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belongs to Eg g if the following conditions are satisfied
i)f=aifa>a’
i) f>a ifa<a’

where

o’ = %{Re(kl + Ao )+
+ VIRe(h = A2))2 + 2Re(M Az + ) +2{ i de + wl}
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METRIC SOLVABILITY RESULTS FOR
MULTIVALUED MAPS

BY

MIHAI TURINICI

O.Introduction. Let X and Y be a couple of metric spaces. By a
multivalued mapping from X to Y we shall mean any map, T, from X to 2Y.
As usually, we do not distinguish between T and its graph in X xY', denoted
graph(T). Put also dom(T) = {z € X;Tz # 0}. We call the underlying
map, y-solvable (for a certain y € Y') when range(T) = T(dom(T)) contains
y. Of course, by a suitablé translation, one may arrange for y = 0 in this
convention, which becomes

(E) Tz 5 0 (for some x € dom(T));
it will be referred to as T is solvable (in dom(T)). Sufficient conditions
guaranteeing such a property may be of a very different nature: we quote in
this direction the contractive approach (Dugundji and Granas|9,
ch.1, Sec.1]) or the topological degree one (D eim1in g[8, ch.2, Sec.10]).
But, in the following, we shall be interested in the mazimality approach.
. Its prototype - for the closed graph case - is the one due to Altman
{2, ch.5, Sec.2]. (The closed range case, although important, will be not
considered here: for a discussion about its basic lines we refer to the 1983
Altman’s contribution [4] or the 1987 paper by Turinici [19]).
‘The plan of this exposition is the following. Section 1 has a preliminary
character. The main result is given in Section 2: it may be viewed as a
multivalued version of the above cited A lt m an’s theorem. Section 3
treats the differential approach to this, in a way similarto Aubin and
Frankowska[5). The constructive aspects will be delineated in Section
4. And, in Section 5, some contractor versions of these are discussed, under
the linesin Reddy and Subrahmanyam [15)
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1.Preliminaries. Let in the following F' stand for the class of all
functions from (0,00) to [0,00). We consider an element a € F which is
normal, in the sense
(i) 0 < a(t) < t,forall t > 0.
Hence, for each n, the nth iterate a exists (as an element of F). Given the
couple (¢, h) in F?, call it admissible (modulo @), when
(i) e(t)/(t — alt)) < (h(t) — h(8))/(t — s}, t,s> 0,a(t) s <t
The folowing simple facts will be useful for us. (Since the argument is clear,
we do not give details.)

Lemma. Suppose that, in addition to (1)+(3),
(iii) hér_r_l'ﬂf c(t) > 0, for all > 0.
Then
(a)a™(t) = 0 asn — 00 and the series Zc(a“(t)) converges for each t > 0

n

(b) h 18 increasing on its domain; and, this property i strict, as soom as ¢
is quasi-normel, in the sense
(i*) e(t) > 0, for all t > 0.

Some remarks are in order. Firstly, condition (iii) has the only purpose
of deducing (a) (the first part). Hence, it becomes useless in case @ € F
fulfils ab initio this property. For example, this happens when (i) should be
associated with

(iv) imsupa(t) <, for all r > 0.
t—r+
Secondly, (ii) raises the question of characterizing (in terms of the fixed

a € F) the class of all ¢ € F with the property (c,h) is admissible {(module
a) for at least one h € F. For a partial answer, we note that, if

(v) t b c(t)/(t — a(t)) is decreasing and H(t) = fy e(s)/(s = a(s))ds < o0,
¢ > 0 then ¢ belongs to this class, because of (ii) (with & = H). In particular,
under the simplest assumption

(L) a(t) = At, t > 0, for some Ain (0,1)
this condition becomes

(v*) th e(t)/t is decreasing and _f; c(s)fsds < oo, > 0.
And then, a standard choice force Fis

(L") e(t) =7t t >0, for some v > 0.

But, this is not the only possible one; because, e.&.

c(t) = ~tet, t > 0, for some « in (0,1) and v >0
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also fl}lﬁls (v*), as it can be readily seen. As an alternative to this, assume
that, in addition to (i),

(viyi—a s increasing (i = the identical function in F)
and that, for a quasi-normal increasing element A € F one has

ts>0, a(t) < s<t=1t< A(s)

Then, any ¢ € F with

{v.ii) ¢ i3 increasing and f(; e{ A(8))/(s — a(s))ds < o0, t >0
will ?)elong to the class in question. (The proof being evident, we omit the
details.) In particular, (vi) is assured under {L). And with

A(t) = (1/A)t, t > 0 {where A is that of (L))
the implication above is assured. Then, (vii) reduces to
(vii*) ¢ is increasing and fot c(s)/sds < oo, t > 0.

This ft.lrnishes us new examples of such functions, not reductible to the
preceding ones like, e.g.,

ct) = yt%e*, t > 0, for some a in (0,1) and v > 0.

We close this section with the following remark. Let @ € F be normal.
Then, a* € F given by

a*(t) = (1/2)(t + a(t)), t >0,

also fulfﬂs this condition. Moreover, if (¢, k) is admissible {modulo a) then
(c,2h) is admissible (modulo a*), because

(D)t - o (£)) = 2e()/(t — a(2)), ¢ > 0.

When ¢ depends on a, the situation is different. For example, assume ¢ =
{ + a. We have, for each t > 0,

(t+ a*()/(¢ - a*()) = (3t + a(t))/(t — a(t)) < 3(¢ + a(t))/(t — alt)).

