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APPROXIMATION OF AN OPTIMAL CONTROL PROBLEM
WITH DISTRIBUTED IMPULSES

BY

S.ANITA and C.MOROSANU

1.Introduction. Consider the following system

Yy~ Ay =Y ui(t) @ 8y, in (0,T) x 9,
(1.1) y=0:n(0,T) x 8%,
y(0,z) = yo(z) in 2,

where 8, is the Dirac mass at the point z; € §}. This problem describes a
heat or diffusion process in 1.

We are concerned with the minimization of

/ ' [ e,z - e 2

over all y € C([0,T}; L'(R)) and u; € L®(0,T), Lyi < ui(t) < L2 ae.
t € (0,7),vi € {1,2,..,n} (L1, Lai € R) subject to (1.1) (y is the weak
solition of {1.1)). The control variables u; represent the magnitude of the
impulses.

The paper is organized as follows : Section 2 is concerned with exis-
tence and optimality conditions. In Section 3 it is studied the convergence
ina certain way of a sequence of optimal control problems with nonimpul-
sive controllers. A numerical algorithm and numerical results are presented
in Section 4.

For some related results we refer {1],{5],{8],(9] and {10}. The results of

this paper can be used to measure high temperatures. Related results can
be found in [2].

. 2.The optimal magnitude of impulse variables. Throughout
this paper {! is a bounded and open subset of RN having a sufficiently
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smooth boundary 952, This section concerns the following optimal control
problem
(P) Minimize

/DT/Q ly(t, z) — #(t, x)|dzdt,

over all y € C([0,T); L'(£)) and u; € Lo(0,T),L1i € uilt) € Lai ae
t € {0,T) subject to (1.1). Here § € LY((0,T) x Q),z; € Q2 = 1,7 and
yo € LY(Q).

Definition. y € C(/0,T};L'(Q)) 13 a weak solution for (1.1) if

T n T
) - [ [ e+ acyadt = [ wiex,pde 4 [ eyt zpar

for el (€ W= {x € c12 (10, T);xQ); x(T,z)=0 on Q and x(t,z)=0 on
[0, T]x 0%}

Remark. It is possible to prove that if y is a weak solution of
(1.1) then for every ¥ € L% ((0,T)xf) and ¢ € WLT(0,T;L7(R)) N L7
(0,T;W2 (Q)),Vl <17 <0 solution of

o =0a.e in(0,T) x 0%,

or+ Dy =1 ae in (0,T) x &,
@(T,z) =0 ae. in Q,

we get :

T n T
—/0 Ly(t,mﬂ(t,m)dmdt:;[) u,-(t)<p(t,:t,-)dt+/ng(a:)cp((},:c)dx

As concern the existence of the solution for (1.1) we have the following result
Theorem 2.1.Problem (1.1) admits an unique weak solution.
The proof of this result can be found in [1] and is based on a com-

pactness result of P.Baras (see [4]). In a standard way and using the same;

compactness result it is possible to prove that (P) admits an unigue optimal
pair (u*,y*)(u* = (uf,u3, .., up))- _
The main result of this section is the following:(sec also [1]) ;
Theorem 2.2. The pair (u*,y*) (where y* is the weak solution of (1.1)
corresponding to the controller u*) is optimal for (P) if and only if there
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exists p € WHT(0,T; L7(2)) N L7(0, T; W),V 1 < r < oo solution of
(2.2)

pe+ Ap € sgn(y* —§) in (0,T) x L
(2.2) p=01n (0,T) x 00
p(T,z) =01in Q
and
ey _ ) Loy if p(t,z:) <0
(23) ul(t) = {Lg,, if plt,zi) >0

Proof. The idea is to approximate problem {P) by the following one:
(P») Minimize

T n
. 1 .
[ [ oxtu=idede + 53 s wilfomy
i=1

on all (u,y) (u = (u1,uz,...,un)) subject to (1.1),where
ga(q) = inf{|h —ql’/2A + |h|;h € R}

By standard device it follows that the optimal control problem (Py)
admits at least one optimal pair (ua,ya) (ux = (ul,u¥, ..., u}))

Lemma 2.1. There ezists py € WHT(0,T; L7(Q))n L7(0, T} w2m(Q)),
V1 < r < oo solution of :

(2.4) 7a=01n (0,T) x 9

(pa)e + Apx = g\(yr — §) in (0,T) x R
pa(T,z) =0 in Q

which satisfies

(2.5) palt,z;) € Ny, (u) +uy ~ uf

(where Uy = {u € L®(0,T); Ly; Su < Agiae} C L*(0,T) and Ny,(u}) s
the normal cone in ul).

