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ASYMPTOTIC AND INTEGRAL EQUIVALENCE OF
INTEGRODIFFERENTIAL SYSTEM WITH DEVIATING ARGUMENT

BY

JAROSLAW MORCHALO

The problem of asymptotic equivalence for systems of ordinary differential
equations has been studied by many authors, ase.g. Brauer and Won g [2],
Braueer],Boundourides—Georgiou[l],Hailam[?],
Morchalo(ll],S vec[i4] and others. Hallam’ [6]and Kuben's[9)]
papers deal with the asymptotic equivalence of 1 -bounded solutions of systems of
differential equations. Asymptotic equivalence of functional differential equations
was studied among others by e.g. Cooke [4, FutakplandMorc halo

10].
[ The problem of integral equivalence of systems of differential equations has
beenstudiedbyHascakandgvec[B]a.ndMorchalo[l?].

The purpose of this paper is to provide sufficient conditions for asymptotic
equivalence, (¢, p) and (¥, M ) -integral equivalence for ¥ -bounded solutions of the

system

Lol = 500 + 3 Ao ®0) + [ Kuolt, D)ol
k=0 to

1 n—-2 m i
W "’ZZ[Akj(t)y(“(o;(t)H f Ki;(t, s)Y *)(g; (s))ds]
k 1 to

=0 j=
= F(t, y*)(g;(1)), Ty*(g; (1))
with initial conditions

@ yB)(t) = pr(t) for 1 € Ery = {to}U{s 15 = g;(1) <to,t 2t 20,
i=01,.,m}{k=0,1,...,n— 1),

and

3) Liz]=0.



212 JAROSLAW MORCHALO 2

Her_e z,y, ek =0, e m), " are r -dimensional vectors, Ay;, Ky are rxr matrices,
_q;(] = 1,...,m) are given functions, where g;(t) < t,go(t) =t fort > t, > 0 and
lim;_ oo g;{t) = o0. -

The element y(F)(g;(t)) appearing in F is defined by

¥ g; (1)) = (Wgo(t)), ... Wgm (1)), ¥ (90(1)), -, ¥ (gm (D)), .,
¥ (go(1)), - v (gm(1))).

Let X(t,s) be an r by r matrix defined on some set
G={t"<1<00,0< 1ty <s<oo,t"=inf Ey > —o0}
satisfying the matrix equation

4) LIX(t,5)] =0 for (t,s) € Gy = {s <t < 00,0 < tg < s < 00}

with the initial conditions

k ne
5 X,( )(t,s) =0{(k=0,..,n- 2),X,( ”(s,s) = | — identity malriz,
(tis)eGy={t" <t <s5,0<t; <5< o0}

Let R" denote the r -dimensional linear vector space with a norm |- |,
R} = (0,00) and J = (tp,00) - C(V;, Y2) denotes the space of continuous functions
from V) to Yz.’ where Y] and Y, are any convenient spaces.

If u(t) is a real valued measurable function on R, then by the symbol
4 € Ly(Ry)(1 € p < c0) we denote that f,° |u(t)[Pdt < co and by the symbol
u € Ly(R4,Q) that 7 [u(f)|Pdt < Q < co.

Let ¢ : Ry — (0,00),(i = 0,...,n — 1) be continuous functi

, 00), L , th
Y= (l]!i‘;}’ﬂ’ 'wn—l)' o "
efinition 1. We will say a vector funclion z : R R

_ 1 ) Ry — R s -bounded on
R, if supyep, [¥; Y1)20(t)| < M for some M > 0.

Definition 2.  We will say that the equations (1) and (3) are

Y -asymplotically equivalent on Ry tf for an ]
: y ¥ -bounded solution of (1) th
exists a ¢ -bounded solution of (3) such that et

(6) [20(e) ~ ¥ (1) = o(yi(t)) as t > oo(i=0,..,n— 1)

and conversely.