So, if (i + a,h) is admissible (modulo a) then (i + a*,3h} is admissible
(modulo ¢*). These facts may be stated in a more general form. But, for

' the development below, this will suffice.

v 2.The main result. Let (X,d) be a complete metric space and
|| - |l) a Banach space. Let also T be a multivalued map from X to Y.
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We shall be interested to solve (E) in the neighbourhood of a certain point
(zo,%0) € graph(T) with yo # 0. The basic assumption about our map 1§

(Ch) graph(T) is closed in X x Y.
Let X(z,p) denote (for each z € X, p > 0) the closed sphere {u €
X; d(z,u) < p);a corresponding notation will be used for the closed spheres
in Y. And, for (z,y) € X xY, p,0 2 0, put

(X x Y)(2,¥);p,0) = X(z,0) x Y (3,0}

The (subset-) relative notions may now be defined by intersection.
For example, given any part A C X, put

Alz,p) = X(z,p) NA, z€A p>0

Our main result is

Theorem 1. Let the point (zo,y0) in graph(T) with yo # 0 be such |

that, & normal function a € F as well as a triplet f,b,g in F wnth
(A) (i +a,f) and (b,g) are admassible (modulo a)
may be found so as: for each (z,y) in

T(zo,y0) = graph(T)((zo, yo); g(llwoll), f!Ioll))
with y # 0 there ezist (2',y') in graph(T) and ¢ in (0,1] with
(P2) Iy’ — (1 - ell < ealliyl), d(z,2") < ebllvil).

Then, T is solvable in dom{T)xo,9(llyoll)-
Proof. Assume by contradiction

Tz 3 0, for all z € dom(T)(%o, 9{!lv0 -

We have that, for each (z,y) € ['(zo,y0) there exist (z',y') € graph(T) and
¢ in (0,1] for which (P;) is holding. The former of these gives

(1) liy'll < (1 = e)llglt + ealllyll) < v,

(bence y # ') and
lly - o'll < eCliyll + a(lyl)-
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Denote for simplicity

t=lyll, s = (1 - e}t + ca(t)
Oune has
a(t) £s <t, e =(t—s)/(t —a(t)).
So, by the properties (P ),
(2) lly = &'l < £(t) ~ £(s), d(z,z") < g(t) — g(s).
Let T'* (g, yo) stand for the subset of all (z,y} in ['(z, yo) with
llvo = yll < Flllyoll) — fQlylD, d(zo, 2} < g(llwoll) — g(livll)-

Relations (2), applied to an element (z,y) of T'*(zo, yo) give

llvo — o'l < llyw —wll + lly ="yl < fClimoll) — £(s) < f(llyoll)

d(z0,2') < d(z0,2) + d(z,2") < gllyoll) ~ 9(s) < g(llwoll)-

This shows (z',y') is in " (xq d i
; ‘ 2%} too. Hence y' # 0; precisely, 0 < ||y’
(if we take (1) into account). Combining with (2), t1hIi)s yield)sr’ JIUSE

@) Ny =9l < £yl ~ £AID, diz, ") < g(llyll) ~ g(lly'I)-

Now, give I'*(zg, yo) the restriction of the product metric

e(a:,y),(a:',y')) = max(d(z, I,)? iy — y'll), (=, y)$(3"’$ y’) EXxY,

as well as the ordering

(z,y) <(2',y') in case (2') is holding.

_ Let ((zn,yn)) be an ascending (modulo <) sequence in I'*(zo, po); that is

whenever n < m,

@) lya =yl < fynl) ~ Flymll) d(zn,2m) < g(llyall) — 9Cyml)-

As (f(llyal])) and (g(||yul))) are decreasing (hence Cauehy) sequences in

y), {z,) and (y.} are Cauchy sequences in X and Y respectively. So

h.‘i (C1), (2n,yn) — (x,y) for some (z,y) in graph(T). On the ather haod,

0y the Lemma, ¥ is increasing (strictly) over its domain. This gives.

flyall = llwll, for all n.
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And then, passing to limit as m — oo in (2*), one gets (note that, again by )
the Lemimna, ¢ is increasing too) It remains now to study what happens with (P;). A normed counter-

part of these will be discussed in the next section. Here we only present its

liym = il < FCllal) = £V, dlzas2) < glllvall) - g(llyll), n € N. functional version. Let ¢ € F' be a decreasing function with
This, by the very definition of T*(z0,yo) shows (x,y) belongs to this subset; ; t
and, in addition, (z,y) is an upper bound of {(Zn,yn)). In other words, (00} > g(fiyoll} (where A(t) =/ e(s)ds, t > 0).
conditions of the ordering principle in Turinici [18] are fulfilled 0
on I'*(z0,¥0),6, <) By the conclusion of that result we have that, for the _ Assume that, in the statement of T} 1. th .
point (o, y0) € (0, yo } there exists a maximal (modulo <) element (z, v) E by rearem 1, the subset I'(2o, o) is replaced
in T"(xp,y0) with (z0,40) < (z,y). However, as y # 0, we deduce by (2) = T(h)(zo,y0) = {(z,y) € LT
that (z,y) is not maximal in (T*(z0,y0), <). The contradiction at which we {(z.y) € graph(T); h(d(z0,)) < g(livoll),
arrived ends the argument. q.e.d. llwo =yl < flllwel)}