Proof. Let I : U — R be the convex function defined by

T 1 —
Ii(u) = ]D [Qg,\(y — §)dzdt + 52"“? — willL30,7):

i=1
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where y is the weak solution of (1.1) corresponding to u=(u1,u2, - un). Ia
attains its infimum on { in a unique point (ux, ya)- ‘

We set px the solution of (2.2) and for any v; € Ty, (u}) (Tu.(u}) is
the tangent cone in u}) consider z the weak solution of (2.6} :

{zt —Az=Y0 v ®b in (0,T) x £

(2.6) 2=01n (0,T) x 80

2{(0,z) =01in Q

Since (ua,ya) is a minimum pair for (P\) we have the existence of
& € Ny, (u)) +u) — u? such that

T n T
[ [ ton - e+ 3 [ emar=o0
0o Ja = /0

or equivalentely

T -
L L[(pk)t + Apa)zdzdt + 'Z__-;/(; £ivdt = 0.

Since z is a weak solution of (2.6) it follows that

T = T
f / [(pa)e + Apa)zdzdt + Z / p;\(t,x,-)v;dt =0
o Y =1 0

T
] [P.\(ts‘fi) Ei]v:df =0,V € TUi(uiA)
]

We conclude that
pa(t.z)) € Ny (u}) +ul — )

We continue now the proof of Theorvm 2.2. {uy} is weakly conver- :

gent to u in { L0, T)" on a subsequence Using a compactness result of |
P.Baras (see [4]) it follows that on a subsequence {also denoted by (ya)) |
yx — y in C([0,T]; £'(R)) (¥ is the weak solution of (1.1) corresponding to
u).

This yields

T
~ 1 1 *
B = [ [ oo o)dede + 5 Yl w2

i=1
T
2_/ jgz\(y,\-ﬂ)dxdf
0 Q

| (3.3)
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and Iu*) 2 I(ua)da(u®) — I{u*), for A \, 0 which imply that

himsupy o Ia(za) < I(u*).If @ # u”then lim infao In(ur) > I(@) 2

> I{u*)},which is absurd.It means that @ = u* and uy — u* in (L0, T))".
The boundedness of {g}(y»—¥)} implies the existence of p a solution of

(2.2) and that (2.3) holds (we have used the results of P.Grisvard:[7],Sect.9).
Conversely the proof is trivial.

3.Approximating problems. Optimality conditions. Consider
the following sequence of optimal control problems

{ Pr) Minimize

LT/Q ly(t, ) — (¢, 2)|dzdt,

over all (uy) (u=(u1,uz,...,un) € (L0, T))", L < ui(t) € Laisae.
£€(0,T)) subject to (3.1).

{y, —- Ay = E:;l wi(t)ne(z — i) in (0,T) xQ
(3.1) y=0on (0,T) x 00

y(0,2) = yo(z) in Q,

where me € Co(B(0, 1)) mlz) 2 0,Vz and [pnmk(z)de = 1
(mx(. = &) =" bz, in M(Q))
The operator

(3.2) Ay = —Ay,y € D(4),

where

D(4) = {y € W' () Ay e L'(Q)}

is m-accretive in L'(§2) (A is the generator of a compact semigroup in

LY(£2)).Since yo € L!(£2) = D(A) it follows that (3.1) admits a weak solu-
tion yn € C({0,T); L'()) (it is also an integral solution) i.e.

- /0 ’ /9 yn(Co + AC)dzdt = /ﬂ vo(2) (0, 2)dz+

n T
+ ;]ﬁ /ﬂ“t‘(t)ﬂk(x — ;)((t, z)dzdt,

. for all ( € W. From (3.3) follows the uniqueness of the solution.A stan-
3 da.rd argument and the compactness results of P.Baras (see [4]) imply the
. existence of an unique optimal pair (u}, ;) (v = (Y1 e Ui ))
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Denote by I(u)=f0T Jo vt z)—u(t, z)|dzdt, where y* is the weak so-
lution of (1.1) corresponding to u=(u1,u2,...,un) and by
Ii(u) = foT Jo lvi(t,z) — §(t, z)|dzdt, where y is the weak solution of (3.1)
corresponding to ug = (11, U2,y - tkn):

The main result of this paper is the following

Theorem 3.1. The sequence uj —w* y* in (L°(0,T))" and

lim Ix(u}) = I{u*)
k—oo
In addition,
lim I(uy) = I(u*)
k—co

Proof. For any subsequence of {u}} (also denoted by {u}}) there ex-
ists a subsequence {u} } weak star convergent to @* € (L=(0,T)",2" =
= (&},..,85), dni S (1) < Ly; a.e.te(0,T).The boundedness of {n&,} in
L}(Q) and Theorem 1 from [4] imply the strong convergence