Definition 3. We will say that the equations (1) and (8) are (), p) -integrally

equivalent on Ry(p > 1) of for any ¢ -bounded solulion 1) th isls
¥ -bounded solution of (3) such that o) there nits o

(M) [ (O() - ¥ O] € Lp(Ry), (i=0,..,n=1)
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and conversely.
Let M,(R4)(1 < p < o) consists of all functions z{t) measurable in R for

which
t+1 1/p
HM™ p = Sup (/ |z(s)1pd3) < 00.
. teR 4 t

Definition 4. We will say that the equations (1) and (3) are (Y, M) -
integrally equivalent on Ry of for any ¢ -bounded solution of (1) there erisis a
W -bounded solution of (3) such that

(8) [ (1)) - YOOl € Mp(Ry), (i=0,.,n=1)

and conversely.
The notions of integral equivalent defined in 3 and 4 for systems (1) and (3)

are introduced in this paper for the first time.
In order to shorten the statement of the theorems, we will first state the

hypotheses to be employed.
Ho. Aij, Kij(k=0,....n 2,5=0,..,m), An_10, Kn—10 are r x r matrices
continuous for 0 < s <1 < oo,
H;. g;(j = 1,...,m) scalar continuous functions fort € Ry,
wr(k =0,..,n—~ 1) r-veclors continuous fort e By,
H,. F € C(Ry x Do x C(Ry), R"), where C(R.) denote the space of con-
tinuous funciions

C(R D, = D™ x ..x pmtl
v € C(Ry, Do), C Dy Ko X ;
n

and T is a continuous operator such that T maps C(Ry) into C(Ry4).
If u; — u in the sense of uniform convergence on each compact interval

[to,tl], then
P(t, u$P (g;(1)), T g5 (£)) — Flt, P (g;(1)), Tul*(g; (1))

uniformly on any compact interval {to, ¢1].

Hi. There is a scalar nonnegative and continuous funciion w : R? — Ry
which is nondecreasing in the second and third arguments for each fized t and
satisfies

n—1 m

Pt 58050, Ty g O] S it 30 31 @O a5 O] )
(9) . k=0j=0
v=La Z Z [ g (1)) g; (N, Lo = const. > 0.
k=0j3=0

Without loss in generality we assume F(2,-,) =0 and Ag; = Kij = 0 for all
t < 1p.
We now give a Lemma which be useful in the proof of our theorem beiow.
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Lemma 1. [f

L. the hypothesis Hy and H, are salisfied,

2. all solutions x of (3)-{2) are ¢ -bounded,

3. the function k is conlinvous for t € Ry and

t+1 l/p
limsup ([ |h(s)|"ds) =0,
t—co 1

4. for every 1 > to, lim—co f{" 167 ()X (¢, 5)lds = 0,
5. there is an B > 0 such that

t r+1 ) 1/q
sup/ (_/ [y () x e, s)I"dé*) <B, p+q=py,
H T

tEJ Jig—1

1 <p<oo,

then we have the following conclusions:
1) y(t) = z(t) + f:ﬂ X(t,s)h(s)ds ezists for alit € J
and is @ selution of the equation

(11) Lly} = h(t)

where z(t) is a solution L[y} = 0 with initial condition (2) and
y(t) = f:o X(t, s}h(s)ds is a solution (11) with initial conditions y*)(t) = 0
(k=0,...,n=2) fort € Er,,y"*"Nto) = 0

i) for allty > 1o

v @O < W OO0+ [ OXO lIb(s)ds+

+f ([ wroxde lrds) " (/ - Ih(s)l”ds)wdr,

pta=pgq, tE€J

i) limy oo |97 ()[y () - 2D(W)])| =0 (i =0,..,n— 1).

Proof. i). By Lemma 3 [15] every solution of the system (11) is defined and
n -th continuously differentiable on J with arbitrary continuous @ (k = 0,...,n—1)
on Ey,, and the following formula

t

(12) y(t) ==z(t)+ [ X(t,s)h(s)ds, teJ

to

holds, where #(t) is a solution of L[y} = 0 with (2).
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ii).Let ¢; > to, then from equation (12) we obtain the estimate
3
e s < W OO+ [ OXD oIkl
I —— to

"t X O ) Ie)lds < [ OO @1+

t1

+[ lwr 1 ()X (¢, s)IA( s)|ds+/ /

< Ilf) (t)z: ‘)(t)' +/ T8 (t)X( )(t S)”h(s |ds+
l;—l/ t)X( )(t s)||h(s)lds — - /;_1 l"bi_l(t)xt“)(t,s)]lh(s)]drds
/H-l/
+ f s (XD (@, 5)||h(s)ds+

t r41 ; 1/q r41 ifp
=1 xi(e, s)lod ) : ( |h(s)[Pds} dr forteJ.
[ ([ e oxte o) (] )

ii1).Let € > 0 be arbitrary but fixed, Choose i, = t;(¢) >t so large that for
t > ti(e)