Now, a basic choice for a € F is (L). Then, clearly, and the second part of (P;) by

(M) Ft) = (L +X)/(1 = A)t, for all £>0. (F1) (o, £z, <) < exll])

Call the function b € F admissible when (v*) or (vit") are fulfilled; that is The argument above may now be reproduced in the foll
uced in the {ollowing way. Denote

g(t) = —/0 b(s)/sds < oo, for all t>0, C*(h)zo,y0) = {(z,y) € T(h)(zo,y0); h(d{zo,2)) < g(llwell) = g(llwolD),

d livo — wll < fClwoll) — FCHull}}-

ecither tV b(t)/t decreases or th b(t) increases. Let (z,y) € T*(h){zo,yo) be arbitrary fixed. In view of

As a practical variant of Theorem 1 we have

Corollary 1. Let the point (Zo,%0) € graph(T) with yo # 0 be such
that a A € (0,1) and an admissible function b € F may be found so as; for
each (z,y) in

(w0, 70) = graph(T) (o, y0); (1/(1 = A)glllvoll), (1 + N/ = Mllvoll) |

with y # 0 there ezist (z',y') in graph(T) and € in (0,1] with

Iy — (1 — eyl < eXllyll, d(z,2") < ebllivll)-

Then, Tz 3 0, for at least one z € dom(T), with the property jjz — zol| % i

(1/(1 = \gUlwoll). i };1 other words, hypotheses of Theorem 1 are fulfilled over I'*(h)(z )
In particular, assuae T is univalent. Then, the main result reduce ence, an extension of the main result under the lines above is technoi, zlol :

tothatin Turinici [20] while the above corollary to the statement i speaking, non-effective. Some other aspects were discussed - in tile univ;l );

Cramer and Ray [7]. Of course, a standard example of admissib case - by Ray and Walker [14]; see also the quoted paper b, :1?

function is (L') (with b in place of c). In this case, Corollary 1 is nothil author. SR

b h e . ' a1 3. A differenti ; :
ut the basic solvability result established by Altman [2, ch.5Sec } nd its metric {d) izr;nl;:c:cll) ]}));0: i:lc;rmN]‘rwﬁ ?‘vsf‘;l}rln e X lst. a hnia:"h space
: ith reapect to which X is

c(d(zo, z))d(z,2") < g(t) — g(s)

one has
h(d(zo,z")) < h{d{zp,2)) + c(d(zo,z})d(z,2') <
< gllwoll) — 9(s) < g(llyoll)-
. This, in connection with (2) (the first half Ly
- T(h)z0,y0), as well as ( ) proves (,47) belongs to

{77 d(z,z') < eb(llyll)/c(A), where A =R (g(lwoll))-
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Banach). A natural choice for z' € dom(T) appearing in (P;) is z + gh, for
some h € X. Then, the underlying relation becomes

(Ps) ly + (/) =9Il < alllyl), 1Al < Byl

This suggests a tangential interpretation. For the (closed) part Z of ¥
and the point y € Z, let H(Z)(y) (the Bouligand tangent cone of y with
respect to Z) stand for the subset of all v € Y which may be written as
lir]in(l /An)(wn —y), for some sequence (An) in (0, 00) converging to zero and

some sequence (wy) in Z converging to y. We note that
v € H(Z)(y) limi(r‘lf(llr)dist(y +7v,2)=0.

The conical property of this set must be taken in the sense of being positively
homogeneous only; i.e.,

v € H(Z)(y) implies Av € H(Z)(y), A=0.

For, in general, H(Z)(y) is not convex unless Z is convex. Nevertheless,
this set is anyway closed; see W ard [21] for a thorough discussion of these

facts.
Now, let the multivalued map T from X to Y be introduced in accor-
dance with (C;). For each (z,y} € graph(T) and h € X, denote

DT(z,y)h)={veY; (hv) € H(graph(T)}(z,y}}-
This will be referred to as the upper Dini derivative of T at (z,y) € graph(T)

in the direction h € X. Hence, by definition
v € DT(z,y)(h) iff v= Lim(1/Au)(va — ¥), for some sequence (An)

in (0,00) converging to zero and some sequence (v,) in Y converging |

to y, with the property: v, € T(z + Anha), n € N, where (hn) ts 8
sequence in X converging to h.

The multivalued mapping h b DT(z,y)(h) from X to Y is defined at least

in the origin; precisely,
o € dom(DT(z,y)) and DT(z,y)(0) contains o€Y.
Moreover, it is positively homogeneous, in the sense

DT(z,y)(Ah) = ADT(z,y)(k), X >0,
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whenever the second member exists. Unfortunately, we do not have, in
general, a relation like

DT(z,y)(h1 +ha) 2 DT(z,y)(k1)+ DT(z,y)}(h2), k1, ha € dom(DT(z,y));
in other words, h b DT(z,y)(h) is not, in general, a convex process in the
sense of Ro b inson(16].
The following variant of Theorem 1 may now be stated.

Theorem 2. Let the point (2o,y0) in graph(T) with yo # 0 be such

that, a nor:mal fu.pction a € F, a quasi-normal function b€ F as well as o
couple f,g in F with the property (P1) may be found so as: for each (z,y) in

T(s)(z0, y0) = graph(T)((zo,y0); 39(ltwoll), 3f(llyoll))

with y # 0 there exists a nonzero direction h € X for which

(F3) dist(—y, DT(z,y)(h)) < a(liyl), NR1 < b(]yl)-

Then, (E) has ot least a solution in dom(T)(z,3¢(||vol)))-
Proof. Let (z,y) be as in the statement. We clearly have

(P5) dist(—y, DT(z,y)(k)) < a"(lyll), IRl < (3/2)b(lly]l)-
So, by definition,
(3) ly + vl < a*(llyll), for some v € DT(z,y)(h).