(3.4) yirr - g in C((0,TH LY(2)

(on a subsequence also denoted by {y;::" }) and
T
[ [t a0z = [ uata.a)izt
0 Q Q

n T
+3 [ e e

(We have used the convergence (. — i) —v" §,. in M(2))
The uniqueness of solution for (3.5) implies that y is the weak solution

of (1.1) corresponding to &*.
Relation (3.4) implies that

(3.5)

(3.6) lim T, (uk,) = I(w") = I(v")
Since Ik, (u},) < Ii, (u*) and using the strong convergence

(3.7) yE -y

(Because ng, (- — Ti) %" §_in M() and using the same argument as in

(3.4)) we may conclude that

(3.8) 1) = lim Ti, (u") 2 Tmrmoo i, (u1,)

The relations (3.6) and (3.8) imply that

lim Ty, (we,) = Iu?) = 1)

Since I is strictly convex,we conclude that u* = u* a.et € (0,T).
Let {pk, = (Pk, 1 Phy )} be a sequence of smooth functions such that

o U1y < © 204

ul uj 1
(3.9) liy** = veer legompiran < 7

where y,* is the weak solution of

ye - Ay = Sy up (00, (2) in (0,7) x 9
y=0o0n(0,T) x 80
y(0,z) = yo(z) n Q,

The boundedness of {pe, } in (L' (£2))" and Theorem 1 from [4] allow
us to conclude that .
Yorg =¥
in C([0,T};L*()) and

yhe = g

in C([0,T};L1())
1t also follows that

T
—] [ﬂ(c:-l—AC)d:l‘:dt: j yg(m)C(O,E)dﬂl"'
1] 4] Q
n T
I OO
i=1 70

and that § is the weak solution of (1.1) corresponding to u*.
We have that

lim I(u}, )= I{u")
r—oo

Since the subsequence {u}} was arbitrary choosen,it follows that u} vyt
in (L*(0,T))" and the conclusions in Theorem 3.1 hold.
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Theorem 3.2. The pair (up,yx) (where u} = (uk;) € L*=(0,T), where
Ly < ul(t) € Laiyt = Loty a.et € (0,T) and yi is the weak solu- ' )
tion of (8.1) corresponding to u}p) s optimal if end only if there erisis (4.2) v(iter)(t) _ {Ll , if fg p(‘.tﬂr)(t,x)nk(x —z,)dz <0
pe WL (0,T; L1 () N L7(0,T; W2 (Q))(V1 < r < co) solution of (8.10) ) Ly, if fopt*r(ta)me(z - zy)dz >0
petApE sgn(yy — §) in (0,T) x & Here yi*e") is the solution of (3.1} corresponding to the control ul#er) and
(3.10) p=0in (0, T) x O plite™) is the solution of (3.10),where y} is repalced by y{ite™) and Aiger € [0,1]
p(T,z)=0in is taken such that
and (4.3) Le(ufer 1)) < Ti(u)
* _ Lli,i,f fn p(ta $)ﬂk($ - :I.',)dﬂ‘,' <0 iter iter
S LS {Lz.,if T plt, 2l — z:)dz > 0 for all u = (1 — phuli*e + pote, p € 0,1]

We construct the discrete problem corresponding to state system (3.1)
and adjoint state system (3.10).For this we divide the time-interval (0,T}
into N equal parts 0 = ¢; <ty < ... < tn41 = T with length q and space-
interval (Q = [a,b]) into M equal parts a = I} <2 < .. < Iy = b with
length h.The control uliter) is approximated by the vector (u) of dimension
N+1,where u; = uliter}(¢)). The state yliter) is approximated by the matrix
(y1,i) of dimension (N+1)x(M+1),where yr; = yliter) (¢, 7;).The adjoint
(iter)

Proof. Consider p € WHT(0,T;L7(R)) 0 L7(0, T; W2 (Q))(V1l < r < )
a solution of (3.10), v=(v1,...,Un), Vi € Tui(,,;)(U,- = {h € L*°(0,T);
Ly € h(t) € Lz aet € (0,T)} and Ty,(ul) is the normal cone at Uj;
in u* and z the weak solution of (3.12)