“H) Xt 5)||h(s)ldrds <

“L iy x (¢, 5)|[h(s)ldrds < |71 (DD W1+

t+1 e .
P —_—
([ more) <55

Let |A(t)] < h for ¢ € [to, t1]. Then for L 2 & from (12)
W WO - 290N < [ W OXO ks
t l¢71(t)X§‘)(t, s)||h(s)lds < h fh 1 ()X ¢, 8)|ds+
/ / 107 (XD, s)Ih(s)dsdr < b / W ()X, s)lds+
t1—1 llp
t r+ 1 (i) - P d S
[ ([ wrox wapas) ([ erpas) " ar

t r41 . 1/q
<h f o (Xt 9)lds + 55 [ 1( ] hb:‘(t)XE’(t,s)r’ds) dr <
to i

: A €
< h[ |¢f1(t)X$')(t,s)|ds+ 3 fort >t
to



216 JAROSLAW MORCHALO 6

Letting ¢ — oo we obtain
i -1 i i 0
imsup 7 (OO0 - 2O < e, (1=0,..,n-1)
where as ¢ > 0 was arbitrary we conclude that
Jim [v7 OO - 2O =0, (1=0,...n—1)
Theorem 2. If

1. the hypotheses Hy — H3 are salisfied
2. all solutions of (3) - (2) are Y -bounded,

i t+1
3. limsup,_, .(f, wh(s,c1,62)ds)' /% = 0 for each fized ¢; > 0 (i=1,2)

. o _
;. lim, oo Lol [%; (i)X'(‘)(t,s)lds =0 fort; >4 (i=0,..n— 1)
- there ezists a constant B > 0 such that T ,

1 r41 . @) 1/q
su - H
te?/n,-l ([ |¢l (t)Xt (t' S)qus) dr < B < ©0,p+¢ = pgq,

! +1 ), - i
({)‘: Jo (e I¥; {OXI(E,r)1ds) ads € L, (p > 1), then
(:3) :]’:: :g:::;::;s gj an: gj are(qb -aymplotlically equivalent
an are (, p) -integrally equivalent,
I(;;:i;:e {g:c;i:l;ms (I{ and (3) are (v, M) -inlegraﬁy i:::':a?;;t
: ¢ a solution of {3)-(2). i
that (1102) o oe e 2olutio {(3)-(2). VedandPahyrov in [15] shoved

(13) W) = 2(t) + f X (63 5)F (5, 48)(g; (5)), Ty (g; (5)))ds.

Consider the integral equations

zo(t) = y(t) = =(¢) +/‘D X(t,8)F (s, 25 (s), oy Zp (8}, T2 (s), o 2he1(8)))ds,

(14) z(t) = ""(tH/:., X'4(t, $)F (5, 25(s), ..o, 2 (5), T2 s), ooy 27, (5)) s

1
2 _1(t = p(n=1) (n-1)
a1t = 2=D(e) 4 [ X0, 8)F (s, 2(5), o™ 1 (),

T(z5'(s), .., 2 1 (5)))ds
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where

z:n(t) = [Zi(gﬂ(t)))zi(gl(t))l bocy] zl(gm(t))]) (i = 01 kL 1)

and
2(t) = gil(t) for t € By, (k=0,.n— 1).

Let G = G(J) be the set of all vector valued functions u(t) continuous on J

and ¥ -bounded in the norm | - |.
Define on the set G a norm by

fu(®)]. = sup W (OuD(E), (i=0,..,n=1).

If d is a positive number let Gy ¢4 denote
Gy,a = {ui(t) 1 [wi(t)l. < d, te J}CG.

Let z be a 1 -bounded solution of (3) such that z € Gy,4. Define an operator
R on Gy 24 by the equation Rz = [Roz, -, Rn-12], where z = [20, ey Zn—1) and

t .
(R)t) = 200 + [ X096, 8(6), - 2(0),
e T (s), .o 271 ()5, t € T
(R;z)(t) = pi(t) for t € By, (i=0,...,n—~ 1}.
Let ;(i =0,...,n—1) be ¢ -bounded on E;, such that

sup |97 'pi(t)] < d.
teE:,

It is evident that Gy 24 is a convex closed set. We shall now show that

RGy,24 C Gy,24-
Let z(t) be a ¥ -bounded solution of (3) such that z € Gy 4. Then from (15)

for z € Gy, 24 We get
t a
W RO < d+ j W OXO(, )lols, ZETAE ol a3 ()P ()]
LoZpolE ol (g5 ()20 (s))ds <
' .
<d+ [ B OXO, )lw(s, 2n0m + 1)d, 2Lon(m + 1)d)ds <
to

t E] .