Now, by a previous remark, v is of the form lim(1/2,)(va —y), where (An) is
a zero convergent sequence in (0,00) and (vn) is a convergent to y sequence
in Y with

(z 4 Anhn,vn) € graph(T), alln €N,

for some sequence (ky) in X converging to h. Hence, if n is large enough,
we have by (P7) plus (3) that

lly + (1/An)(wa = Il < a*(liyl), 1all < (3/2)b(1l¥1)-

In other words, (P;) is fulfilled with (2',%') = (2 + Apha,vn), € = Aa and
(a,b) = (a*,(3/2)b). (The associated by (ii) functions in the sense of (P1)

- are :in this case (3f,3¢); cf. the remark in Section 1). The proof is complete.
q.e.d.

A remarkable particular case corresponds to the basic assumption
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(Cs) for each (z,y) € graph(T) with y # 0, the multivalued map
ht+ DT(z,y}h) is e closed graph conver process.

Recall that if U is a closed graph convex process from X to Y and
K is a closed convex cone of X with U(K) = Y, then a constant p > 0
may be determined so as: for each y € Y there exist’s rz € K withy e.Tx
and ||z|| < plivll: (See the quoted R obinsons paper for details.)
Denote by 8(U, K) the infimum of those ¢ > 0 with such a p?operty. Let
ihe multivalued map T from X to Y be taken in accordance with (C1) and
C . .
L Corollary 2. Suppose the point (zo,Yo) € grgph(T) i3 .mcfa that a
p >0 and § >0 may be found so as: for each (z,y) n graph(T) with

|z — zo)) < p and y#0

one has

(Py) DT(z,y)(0) = {0} (the null subspace of Y),

as well as '
(Ps) 6(DT(::,y),K(:c,y)) < B, for some closed convex cone K(z,y) m X
with DT(z,y)(K(z,y))=Y. .
Then, Tz 3 0 for at least one = e dom(T) with ||z — xgll < p, whenever
Wyo| is strictly inferior to p[3p.

Proof. Let (xo,%0) be as above. One therefore has

(37/(1 = Mllwoll < p;

for some v > @ sufficiently close to f and some A in (0,1) s.ufﬁcient'ly close
to 0. We choose the functions a, b € F under (L), r‘espectlvely (L"). Cor-
respondingly, take f,g € F of the form (M), respectively

(M") g(t) = (v/(1 = AL, for all t > 0.
Let (z,y) be arbitrary fixed in F(3)(.’L‘o,y0) with y # 0. There exists, by'.
(Ps), a direction h € K(z,y) with

—y € DT(z,y)(h) and |Ihll <7ilvll;
moreover, h # 0 if we take (F3) into account. So, by Theorem 2, Tz 3 0 for

at least one z € dom(T) with ||z — zo|| < (37/(1 = Mllyo ||. This, plus t%
choice of (v, A) ends the argument. q.e.d-

|
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The obtained result may be viewed as an open mapping one if we
delete the requirement y # 0 in its statement (as well as in (C2)). Of
course, a natural choice for the closed convex cones appearing in (Ps) is

K(z,y) =X, forall (z,y)€ graph(T) with y #0.

On the other hand, (P;) is trivially fulfilled when T is univalent and (Cz)
is replaced by

(C3) T 1s Fréchet differentiable at each z € dom(T) with Tz # 0.

Some related facts may be foundin Gautier, Isac and Penot
[10]); see also Aubin and Frankowska [5].

4. The constructive case. We now return to the framework of
Theorem 1. The process (z,y) F (z',y'} induced by (P;) may be viewed as
an iteration over graph(T). Precisely, let (zg,yo) be as in the statement,
with tg = llyol| > 0. There may be determined a (z1,y1) in graph(T) and a
number g in (0, 1] such that (P;) be fulfilled with (x,¥) = (zo,%0), (z',¥) =
(z1,%1), and € = €¢. Without loss, assume ¢, = il > 0; since, otherwise,
we stop the process. Then, by the reasoning in Theorem 1, we necessarily
have

llyo — vl < F(te) = F(t1), d(mo,21) < glto) — g(t1)-
Generally, assume that, for the ordinal a, we constructed a net ((zx,¥x))r<e
in graph(T) with the properties

(Ra) ta=|lyall >0, forall M<a.

(RL) llya—yull € FER)—F(tu), d(zrzu) < g(ta)—g(tu), when A s p <o

If o is a first kind ordinal, put & — 1 = §. We get for the starting point
(z5,y8) € graph(T), a point (Za)¥a) in graph(T) and a number ¢4 in
(0,1] so that (P,) be fulfilled. If a is a second kind (limit) ordinal, the net
((zx,¥2))a<a is, by (R ), a Cauchy one; hence, it converges to a point in
graph(T), denoted (Za,Ya). As before, one may assume 1o = llyall > 0; ie.
{Ra41) holds. Then, (Rl ) is also valid and the process may be continued
beyond a.