{ 2 — Az = Y0 vi(t)m(z — z;}in (0,T) x Q

state piiten) is approximated in the same way as ¥

3.12
(312) Using a standard implicit method,(3.1) and (3.10) becomes

z=01n (0,T) x 00
z(0,z) =0in Q

T T Y41, = YL YL — 2 L -
/0 /nly"m — §ldzdt 2 /0 /; ly* — §ldzdt,Ve > 0 (44) q A2 = wipieta(Z:)
T
= [ j z(p. + Ap)dzdt 2 0 R L — Do X
o Ja (4.5) p:+1,:q Pli | PLitl 25;" FPLEL gy — G,

n LT
-— ; /ﬂ jﬂ wi()p(t, 2z — zi)dadt 2 0,0, € Tui (u)

where eta(#,) = n(&i — x1) (21 € {Z3,...,2m }). The stability condition for
the implicit method is satisfied for all ¢ >0 and h > 0.

The numerical algorithm has the following steps:
Step 0. Set iter:=1. Define wlit*))(t)) € [Ly, L) for all | € {2,3,..,N+1}.
Step 1.Compute the matrix yUter} corresponding to 1te?) from (4.4).

Let epsj > 0 be a prescribed precision.

Compute I{ulit").

Test : [{ulite?) < epsj ?

- YES — STOP . -NO — Go to Step 2;

Step 2.Compute the matrix pler) from (4.5).

Compute v¢*" from (4.2).

Set A :=1.

Let 0 < dd < % be prescribed.

(because z is the weak solution of (3.12)).The last inequality implies that
(3.11) holds.
Conversely the proof is trivial.

4.A numerical algorithm.

Here we present a numerical algorithm of gradient type for the caleu-
lation of the approximating optimal control u}-

Consider the case of a single impulse variable u(t)®6z,,21 € (n=1}) §
and yo(z) =01in Q.

We shall use the following iterative procedure (see also (3]) :

@1)  wler @) = (1= Neerpu 7 (1) + Aitervte7 (1) acet € (0, T),
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Step 3.Compute A := A — dd

Compute ut*e™+!) by (4.1) formula and the matrix y(i*e?.

Compute I(ulite™+1),

Test : K{uliterH1)) < I(uliter)) ?

_ YES — there is a decrease;mark it and Go to Step 3.
-NO — Go to Step 4.
Step 4.Let itmax > 0 be the a prescribed number of iterations.

Test : Is there a decrease 7

- YES — iter := iter+1;
Test : iter < itmax ?
- YES — Go to Step 1.
-NO — STOP.
-NO — Go to Step 5.
Step 5.Set dd := %dd;
Let epsd > 0 be a prescribed precision.
Test : dd < epsd ?
- YES — STOP .
-NO — Go to Step 3.

For numerical tests we considered T = 10,2 = 0,b = 100,50 = 0,
€, = F11,k=1/40M = 20,N = 20. For the optimal control uy fixed we solve
the state system (4.4) and we obtain the matrix g.

Now we give some information about the algorithm:

the finite difference problems (4.4) and (4.5) (which appear in Step 1
and Step 2) are solved by the Gaussian Elimination method.

the elements of the vector vliter) are computed by a quadrature for-
mula (Simpson formula). The value of I{u) is computed via a cubature
formula (see [6]). :

the values of A from Step 3. are choosen from the sequence (see [3]) :

(4.6) 1—dd1-2xdd1—3+dd,..0

. I
Since we have a_finite number of options for A we choose the value |

which minimizes I(u). ;
We shall present now some numerical tests executed on a PC 386SX
computer with math coprocessor. :

Test 1. Set itmax = 30, dd = 1/100, Ly = 1., Ly = 13.,

u:(ti) =i Ll :I =2!N/2
uZ(tl) = LQ,IZN/2+1,N+1
W)= Ly 1=2,N +1

‘11 AN OPTIMAL CONTROL PROBL.I;}M 17E:

In Table 1 we present the results obtained in this case .

iter I(u) nr.conv.comb.
1 148.35882 1
2 89.92547 31
3 1.62498 100
4 0.00000 1
Table 1

The approximation obtained for u} is
W) = 1.,0=2,N/2
uM(t) = 13. ,I=N/2+1,N +1

The CPU-time spent was about 3sec 76hd.
Test 2. Set itmax = 30, dd = 1/100, L, = 1., Lz = 13.,

wilts) = o = ults) = L1 =5 N2
wi(te) = o = ul(tia) = (L1 +L2)/2,1=N2+ LN +1
u:(tls) =..= u;(tN_H) = L, ,l= N/2+1,N+1

uM(t)= L ,i=2,N+1

In Table 2 we present the results obtained in this case . Step 5 of algorithm
is omited (the text "Go to Step 5" is changed with "STOP"}.

