2n
i;, 1j=n+1,.,2n

and Je; = eipn, J{eign) =€, i=1,..,n Let &; = g{ei,ei) = £1,i=1,...,2n, and
V the Levi-Civita connection of g. Then, {&'} being the dual coframe of {e;}, a
computation shows that

(d(divX))(Y) -
= ZE,{ (R(Y X)ei + 0(Y)es + 8(es)Y + 6(JY)Jes + 6(Jei)JY, eg) +
+9(VxVrei,ei) + g([Vyei, X], i) + 9(Vxei, Vyer) + glfei, X}, vaa‘)}-
But, as it is easily proved, the expression
(3) 251'{Q(VXVYCa'sei)+g([vY€i,X]:ei)+g(vx ea‘,Vvex')-Fg([en«’\'],Vyef)}

is tensorial in the slots Vy e;, X and e, in the brackets. So we can drop the brackels

in (3) and obtained, since E,’:;E,‘Q(G(JC;)JY, e,-) = 8{Y), that

(d(divX)) (Y)=2n8(Y)+0(Y)Y+{Y)+ ZE;Xg(e,-.Vye;) =2(n + D)HY).

Corollary 12. [f the ph-projeclive vector field X on ¢ para-Kakler mantfold
ts @ Killing vector field, then LxV = 0.

>
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Proof. With the earlier notations:

divX = Ze (Ve X) = Zs.gv X, e) zs,gv X, &).

So div X =0. From Prop.11, # = 0. And from Prop.9, LxV = 0.
Substituting (1) in the formula (see Y a n o [8])

(Lx R)(Y,2)W = (vy(LXV))(Z,W) - (vz(LXV))(Y, W)

we obtain, developing the right hand side, that

(Lx R)(Y, )W = ((vye)z) W+ ((vye)w) Z+ ((vye)Jz) JW+

+ ((Vy&)JW) JZ - ((vze)y) W+

+ ((VZG)JY)JW + ((VZG)JW) JY -

((vze)w) Y+

If M is para-Kahler, we have from Prop.11,

((vyo)z) W - ((vze)y) W = {ye(Z) —Z0(Y)—8(Vy Z - sz)}w =

= (da(y, Z)) W =0.

Hence we have the following Corollary of Prop.11:
Corollary 13. Let X be ph-projective vecior field on a para-Kdhler manifold,

and @ ils associaled I-form. Then,
((VZB)W) Y+ ((VyH)JW)JZ-—

= ((VzB)JW) JY + ((VyB)JZ) W - ((VZH)JY)JW

(Lx R)(Y,Z)W = ((vye)z) W —
(4)

From which we have:

Proposition 14. Let X be a ph-projective vector field on a para-Kdihler
manifold (M?",g,J) of dimension > 2,8 its associated I-form, and S the Ricc:
lensor of M. Then

(5) (LxS)(Y,Z) = =2(n + 1}(Vy0)Z, Y, Z € X(M).



206 F.ETAYO and P.M. GADEA 6

Proof. Contractin i
_—— g (4) with respect to ¥, we obtain, with the usual

zei(LXR)(E;, Z)W =

i

Z{e"“"m(ef' ZW + (Lxe‘)R(ef,Z)W} = S(LxZ,W)~$(2,LxW) =
= (LxS)(Z,W).
That is,

6
(6) (LxS)Z,W) = —2n(Vz)W + 2V, ,6)JW.
Since M is para-Kihler we have from R(JZ, W) + R(Z,JW) =0
7 .
(7) S(JZ,W)+S(Z,JW) =0,
From (7) and Prop.9, (i), we deduce

(LxS)JIZ, W)+ (Lx S)(2, JW) = LX{S(JZ, W)+ S(2, JW)}—

:S(LxJZ, W)-8(Jz, LxW) - S(LxZ,Jw) - S(Z,LxW)y=0=
=-2n(V,;z26)W + AV W — n(Vz0)JW + AVizOW =

= 2(1 = ﬂ){(Vng)W + (Vze)JW}
Consequently, if n > 1, we have
(8) (Viz®W + (Vz8)JW = .

So, from (6) and (8

o ) (8) we conclude (Lx 5)(Z, W)= <20n+1)(Vz0)W, 2, W ¢
From Prop.14 we have:

Corollary 15. The tensor p of ph-projective curvatur

manifold of dimension grealer than 2 s preserved under lzeOfastzz?lm-;(ﬁier
of the

ph-projective vector field X.

P .
roof. For such manifold the expression of Pis (see Prvanov i ¢ [5]

R 6 =
©yes[8]) P(Y,Z)W = R(Y, Z)W - (1/2(n + 1)){3(2, WYY — S(Y, W)z +

+5(Z,JW -
(. WY - S(Y,IW)J Z — 25(Y,JZ)JW | . Hence, applying (4) and (5) we
obtain after some calculations (LxP)Y,Z)W =0
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On the other hand we have:
Proposition 16. Lel 8% be the veclor field corresponding under the dualily

defined by the metric {o the 1-form 0 associated lo a ph-projective vector field on
a parae-Kdhler manifold (M, g,J) of dimension > 2. Then J8# is a Killing veclor
field.
Proof. We obtain, applying the properties of ¢,J and V; and (8), that
§(Ty JO*, 2y + (V2 J0*,Y) = —(Vy0)JZ ~ (Vsy0)Z = 0.

The Para-Kiahler-Einstein case.

Corollary 17. Let X be a ph-projective veclor field on a para-Kahler-Einstein
manifold (M*" g, J) with dimension > 2 and nonzero scalar curvalure p, and 8 iis

associaled 1-form. Then
©) (Lxg)Y, 2) = :

(VYB)Z, where k = "—m.

o

Proof. From (5) we have

4n(n+1) _1
———T—(VZB)W = ;(VyB)Z.