Now, Theorem 1 says that, for a certain ordinal v, the process stops,
in the sense: t, = ||yy]l = 0. Note that

v < § (the first uncountable ordinal).

For, assume by contradiction v > Q. The net (ta)a<a is, by (Rp), descend-

ing (strictly) in (0,00); hence, it admits an accumulation point in [0, 00).
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This, however, is in contradiction to the well known properties of § (see,
eg. Alexandrov [l ch.3,Sec.4]) and the assertion follows. We now
give a sufficient condition for

v =w (the first transfinite ordinal).
Precisely, assume that, for the starting point (zo,%0), & sequence

(£, Yn))n<w 0 graph(T) and a sequence (£ )a<w in (0,1] have been con-
structed with the properties (R, ) and

(P«_SW)) lyn+1 — (1 —enlynll < enaltn)s d(*n, Tn+1) S enb(tn), for all n.
We have (cf. also Altman [3]) . .
Theorem 3. Let the function a € F be taken in accordance with

(i) plus (iv). Also, let the couple b, g in F be as in (P1) (the second half).
Then, if in addition

(Ps) the series an diverges

the sequence (Zn)n<w in dom(T) converges to a solution z* in dom(T) of
(E), under an error approzimation given by

d(zn,2") € g(llyall) — 9(0+), n<w.

Proof. We have, by (P{)), that
tat1 € (1= €x)tn +€nttn) <tn, for all n.

So (tn)ncw is decreasing (strictly) and converges to some t > 0. Assume
t > 0. By (iv),

a(s) < vs (hence s —afs) > (1 - v)s > (1—vwlt), t<s<t+m,

for some n > 0 small enough and some v in (0,1) sufficiently close to 1.
This, combined with

gn(tn — a(tn)) € ta — a1, for all n,
gives at once

S tn - tn+la n Z ﬂ(t),

(1 — v)ten S (1 —v)intn
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for some n(t) < w large enough. As Z(t" — tnp41) converges, (Ps) is

n
contradicted; hence ¢ = 0 (or, in other words, y, — 0 as n — oc). Now,
the second half of (R') is clearly valid, by the admitted hypothesis about
(b,g). As a consequence, (Tn}ncw 1 a Cauchy sequence in dom(T). By
completeness, z, — z*, for some z* € X; and, combining with the above,

(z*,0) € graph(T). We also have by (Pé“)) that

d(xp,Tm) < glllynll) — g(0+), n<m.
Hence, letting m tends to infinity, we get the evaluation in the statement.

This ends the proof. q.e.d.
A particular case of these corresponds to

(Ps) En =1, forall n.

Then, (Pz(“)) becomes

lyasill < a(llynll)s d(zn, zn+1) € H]lynl), n < w.

The convergence of (y,) to the null element of Y is now immediate, by (iv).
Also, the convergence of (x,) follows at once from conclusion (a) in the
Lemma. We therefore have

Corollary 3. Let the point (zo,yo) € graph(T) with yo # 0 be such
that o function a € F fulfilling (1) plus (iv), as well as a couple of functions
b,g € F with the property (P) (second half) may be found so as: for each
(z,y) € graph(T) with y # 0 there may be determined a {(z',y') € graph(T)

with
Ny'lf < alllyll), d(z,z") < bllyll)-

Then, the iterative process (z,y) b (x',3’) started from (zo,y0) gives, by
at most w steps, a solution z* of the operator equation (E), localized as in
Theorem 1 {(d(z0,2*) < g(llyoll)) and epprozimated as before.

Generally, let v < Q be a second kind ordinal with the property: a net
((zx,y2))a<~ in graph(T) and a net (£a)a<y in (0,1} may be determined -
in & constructive way - so that (Ry) plus (P{™) be fulfilled. Then, if
(Pg) the series ZE" diverges

A<y

the net (z3)a<+ in dom(T') converges to a solution z* € dom(T'} of (E) under
an error evaluation similar to the one in Theorem 3. The proof is almost
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jmmediate by the arguments above. Some related facts may be found in
Gavurin [11]. .

5. A contractor variant. Let the couple (X,Y) be taken as in
Section 3. We put

A(U,V) = sup{dist(u,V); u € U}, U,V €27,

This is a pseudometric over 2 in the sense

(a) U =V implies AU V)=0 _
(b) AU, W)= AU, VY + AV, W), U, V,.Wez2'.
It is not symmetric in general; but

H(U,V) = max{A(U, V), AV, U}, Uve?l

has this property. Of course, this is nothing but the Hausdorff semi-metric
over 2Y. We note the properties
(c) AU, V) = A(=U,—V), U,V €2”.
(d) if A(U,V) < a then for each u € U there emists v € V so that |Ju —v|| <
a.

Let L(Y, X) stands for the class of all linear continuous operators from
Y to X. Given the multivalued mapping T from X to Y, call the family
(T(z); z € X) in L(Y, X), a T-contractor when
(Ca) z +€l(z) € dom(T), whenever (z,y) € graph(T), 0<e <1
(Co) ITE= £y, =€ dom(T), for some v>0.
Let in the following (C1) be admitted. As an immediate application of the
main result, we have

Theorem 4. Suppose that a number in (0,1) and a T-contractor §
(T(z); =z € X) in L(Y, X) may be found so ¢s: for each (z,y) € graph(T) |

there ezists a € = &(x,y) n (0,1] with
(Pr) A(Tz — ey, T(z + eT()y)) < epllvll

Then, T is solvable in dom(T).