<d+ ] f 197 () XE (2, 8)lw(s, 2n(m + 1)d, 2Lon(m + 1)d)drds <
g Ja=1

1fp

t s ) 1y s+l
car [ (] " oxOwone) (| Penedr) ds
to—1 E] 3

p+q=pryg
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Let d be such that

t+1 1fp
B P
tsel.ll‘ti (j' w (s,cl,q)ds) < d for some const. ¢1, ¢y > 0.

then |¢:1(t)(R.z)(t)] S2forallteJ(i=0,..,n-1).
Next it woéll be show that R is continuous in topology of Gy 24.

; Let {u,},;2, € Gy 24, where u, = um = [usi(g0), ...,u,.-(gm)]'(i =0,.,n-1)
and fu; —u| > 0 as s — oo, u= u" = fu:(g0), ... wi(gm )], (i = 0,..,n ~ 1). Then
for t € J from (15) we have

%5 ((Rou, )(t) - (Rou)(®)]| <
t
< [ W OX N5 ) oy, T o))

= F(s,ug, o up T (6l ..., u™))ds.

Let £ > 0 be an arbitrary number.
Choose t; > tg such that for ¢ >t and any ¢),c0 > 0

(/H-l 1/p c
wP(s,¢1,c0)d < —=.
A (5,¢1,0) s) = 1B

Since «J} — 4™ uniformly on compact intervals, it follows from hypothesis H; that
11_1.1'2; F(t,ugg, . upy_y, T(u™, o Unq)) = F(tul, . ul ) T(ul, U 1))
uniformly for ¢, < ¢ < ¢;. Hence, there is ng > 0 depending only ¢ such that

IF(t, u:tl): RS u:’:’l-—*ll T(u:r(lh RS ] u:r:;—l)) - F(t‘l ugl’ "':unm-l! T(uan! R urnn-—l))l < %

for n > ng and ¢ € fto,¢,], where A = SUp,e ; f:‘ [¥g ' (t) X (¢, s){ds. Now , if ¢ is in
Jand n > ny : ’ ,

%6 (O[(Rows )(t) ~ (Rou)(t)] <
< '[ol 16 (X, 8)|F (5, 6T, .., oy, T(u, . u_ )=
— Pt u, o u T, ™)) |ds+

+2 [ 15 OX(6 luls,x, e < {zf 15 X (4 )l

t a+1 1/q 541 1
w2 (7 wroxanna) ([ ) e

< - c t 341 . 1/q
S+ 3B - (/. lg ()X (2, r)|'dr) ds < e,

9 INTEGRODIFFERENTIAL SYSTEM WITH DEVIATING ARGUMENT 219

Therefore, the mapping Ry is continuous. The same is true for Ry, ..., R, there-
fore R is continuous considered as a mapping from Gy 24 with the topology of
locally uniform convergence to Gy 24.
As the functions of RGy 24 are uniformly bounded together with their derivatives,
they are equicontinuous at each £,¢ € J. By Ascoli’s Theorem RGy 24 is precom-
pact in G(J). By the Schauder- Tychonoff’s Theorem Gy, 24 contains a fixed point
z = Rz. At the same time, we have proved that the system (14) has a solution.
Evidently, ¥/ (t) = z;(f), ..., ¥*~V(t) = z,_1(t) and y is a solution of the system
(1). Moreover [y, ¢/, ...,y V] € Gy 24.

Next we show that (6) holds. Let £ > 0 be an arbitary number. Choose
t1 = t1(€) > to, so large that for t > ¢; and any constant ¢; > 0,(i = 1,2)

141 1/p £
([ w-"(s,cl,cz)ds) < 2B

Let w(t, e1,c2) < k1 for t € [to,1;] and any constant ¢; > 0,{(i = 1,2}.
Thus

OO0 200l < [T OXOC Dlets,er, co)dst

" . 131 .
+ | 17 XO(t )w(s, e, e2)ds < b / Wi (Xt 5)lds+

to

1 3 .
+f ] |¢i-l(t)Xt(‘)(t,3)|W(3,Cl,cz)drds <
1y V-1

1) .
< ky / 17 )Xt 5)lds+

to

t r+l . g s prel p
s [ ([T wroxPesnas) ([ o enes) s
=1 r r

1, '
< h'j [ 1O X (¢, 5)|ds + % for t>t.
to

Letting t — oo we obtain limsup,_, ., [¢7 " (t)[¥{(¢) — £(t)]] < €. Since £ > 0 was
arbitrary we conclude that

lim |7 (@) (2) - 2] =0, (i=0,...,n—1).
It remains to prove that (8) holds i.e.