(Lxa)(Y,2) = 27"‘(@5)012) =

Proposition 18. Every ph-projective vector field X on a para-Kahler-
Einstein manifold (M,g,J) with dimension > 2 and nonzero scalar curvature p
can be decomposed as X = X; + J Xq, where Xy and X are Killing vector fields.

Proof. Let X! be the l-form corresponding to X under the duality defined

by the metric g, 8 the l-form associated to X, and

1 . P
a=X"— —@ withk = = ——tor.
2, Qka' i dn{n+1)

From (1) it follows, by computation, that (Vya)Z+(Vza)Y =0, that s, a#
is a Killing vector field. On the other hand, let Xo = 5t J0%. Thus, J X, = = 0*,

and from (10) we have X = X; + JX3, where X; = a# = (Xb - 5'19) . The
result then following from Prop.16.

Proposition 19. The I-form § associaled to a ph-projective vector field X on
a para-Kdhler-Einstein manifold (M, g,J) with dimension > 2 and nonzero scalar

curvafure p satisfies
((vyve)z) W+ g{ze(y V9(Z, W) + 8(2)g(Y, W) + 8(W)g(Y, Z)+

+6(J2)g(JY, W) + B(JW)g(JY,Z)} =0, where ¢ = $’3+_1_) = —4k.

Proof. From Cor.12 and Prop.18 we have

(11) (Lx V)Y, 2) = (L’.;,,#V) (Y, 2).
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From Prop.9 and (11) we obtain
g((VyB#)Z, W) +g(R(a#, Y)Z, w) =
(12)
2k{9(Y)g(z, W)+ 8(2)g(Y, W) + 8(JY)g(J Z,W) + 8(] Z)g(JY, W)}.

Taking the symmetric part of (12) with respect to Z and W we have

g((vyve#)z, W) + g((vyve#)w, z) =
zk{a(y)g(z, W)+ 8(Z)g(Y, W) + 0(W)g(Y, Z)+
+ (I Z)g(JY, W) + 8(JW)g(JY, Z)}.

But it is easy to prove, by computation and applying (9) that

g((vyva#)w, z) = g((VyVB#)Z, w).

Corollary 20. Let X be a ph-projective vector field on a para- Kahler-
Einstein manifold with dimension > 2 and nonzero scalar curvature p. Then, the
veclor field O* corresponding under the duality defined by the metric to the I-form

associated 1o X,
divX
#* = prad{ —— .
et (Q(n ¥ 1))

1s a ph-projective veclor field.
Proof. It is immediate that the vector field 8% has that expression. More-
over, from {12} we have

(Lg,..v) (Y, 2) = (VyVE*)Z 4+ R(6*,Y)Z =

= Qk{B(Y)Z +0(2)Y +0(JY)IZ + 9(JZ)JY}.

Let A and A denote the flat and the complete Laplacian, respectively (see
BergerandEbin{l, Nomizuand Smyth (3], Poor[4]).Then, from
Prop.19 we have:

Corollary 2. Let X be a ph-projrciwe vector field on a pare- Kahler-
Einstein manifold with dimension > 2 and nonzere scalar curvalure p,0 the

R

B,
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{ -form associated to a ph-projective vector field on M, and A and A, respectively,
the flat and the complete Laplacian on M. Then A8 = 2VF = (p/n)o.
Proof. With the usual notations, we have

(GOW = ~(divvOw = -3 & ((v,,vs)e.») W=
= -2 Z:E, {28(6,‘)9(6,‘, W) + 9(8,‘)9(6;, W}-}-

+ 8(W)g(ei,e;) + +0(Je)g(Je:, W) + B(JW)g(Je, e;)} =

= E{QB(W) + (W) + 2n0(W) — 8(W)} = n;- 1CG(W).
And
(VOW = —(divV)W + z € (R(eg, W)B) e;.
But

EE;- (R(e., W)e)e.- = —0(25;R(EE,W)6|.) -

z

= —Es;g(R(e;, W)e,-,G#) = —ZE.R(G#,E;',C,', W) =

= ngR(e;, W, e, 0%) = S(W,0%) = %g(W, o%) = -Q%H(W).
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ASYMPTOTIC AND INTEGRAL EQUIVALENCE OF

INTEGRODIFFERENTIAL SYSTEM WITH DEVIATING ARGUMENT

BY

JAROSLAW MORCHALO

The problem of asymptotic equivalence for systems of ordinary differential
equations has been studied by many authors, ase.g. Brauer and Won g [2],
Brauer_[3],Boundourides—Georgiou[l],Hallam[7],
Morchalo[11], S vec[14] and others. Hallam’s[6)and Kuben's[9]
papers deal with the asymptotic equivalence of 1 -bounded solutions of systems of
differential equations. Asymptotic equivalence of functional differential equations
was studied among others by eg. Cooke [4, Futak([sjand Morc halo

10}.
[ The problem of integral equivalence of systems of differential equations has
been studied byHascakandSvec[S]andMorchalo[l?].

The purpose of this paper is to provide sufficient conditions for asymptotic
equivalence, (%, p) and (¥, M ) -integral equivalence for + -bounded solutions of the
system

L = 600 + S AP0 + [ Kaolt, D@l
k=0 to

1 n—-2 m t
o +ZZ[Akj(t)y(")(9j(t))+ /‘ Kij(t, 5)Y ") (g;(5))ds]

k=0 j=1
= P(t, (g5 (6), Ty (g; ()
with initial conditions
() yB(t) = @e(t) for t € Eyp = {to}U{s 5= 9;(t) <to,t 2t 20,
j=01,...,m}y(k=0,1,...,n— 1),

and

(3) Liz]=0.