Proof. Let ) be arbitrary fixed in (g, 1). For each (z,y) in graph(T) {

with y # 0 we have, putting «' = z + eD(z)y (and making use of {C3)}

ATz — ey, Tz') < epfjull < eMlyll-

So, for (1—¢)y € Tz—ey there exists, via (d), ay’ € Tz’ with !i(l—g)y—-y'" <!

eM||y|l- On the other hand, one has, by (Ca)

lz — 2’|l = eiT(@)yll < evliyll
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So, the main result applies, with a, b € F taken in the form { L) respectively
(L'). The proof is complete. q-e.d.

A close analysis shows an effective extension of Theorem 4 is to be
reached if {Pr) were substituted by

(P7) A(Tz — ey, T(z + Dz )y)) < zalliylD,

where the function ¢ € F fulfils (i) plus (P, ) (the first part) for some f € F.
But, our interest will be centered on a different problem. Precisely, call the
family (D(z);z € X) in L(Y,X) a strong T-contractor when (Cj3) is to be
replaced by the stronger version

(C3%) z + I(z)y € dom(T), forall z € dom(T), y €Y.

In this case, (—(T'(z); = € X) is again a strong T-contractor with the same
constant () defined by (Cs). The use of such a family is naturally connected
with {P7) being fulfilled for each z in dom(T) and each y in Y. In this case,
the substitution of y by (—y) cannot modify it. Moreover, the use of H
iustead of A will also preserve its validity. This, combined with

pllyll + v dist(0,Tz) < (n+v)|yll, whenever y € Tz,

yields the following

Corollary 4. Suppose that a couple p,v 2 0 with p+v <1 and
o strong T-contractor (T'(z); = € X) may be found so as: for each z €
dom{T), y € Y, there ezists € = e(z,y) m (0,1] with

(P H(T(z + eT(z)y), Tz +ey) < e(ullyll + v dist(0,Tz)).

Then, conclusion of Theorem 4 13 retainable.

This statement, obtained by Reddy and Su brahmanya
m [15] is actually equivalent {cf. the above discussion) with the variant of
Theorem 4 with H in place of A. As a matter of fact, the authors’ working
hypotheses include

(Cs) Tz is closed, for all z € dom(T).

This is firstly redundant, in view of (C1). (Indeed, letting (za) be constant

" in (Cy) gives (Cs)). And, secondly, it has no technical motivation (i.e., no

effective use of (Cs) is to be made throughout the argument).
Now, the statement in question is viewed by these authors as a par-
ticular case of a general solvability result based on a vector counterpart of

‘ (P-;]))‘ Precisely, let A = (a;;) bea (n,n) matrix with positive entries

ai; 20, 1<i,j<n (= a fized natural number).
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We denote by p(A) the infimum of all A > 0 with the property that the
system of inequalities

(4) a1 +...+ @inCn < A, 1<t<n,

has a solution z = (Cryee-sCn) wWith G > 0,1 < i < n. Call the considered
matrix normel, when p(A) < 1. As precisedin Matkows ki [12],a
necessary and sufficient condition for this may be written as

P50, 1<k<n, 1<i<n+l-k,

where -
aj;’ = Gij for 1#£7]
=1-ai, for i =17,
and, inductively (for 1 < k <n — 1)

(k1) _ (k) (k) (k) (k) S g
a;; = ayy G;4y,54+1 T G101, 541 for 1#]

(k) (k) ® (K L
= ayy @i 41— Gty for 1=1.

Let the Banach space Y be taken as the product space (endowed with the
maximum norm) of the Banach spaces (Y;;1 <1< n) We denote by
dist,(-,") the point to sct distance in Y; and by Hy(-,) the Hausdorff semi-
metric associated to it, for 1 < i < n. Then

(5) dist(y,V) = max(dist;(yi, Vi); 1 <1< n),

fory = (Y1,-.- Yn) € YandV =Vix.. xV, CY As a direct consequence

(6) H(Z,W)= max(Hi(Z:,W;); 1 <1 <n),

for 2 =21 %X...%X2Zn and W =W, x...x W, subsets of Y. Let alsothe'i

Banach space X be taken as the product of the Banach spaces (X;; 1 <1<

n). We give it the maximum porm and consider the multivalued mappings

T, from X to Yj, for1 <2< n. Suppose that

X, = dom(Ty) = ... = dom(Tn) # 6.

By a strong contractor associated to (Ty,...,Tn) we mean any n-tuple of]

families ((Ti(z:); i € Xi) € L(Yi, X:); 1 << n)with the properties
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(Cé")) (z1+T1{z1 ), - .- Zn+Tnl(@n)yn) € X, whenever z = (21,1 Zn)
EX“‘! y:(yh"‘vyli) EY

(Ci")) NCi(z )l £ v, T € Xi, 1<i<n, for somey>0.

Now, assume the introduced mappings {Th,...,Tn) are such that

(an)) T, has o closed graph, for 1 < i < n.

The announced result may be stated as follows.