97 OO0 - 2OW) € My, for te ], (i=0,..,m 1)
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From (13) we get

B O - D)) < f 0 OXO (s, er,ex)ds <

¢ 341 . 1/ s41 1/
< ([ wroxOenme) ([ o) e

forteJ,(i=0,..,n-1).
Then by assumptions 3° and 5°

1/

. . 41 ¥ . P
[ OO () - 2OW)Im, = sup (_[ |9 (5)l(s) - r(‘)(S)]I”dS) < oo

Next we prove that (7) holds. From the estimates

o OlD) - 2] < ] 97 (DX (8, )lw(s, 1, ¢2)ds

after raising to the power p (p > 1) and arranging we have
. . * l/q
W7 WO - <Ol < [

fo-1 (f " onxe r)l'd")

41 1/p
(] wP(r, cl,cz)dr) ds.

Hence and conditions 3, 6, (7) holds.
The assertion that for each ¥ -bounded solution of the initial problem (1)-(2)

there exists a ¢ -bounded solution of (3) such that (6),(7) and (8) hold can be
proved from the equation

2(t) = y(t) - ] X(t, 5)F(s, 5*)(g; (s)), Tv* (g5 (s)))ds.

This completes the proof of the Theorem.
Theorem 3. If
1. hypotheses Hy — Hy are satisfied,
2. all solutions z of (8) are ¢ -bounded,

3. W7 (XP(t,5)| < Xo for allte <5 St < 00,(i=0,..,n—1)
i

w(t, ZE 2o Tizoloi (95 (D)™ (g5 (1)), LoZRZd Bl o (0)y ™ (g; (1)) =
= a(O)ZR L ETo vy (95 )y ™ (g5 ())+

+912(1!)ft ha(t, ) TR 2o 7ol (95 (5)y™* (g5 (s))lds,
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5. 7 (av(0) + fi, hi(t, 5)dslde < oo where h(t, ) = g2 (2, 9),
6. fL W Xt Mla(s) + [, s, 2)dzlds — 0 as t — oo(i = 0,..,n—1)
7. Di(t) = [ W OXO( 9)llan(s) + [, s, 2)delds € L(lto, o0)).

8. SupIEE(O ld):l(t){p,(t)l < o0, (1 = 0: TN (e 1)1
then the conclusions of the Theorem 2 are valid.
Proof. From (15)

n-1

B Oy < 197 OO0 + ] 97 X o) 3

=0;7=0

n—1 m

lor (g5 (sNY*) (g5(5)) + g2(s) l (s, 2) 3 O 195 (95 (2))y M (g5(2))de)ds

k=0j=0

Define i L
w(t) = Y | (O], b(t) = 31 e,
i=0 i=0

n—1
My = sup y_ 197 (1)sD ()], M2 = nXo.
teJ

=0
Then

u(t) < My + M, !Xm:[Ql(s)“(gj(s)) + /:o h(s, 2)u(g;(z))dz]ds, t € J,

to ;=0

u(t) = b(t) for t € Ey,.

Now an application of Ve dand Pahyrov Lemma 1 (15] to the above inequality
yields the desired estimate

u{t) < My exp (/t! V(s)ds) + j;: W(s)(exp /: V(z)dz)ds, t e J

where

V(t) = (m+ )Ms[qi(t) + ] Aty s)ds], W(t) = My g[m(t)bl(w(t)ﬂ

io J

! b(i ortet
s [ e omstenash o ={ ) 7S T

Hence every solution of the equation (1) is 4 -bounded ont € J
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The conclusion (i) follows from the inequality

o7 (O(e) — O] < f ' [ X, 5)llgi(s) Z f
o k=0j=0
s n-1m
07 (05(5)y® (g5 ()] + ] h(s,2) 30 S 195 (05 (2)v P 5 (2))|dzlds
f” k=0 j=0

6. and ¢ -bounded solution of (1).

