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AI;T; ﬁ&g‘sggAg‘Fl‘BsEé)SI“I‘é%%TE OF THE EXPONENTIAL
NS OF CERTAIN
PARTIAL DIFFERENTIAL ]'JQUATIOIIGIS\IEAR

BY
H. ATTIA HUSSEIN

1.Introduction.In this w
) . ork we shall .
that used in [1] to obtain the accurate result. use a method different from

We consider the boundary problem

My

an—l
——————n A‘- y
t,0ts...0t, 2. 54,06, 0t 0t 0t OV T
= f(t1,...,tn)
y(O, t2, ...,tn) = y(tl,(),t;,, ..,tn) =..= y(tl, ---,tn—l 0) =0

Th i
I de‘;(f;nc:;lons f(thtzs---a}'n) and y(t,t2,...,t,) are elements of E
s the space of continuous functions whose values are in a Ba’

nach space E. The operators A;(i
=1 4
constant operators which act i;1( 2]'3 %o-om) and ) are Hinear boundect and

We select a subs
) pace from E - C
functions satisfying the condition » denoted by B, which consists of

Wfllar,nam = SUP | f(t1, -y ta )l €XP(—asty — @zt — ... — Anty) < 00;
)

. shall be complete in this norm i.e. Banach space Defini-

Th i
e vector function f(¢;,..,t,) has an order of exponential growth

5 P
@1, 7, ...,an(a; > 0) if it satisfies the inequality

e, m(If(t1,t, )]l exp(—(en + €}t — (a2 +€)t2—

e = (a,. + E)tu) = 0,
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lim oo “f(tl,tg, ...,t,;)ll exp(—-(cn = E)tl C= (Ctg e E)tz—
o = (g — E)tn) = 00,

for every € > 0.
Before giving the main results of this work, we shall first introduce

some notations which we shall use throughout the work.
(i) The operator (I — AS)~1S is a Volterra operator.
(i) Since S is an integral operator and if f € Eq, it is easy to prove that
grtif = [z f(u) € Ea.
(iit) For any f € Ea, then the solution of the differential equation %-'f —~ Ay =
f(t) belongs to some Es(8 2 a).

Lemma. If the function f belongs t0 o Banach space Eq, a,, then the
function g(t1,t2) = (I - A5))"1S1f belongs to the space Eg,az where

i) B = max(a, Re M) if a1 # Re A

!-t) ﬁ =a) +E I.fa], = Re )\)
(for as much as desired little € > 0).

The function g(t1,t2) = (I — MSH)TYS(T A252)"1 S, f belongs to a
space Eg, 5, where

g, = max(a;, Re A if ai # ReXi(i = 1,2)
T laite if ai-'—Re)\.'(i::l,?)
(S1f = Ji* fur,tz)dur and Sof = i f(tr,uz)dus.

2.Method of solution.
(1) Consider the following boundary problem

2
1) Ty = .t
(22) y(OatZ) = y(t],O) =0

where ) is a complex number.
Equation (2.1} is reduced to the equation

(23) (Dy = DI)(Dz =TIy +T(D1 —TDy + (D, ~TDy=f

where T' = max v/A and D; = Bat—.,(i_z-* 1,2).
Integrating termwise of equation (2.3) and considering the boundary
condition (2.2), we have

(2.4) (I- LS I - 'Sy + I'S,(I - I'Si)y + s - LSy = S152f
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Here

51f=jolf(u1,t2)du1

[ 2
Saof = fu F(t1,uz)duz and 5,5, = 5251
The series

S1f+ASZF+ NS f 4+ A4 L=
t

_“ /\2 Mt — n
; (I+/\(t| — U|)+ g(tl — u1)2 ++ ‘L‘n!u—l)“ + )

3}
S ta)duy = [N fn, )y
0

i.e. the series is convergent for every f € E and for every complex number

A. The sum of this series is equal to (I — AS)~1S5f which represents the
. . . . d

solution of the differential equation G ~Ay = f(¢) under the initial condition

y(0) = 0.
o h".[‘he operators I\(/i[ l— I‘iS'I) and (I — I'Sy) are bounded operators, then
ch has an inverse. Multiply both sides of 1 - -
S ply sides of equation (2.4) by (I-'8, )" H{I—
(2.5) y = (I-TSY 1 5;(I-TS2)™! Saf —T(I-I'8,) "1 8y—T(I~IS2) " Sy
(i) Consider the boundary problem

8%y By Oy

aon  au Ma, VTS
y(tl ) 0) == y(O,tg) =0

where A, ¢ and v are scalars.
The last equation reduces to the equation

(2.6) (Dy = pI) (D2 = Ay = (Ap+ vy = f

Integrating termwise of e i ideri
: quation (2.6) and considering the boundary condi-
tions y(¢,,0) = y(0,%2) = 0, we have - l

(2.7) (I — pSINI = AS2)y — (A +v)S1 52y = 5152 f
Equation (2.7) could be put in the form