Corollary 4°. Suppose that o couple of (m,n) matrices with positive
entries B = (bi;) and C = (cij) fulfilling p(B+C) < 1 and a strong conirac-
tor ((Ti(x:); i € Xi) © L{Y;, Xi); 1 <i<n) associated to (Ty, ..., Ta) may
be found so as: for each T = (x1,.--,%n) € Xy and y = (y1,---+¥n) €Y
there exists € = £(x,y) in (0,1] with
(P'gn)) Ht(Ti(zl + Erl(iﬂl )yl; cooy@n t 5Fn($n)yn)1 Ti(ml yeee mn) iy Eyi) <
(> by + Zcijdistj(O,Tj[m,...,x,,))), 1<i<n.

j 3

Then, the operator equation

(B Ti(zy,...,2n) 30, 1< <n,
has at least a solution in X..

This statement includes Corollary 4 (to which it reduces for n = 1).
But, such an inclusion must be taken in a formal sense only, as results from
the

Proof of Corollary 4’. Denote A = B + C and let X in (p(A),1).
We have promised a vector z = (C1y.- s Ca) with ¢ >0, 1 < i < n, so that
(4) be fulfilled. Denote the mappings T; appearing in the statement as (;T;,
for 1 < ¢ € n. Of course this substitution (equivalent with passing from
T to Sy = (1/¢)Tifor 1 <2 < n) does not affect the hypotheses about
(Th,-..,Tn). Hence, if we put

Te =Tz x...xTne (T=(T1,...,T,.) in short)

the multivalued mapping T fulfils (C1) (with, evidently, dom(T) = X.). On

the other hand, let us substitute (y1, . - - ,Yn)in (P-,(")) with (Ci1,-- - Cn¥n)-
And, finally, for each z = (z1,.-.,2n) in X4, let T(z) € L(Y, X) be defined

as

P(x)y = (Clrl(xl)yl yee aCnrn(xn)yn); y= (yh L ?yn) ey
(Of course, (I{(z); z € X) C LY, X ) is a strong T-contractor, with

ID(2)l} € ymax(Gi; 1 i< n), 2 € Xa)
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We have that, for each * = (z1,...,%a) in Xo = dom(T) and each y =
(41,--.,yn) € Y there exists € = ¢(z,y) in (0,1] with

GHi(Tdz + el(e)y, Tox +eyi) S
(> biiGllwsll + Y eydist;(0,Tyx)), 1< i< n.
i J

Hence, combining with (5)+(6) (and the choice of A)
(Pr) H(T(z +eT(z)y), Tz +ey) <€A max(||yl|, dtst(0, Tx)).

But, in this case, the variant of Theorem 4 with H in place of A applies.

This ends the argument. q.e.d.
Now, the variant in question is, by our previous discussion, equiva-

lent with Corollary 4. Hence the statement above is technically equivalent

with its one-dimensional version. And, as before the (reductible to (Cl(")))

condition

(Cé“)) T.z is closed, forall 2 € X, 1 £ t <n,

is not (explicitly) needed in the argument.

The solution assured by Theorem 4 (or its corollaries) is not obtain-
able, in general, by an ordinary induction process. This, however, happens
when ¢ = 1 in (P7) (cf. the developments in Section 4). More precisely, we
have

Theorem 5. Suppose that a number v (0,1) end e T-contractor
(D(z) z € X) in LY, X) may be found so as:

(P) ATz —y,T(x +T(z)y) < pllyll, for each (z,y) € graph(T).

Then, (E) has at least a solution in dom(T), which can be attained by an
ordinary ilerative process starting from any point (zo,y0) of graph(T).

A similar development may be done with respect to Corollary 4. But,
in this case, the suggestions contained in {P-,(l)) or (P;) may be exploited
more efficiently. Specifically, one has

Corollary 5. Suppose that a sirong T-contractor (I'(z); = € X) "
(with constant v) and a p € (0,1) with py <1 may be found so as: for each

z € dom(T), and each y €Y,

(P))  H(ty) < pmax{|lyll, dist(t2), dist(ts), 27} (dist(ts) + dist(ts))}-

(Here, for convenience, we denoted 2’ = z + D(x)y and t, = (T2, Tz + Y)
g = (y,y - T:II), i3 = (1:13: - F(I)T:t:'), ty = (y,—T:r), s = (I,I' -3

I(z)Tz').) Then, the conclusion in the result above is retainable.
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Proof. Let A be arbitrary fixed in (g, 1) with Ay < 1. We write
(P}) with (—y) in place of y and I'(x) denoted as —I(z). Then, take (z,y)
arbitrary in graph(T). Without any loss assume y # 0. In this case, the
deduced inequality is strict when p is to be replaced by A. And then (cf.
the remark (d)) for 0 € Tz — y there exists y’ € Tz' with

1kl < max{|ly|, dist(0, Tx), dist(0,T(z)Tz"),
2~ Y dist(y, Tz) + dist(T(z)y, [(z)Tz'))}
Amax{[[yl, ¥l Yyl (v/2)ly - ¥'l1} <
Amax{|lyll, 1’ Il (v/2)(Hwl + Ry lD}-

In the first case, ||yl < Alyll. In the second, [ly'|] < Mlly'||; as Ay < 1,
we have [y/|| = 0. In the third case, [ly'li < (AMy/2)(lyll + lig'lD; so, ly'll <
(A9/(2 = Ay )Myl, with (Ay/{2 - Ay)) < 1, in view of Ay < 1. Summing up

(7) ly'll < 8llyll, where = max{,\y/(2 - M)} <1

On the other hand,

lz —2'|| = IT(=)yll < 7liyl.

So, Theorem 3 applies (in the sense of (P¢)). And, with the conclusion of
that result, we closed the argument. q.e.d.