The proof of the last ion i g . )
Omittid, ast assertion in this theorem is exactly as that of (i) and hence

Theorem 4. If
L Ihgvpcl)t!hes(e:; Ho — Hj are satisfied,
2. {97 ()= ()] < exp(a(t) + b(to)) for all t i '
. < eJ,(i=0,.,n—1) where z i
a solution of (3), a € C(Ey, U J, R),b € C(J,R) and a,b are known fun)ctions ’
3. exp(a(t)) < A for allt € E,, U J, ,
4. a(t) = 00 as t — o0,
-1 i
517 (X (2, )| < expla(t) + b(s)) for t > 52 to, (=0, n— 1)
6. thog condilions § of Theorem 3 is salisfied,
7. [, l1(s) exp(b(s)) + ) exp(b(s)}h(s, z)dz)ds < oo,
t
8. [, exp(a(t) + b(s))[qi(s) + fo h(s, 2)dz]ds € L, ([to, 00)),
9. supiep, exp(—a(t)|¥; (¢)pi(t)] < 00, (i =0, ...,n — 1},
then the conclusion of Theorem 3 are true.
Proof. Using (15) and 1 - 3, 5, 6 of Theorem we obtain inequality

I (v (2)] < expla(t) + b(to)) + _/' exp(a(t) + b(s))[g1(s) ’i:l i
to k=0j=0

n-1 m

193 (g5 ()5 ™ (g; ()] + qz(S)[ hi(s,2) 37 3 105 (g5 (2w P (g5(2))d=]ds.

k=0 j=0

:J}:a;,nu(t) = exp(—a(t))E:.';olWi—l(g)y(i)(t)l, w(t) = exP(_a(t))z?;oll'f’.' l(i)soi(t)|

w(®) < m exp(b(to)) + nd [ 3 lexp(b(s)an(s)uls; () +
t j=0

+ /to exp(b(s))h(s, z)u(g; (2))d2)ds for t € J,

u(t) = w(t) for t € E,,.

(17)

Using to the above inequality Lemma 1 [15] we have
1 i T

u(t) <n exp(b(tg))exp(/ V{s)ds) +/ W(s)exp(/ V(z)dz)ds, teJ
to io 3

where

V(t) = (n(m + DA exp0) + [ exp(bO)A(, )],

w(t) = ﬂAE}":l[exp(b(t))ql(t)wl(gj(i'))+]t exp(b(t))h(t, s)w1(g;(s))ds]

_ [ w(to) fortel
wi(t) = {w(t) fort € By,

it is easy to see that u(t) < C < oofort € J and [ YOy D (2)] < Cexplaft)) for

teld
We will first give the proof of (i) Theorem 2.
From (15) and 5, 6 of Theorem we see that

7 OO - 2O < Cangm+ 1) [ expla(0)ia(s) xp(b(e))+
(18) s o
+/ exp(b(s))h(s, z)dz]ds.

to

Using 4 and 7 from the last inequality it follows that
197 (O (8) = D)) = 0 as t = 00(i=0,...,n—1).

From (18) and 3, 7, 8 it follows that (ii) and (iii) of Theorem 2 hold.
Corollary. In Theorem { we may define a(t) and b(t) as follows:
(1) a(t) = —al, bt)=ot, a>0,
(i) a(t) = —u(t),b(t) = 2(1), 2(t) = [, p(s)ds,p(t) 2 0 fort € J.
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S OF CERTAIN LINEAR
TABILITY TESTS FOR THE SOLUTION
° EQUATIONS IN PARTIAL DIFFERENCE EQUATION

BY

H. ATTIA HUSSEIN

1.Introduction. In a previous work [1] we obtained a solution of a difference
boundary problem

(1.1) ADAR L AP =Y Ay, g AT AT.ADY = f(t, b, oy t)

(1.2) Yloct,<ps8; =8 (= 1,2,...,n)

in the region 0 < t; < oo, in the form

1" ~1gps.
A o M (- AS)TSE
y=(-57 }{, fc, fi =1

$= Apoge |7y dde dhn
'["ZW M
_(_-L)nff"'f H?=1expt—iln(1+5sz\i)-
v LN &
& -1 _t_" 8 ) (6 E._I-l)Pi-l.
(1.4) -—-——1+6‘A£(E,-HI) exp — = In{1 + & i)(&(Ei - 1)
-1
Aggn i‘ﬂi’!ﬂmd)‘"
.[I_Z,\’l"“".l..)",’.""’“] f)\n A2 A
Here
Ay = y(ty, o tio1, b +6j,t,-+1,...,tn)—y(t1,...,tn), 5,‘ >0 j=12,..,n
Y= .

]