(2.8) y— O+ )T = pS1) " S (I = AS3) ' Say =
= (I - pSi)7'Si{I - A82) 7 Saf
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Proof. Integrating equation (3.1) and considering the boundary con-

Since h ditions

(I - ﬂS])_lSIf = / e“(“'"‘)f(ul,tg)dul

0‘ y(oy t21 rasy tll) = y(t] , 0, t;;, reey t") = oo =3 y(tl yaeey tl’l—lgo) =0
2

(- uSSaf = [ A7 (b1, ua)due o

Equation (2.8) reduces to the form | (3.2) S

Y - (Qp+v)5:15:Y = 515 F

If A is a point of specter of the operator A such that Azy = Axp, where zp
is an element of a Banach space E such that ||z¢]| = 1. Then equation (3.2)

where Y = y exp(—pt1 — Atz) and reduces to the equation

F = fexp(—pts = M)

(33) y - AS] SQ...S“y = .5'152...5,,f + (A - AI)SISQSny

(iii) Consider the boundary problem The operator (A — AI) is an unbounded operator, the equation (3.3) could

oy be put in the form

— Dy = f(t1,tz, e tn)

&) 3t 0t;...0t y = I(I = T$:)~'$if — =L (I - DS~ Siy—
TSI -T8;)7'S:, (I -TS8,) " Si,yy ~ ..~

(2.10) U(U.tzg---:tn) == y(tlitzi ""t“-l;o) = 0 (34) l) l ' )

_ Inl—lE(I - I‘S” )wl,s'.'1 .(I - Fsaﬂ-|)_lsl'n-ly+

Integrating termwise of equation (2.9) under the boundary condition (2.10) + (A= ADI (I - TS)™" Sy

we can obtain
y=M0 - rS)~'S:if -TZ, - IS ' Siy—
(211) - e - rs;)"'s, - IS:,) 'Sy — m
-l - s )y 'S (I- r'Si,) 'S,...(I - TS ) 'Si, ¥

where I' = max ¥\

It is easy to show that, for any f € E,,, .., then the solution y
belongs to Eg, s,,...,5, for sufficiently large §;. Now we shall determine the
smallest 3; which has the relation between a; and Re I' to be the equation
(3.4) is stable.

i.e. the right hand side and left hand side belongs to the same space,
we have the following,.

If f € Eal N L TR 1Y

where I' = max ¥ and the system {i1,42,--rin—1)} is & subseries of
{1,2,...,n}. '

’ Theorem 1. If f(11,..,ta) has an e::po'uent‘ml grow‘th of order
ay, g, ..., an then the solution of the partial differential equatton

My
(3'1) 3:18tg.’..6tu

has an ezponential growth of order B1, P2, ..., Bn provided the following con- |
ditions are salisfied

i) Bi = Bi if I ai > a® .

W) ML, Bi>a® fILei<a”. .
where o® = max, ¢ (4){ Re YA+ €)™t - maxaeq(a) Re Y

a, = max(a,az, ..., ey) > Rel’
1

- Ay = f(t;,tg;...,t,.)'

and the solution y of the equation (3.4) belongs to Ep, g,.....5. by uaing the
lemma, we have

M (I = T5)7'5if € Bay a,....00-

If the solution y € Ejy, ,....8, where a; > mini(fy, 84, ..., 8) > Rel', then,
from equation {3.4) the left hand side belongs to B, 4, . o but the right
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hand side belongs to Ea 02, . This leads to a contradiction. But if
o, = B; = Rel, then from equation (3.4) we Lave the left hand side belongs
to the space Eg, fa,....8n but the right hand side belongs to Ep, +e,8z+e,. Bate
this leads to a contradiction.

If the solution y € Eg, ,g2,...8n where a; = i > Rel'(i = 1,2, LT} We
have the termwise of equation (3.4) belongs to the same space.

Ifoa; = mini(al,ag,...,a") > Rel’, then a; > Rel'+¢(7 = 1,2, eyl —
1,i+1,...,n) and i o > (Rel' +€)""'Rel’. In this case it is sufficient to
choose f3; = «j.

i) f on = nlin.-(al,crg,...,a,,) — Rel’, then e, - TS 'S:f €
Fo, .. cio1,0i+6,0it100 and if y € Ea, .. an WE obtain a contradiction. In
this case if ¥ € Eay,....8i,.on where 3; > ;i = 111'111,-((11,...,0-,,) = Rel and
B, =0a;> Rel'{j = 1,2,..1 — 1,i+1,...,n) then the solution is stable.

i) fa; = maxi{ o, @z, oy 0y) = min B, ... 3n) = Rel then the right
hand side of equation (4.3) belongs to Eg, ... 8« and the left hand side of
this equation belongs to Eg, .. Rel+e,ifn which tends to a contradiction.
But if a; = 8i > Rel'(ai = max(ay, oz, . 0y} and Bi = min{fi, oy Bn) we
obtain the stability of the solution. i.e. termwise of equation (3.4) belongs
to the same space Eg) g2, ...0n- This complete the proof.