A particular case of Corollary 5 corresponds to X = YandT=1-5
where I = the identity and S is a multivalued mapping from X to itself
with dom(S) = X. Clearly,

graph(T) is closed <= graph(S) is closed.

L}(:t the contractor (['(x); 2 € X ) appearing in this corollary be the identity;
that is

D(z)=1I, forall z€X.

We then have the following fixed point result:
Corollary 5°. Let the closed graph multivalued mapping S from X to
itself with dom(§)=X be such that, for all z,y € X,
(Pg) H(Sz,Sy) < pillz - yii,dist(:c,Sm),dist(y,Sy),2‘1(dist(:r,,.5'y) +
+dist(y, Sz))},
where p € (0,1) depends on § only. Then, § has at least a fized point in X.
This statement is not the most general one in this area. (For e.g., the
c_losed graph condition may be relaxed to (Cs ), without affecting the conclu-
sion;see Ciric {6]for details.) Nevertheless, it is methodologically useful
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1 1 ili 1t subsumed to
from a converse perspective. Precisely, the solvablhty: resu
Corollary 5 is a contractor description of the fixed point statement above,
So. an extended result of this type may generate - by the same transla-
tio,n - an enlargement of the quoted corollary. This is the way foll9wed by
Singh and Whit field [17]in starting from the ﬁxed point resu}lt
ducto Pal and Maitl [13]. The basic statement in that paper is,
essentially, the following: conclusion of Corollary 5 1s rgtamable when, for
each z € dom(T), at least one of the alternatives below 18 accepted
(A;) relation (Pg), for some p £ (0,1) with yp!~? < 1 (where p € [0,1)
fulfils =P <2)
(A2) H(t2) + H(ts) < pallyll, for some p1 € (1,147) e
(As) H(tz) + H(ts) < w2(llvll) + dist(ty) + dist(ts)). for some pg 1n (

S+ 7)1+ 27) | |
?4214() H(tl))-}-H(tg)-!-H(ts) < pa(dist(t4)+dzst(t5)), for some p3 in (1/7,1+
2).
) The authors’ argument is as follows. Let =y € dom(T),dyo E('I‘":ro.
= - ne {since

Put z; = Zo — [(Zo)yo € dom(T). U Tz = Tz — Yo, we are do
0 € Tzo — yo). Otherwise, H(Tz1,Tzo — yo) > O and then, by (d), t(lilere
must be a y; € Tzy with [j1n N < pPH(Tz), Tao — yo). This procedure
may be continued. It gives us a sequence ((Zn,¥yn)) in graph(T) with

In4l1 = Tp — F(xﬂ)yfh 1ly"+1“ S i pH(T:]:,;_..;,TiE,—; - yn)’ n € N

Now, for £ = &n, Y = Yn, WE consider each of the alternatives (Ay )-(A4').
The first one gives a relation of the form Hynt1ll < 9[[3{,,“, :for some @ in
(0,1) given by (7) (with A = p'~P). The second alternative yields

Hyall + H(0,T(zn)Tzus1) S H(0,Tzn)+ H(0,T(z2)Txn41) £ i llyall.

Hence

IT(zn)ynt1ll < H(0,T(2n)T2ns1) < (1 = Diinll

Now, it is also true that

D@ pmsal] € lvasall (by the defnition of (F(@)i 2 € XD |
1 1 Singh and]
But, from these, one cannot 1 general derive (as stated by ‘ 1
Whitfield) that Nyntrll S (o1 = Dflynll- So, their statement 18,
false insofar as it is concerned with the alternatives (Az)-(A4)- A way
of correcting this is, e.g., the following. Assume the strong T—contra.ctor.
(F(z) z € X) fulfils, in addition
(CH M) =248, z€ dom(T), for some f> 0

21 MULTIVALUED MAPS 149

(Here, by convention,

|A| = inf {|Ay]; llull =1, 4 € L(Y,X).)

Then, (A;) may be accepted (as alternative) as soon as py € (1,1 + B);
similar conclusions may be derived for {Az) and (Az). Some concrete ap-
plications of these facts may be foundin Altman (2, chs. 7-9].
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ROMANIA

.l.Introduction. In this paper we are concerned with the differential
equation of the form

1) [ OP Y @11 + d Ol u(t) = (),

where m,r,q!,Q : I — R are continuous functions, m(t) > 0,r(¢t) > 0
and p > 1 is a constant; I = {tg,00),R = (—00,00),t¢ € R. Recently
the authors in [3-5] discussed the problems of existence, uniqueness and
other properties of solutions of the special version of equation (1) when
n= 1,m.(t) = r(t) = 1 and Q(¢) = 0. Equation (1) was also studied by the
authors in [6,7) when p = 2,r(t) = 1 and Q(t) = 0. OQur general formulation
of equation (1) covers a number of differential equations studied by many
authors with different viewpoints. The main purpose of this paper is to
find sufficient conditions so that all oscillatory solutions of the equation (1)
tend to zero as t — 0o. The technique employed here has been used before
. by th\'e authors in {1,2,8,9] and the present author in {10,11} while studying
the different types of differential equations. It seems to us that there are
no known results about the asymptotic behaviour of oscillatory solutions
. of the equation of the form (1), and this observation motivated the present

work. In what follows, we restrict our attention to solutions y(¢) of (1) or
its more general versions which exist on [.

2.Mai.n results.In this section we shall state and prove the main
results of this paper.For simplification of details of presentation we use the