Consider the boundary problem

any an—lt

(35) atl...atu - ZA‘atl-watl latt-i-l"‘atﬂ - By N
f(t1y-mrtn)
(36) y(01t21 -..,tn) == y(tlv'--atn—ho) =0

Equation (3.5) under the boundary condition (3.6) is equivalent to the op-

erator equation

y— Z SiAwy — $152..SuBy = 5,52..82f

=1
If A; € o(A;) then the above equation could ke ;ppt in the form

y=M (I~ S 'Sif + )2 TR | VATV g i Sij)_15i1y+
+ (=) AT - XSy Syt
4 BI, (I — S S+
+ I, (T = 255) T HE I (A - AiI)Siy)

(3.7)

L
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where a;4,..i,_, depend on A, A A
o 2o iy Aigs oo Adny and the system {ij,...,2n—
is a subseries of {1,2,...,n}. Since the operator {is,-sin-1}

(I — )\,‘S,‘)—l =1+ )\,‘(I - A,‘S,‘)*IS,‘
and

5
(I_ /\iS:)_IS,‘f = / e)\i(fi—u;).
0

. f(tl o bicts Uiy tig1s ...,t_,-)du,-.

equation (3.7) could be put in the form

Y = 5152...SnF + BS,5,..5,Y + (-—1)"/\1/\2.../\"51...5,,.},'}'

(3.8} .
ZI‘L,‘lmgn_lSthz...S.'n_,Y

where Y = yexp(—Mt; — Agty — ... = Antn)

and F= fEKp(-“/\]t] - )\Qtz - ... /\,,t,.).

If 4 € o(B) then equation (3.8) becomes

Y = $152..SuF + (g + (=1)" A A2 M0)51..5.Y +
(3.9) +(B — ul)5,5:...5.Y +

+ Z I\’i, ot Sil Siz"‘Siu—ly

If f € ‘Eﬂl o then F G E R
yeerOg ay—Rer,...,an—Rek, and 1if E
Y e E'ﬂ‘_Re’\lﬂ-"an—R.e/\n' : l “ ¢ y e ﬁll"'vﬁﬂ t'hen

To i . . . .
. 1;;’:;!:5;? equation (3.9) similar to equation (3.3) we have the
If F runs through all By o1, the totality of solutions is covered by
Eg A (where o) = a; — Rel, and §; = §; — Re; ) such that
1) Bi = a; if a; > a® + ReA,
i) B > a® if a; < «° + ReXi, (1 =1,2,...,n)
where Y

a® = maxRe ¥Vu + (=1)" A1 A2.. A,

A€ o{A) and i € o B).

Ifn=2and ¢ = a; = a and B = 2 =  we have the following,

Lemma. If A, A2 and p belong to the spectra of the operators Ay, Az

and B respectively and f € Eq o then the solution of the equation

Iy dy 0
YA 4% By
Ot,0t; 0ty Argy By={
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belongs to Eg g if the following conditions are satisfied .
i)f=aifa>a’
i) f>a® ifa<al
where
1

a’ = 2{Re(,\1 + A2)+

+ IReOh = 22)F + 2Re(As Az + p1) + 200 Az + sl}
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METRIC SOLVABILITY RESULTS FOR
MULTIVALUED MAPS

BY

MIHAI TURINICI

O.Introduction. Let X and Y be a couple of metric spaces. By a
multivalued mapping from X to Y we shall mean any map, T, from X to 2Y.
As usually, we do not distinguish between T and its graph in X x Y, denoted
graph(T). Put also dom(T) = {z € X;Tz # 0}. We call the underlying
map, y-solvable (for a certain y € Y') when range(T) = T(dom(T)) contains
y. Of course, by a suitable translation, one may arrange for y = 0 in this
convention, which becomes

(E) Tz 3 0 (for some x € dom(T));

it will be referred to as T is solvable (in dom(T)). Sufficient conditions
guaranteeing such a property may be of a very different nature: we quote in
this direction the contractive approach{Dugundji and Granas|9,
ch.1, Sec.1]) or the topological degree one (D eimlin g {8, ch.2, Sec.10]).
But, in the following, we shall be interested in the mazimelity approach.
Its prototype - for the closed graph case - is the one dueto Altman
(2, ch.5, Sec.2]. (The closed range case, although important, will be not
considered here: for a discussion about its basic lines we refer to the 1983
Altman’s contribution [4] or the 1987 paper by Turinici [19]).
The plan of this exposition is the following. Section 1 has a preliminary
character. The main result is given in Section 2: it may be viewed as a
multivalued version of the above cited Alt man’s theorem. Section 3
treats the differential approach to this, in a way similar to Aubin and
Frankowska[5]. The constructive aspects will be delineated in Section
4. And, in Section 5, some contractor versions of these are discussed, under
thelinesin Reddy and Subrahmanyam [l5]