iter I(u) nr.conv.comb.
1 126.73367 1
2 64.90381 24
3 19.74634 68
4 16.49494 8
5 15.85936 8
6 13.81990 10
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7 13.17820 6 3 19.74634 68
8 12.13040 8 4 16.49494 8
9 11.83330 5 5 15.85936 8
10 11.18687 6 6 13.81990 10
11 10.95238 4 7 13.17820 6
12 10.61624 5 8 12.13040 8
13 10.27102 2 9 11.83330 5
14 9.64535 7 10 11.18687 6
15 9.56348 1 1890 1.55504 1
16 9.33105 3 1891 1.55444 1
17 9.04345 2 1892 1.55407 1
18 8.76008 2 1893 1.55347 1
19 8.60176 2 1894 1.55310 1
20 8.27383 2 1895 1.55250 1
1896 1.55214 1
Table 2 1897 1.55153 1
The approximation obtained for u} is : 1898 1.55117 1
3 1899 1.55057 1
w2 = (m, 1.506, 1.506, 1.704, 1.704, 4.008,4.008,9.103, 7.543, 1900 1.55020 1

3
’__h——
7.543,6.229,9.573,10.500,11.284, ..., 11.284,11.736)

The CPU-time spent was about 6sec 32hd.

Table 3

, The approximation obtained for u} is :
Test 3. We repeat Test 2 with itmax = 1900 and the Step 5 of s
algorithm is present. The Table 3 shows the obtained results . -

F—-—/\———
£1%°0 = (1.076,...,1.076, 1.096,1.096,1.134,1.157, 6.404, 6.409, 7.468,

iter I(u) nr.conv.comb. 3
/-—-'d\—-_-\
1 126.73367 1 7.085,7.079,6.834,8.085, 12.236,12.672, ...,12.672, 12.758)
2 64.90381 24

The CPU-time spent was about 6min 57sec 55hd.
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Observations. i) The Test 3 ,with itmax = 900 has been executed on
the same computer without math coprocessor. The CPU-time spent was
about 1h 15min ...\,

ii} nr conv.comb from tables represents the number of iterations of
the Step 3 at each (iter) .

REFERENCES

1. A nita, S. — Optimal control of parameter distributed systems with impulses,
Appl.Math.and Optim.(to appear).

2. Anita, S, Damean, N.- A problem of measurement of the temperature solved
using the one-dimensional heat equation, Internat.J .of Heat and Mass Transfer (in
press).

3. Arnsutwu V., Barbu, V.- Optimal control of the free boundary in a two—
phase Stefen problem, INCREST Bucuresti,Preprint Series in Mathematics, No.11
{1985).

4, B aras, P Compacité de 'opérateur fi= u solution d’une équation non linéaire
(du/dt)+Aud f, C.R.Acad.Sc.Parissér.A, 286(1978),1113-1116.

5. Damlamian, A,Li Ta-Tsien - Comportement limite des solutions
de certains problémes mixtes pour les équations paraboligues, J.Math Pures et
Appl.61 (1982),113-130.

6. Dlémidovitch, B, Maron, L~ Elements de calcul numérique, Editiens Mir,
Moscou,1973.

7. Grisvard, P - Equations différentielles abstraites, Ann.Sc.ENS 2(1969),311-395.

B. Grusa, K.U. - slm Mathematical Analysis of Nonlinear Dynamic Processes, Re-
search Notes in Mathematical Series,vol.176,Pitman,1988.

9. Lions,JL- Some Methods in the Mathematical Analysis of Systems and Their
Control, Gordon and Breach,1981.

10. Sim o n, J. - Contréle de la selution d'une équation parabolique avec donnée
ponctuelle, J.of Systems Sci. and Math.Sci.,Acad.Sinica, no.4,vol.2, (1982).

Received:31.03.1993 Department of Mathematics
University "Al.I.Cuza”
6600, Iasi

ROMANIA

ANALELE STITIFICE ALE UNIVERSITATI!I "AL.1.CUZA" [ASI
Tomul XXXIX, s.L.a, Matematica, 1993, 2.

ON CAUCHY'S PROBLEM FOR AN EQUATION
OF THIRD ORDER

BY

J. POPIOLEK

1.Introduction. In the domain
(1) R={(z,t)€R2:—oo<z<+oo,t>O}
we consider the following partial differential equation
(2) Lu = D¥u— D?u =0,

where D? = 3‘%, D? = g;:,.

In papers [6],{7] and (8] it is proved that equation (2) is one of the
canonical forms of third-order partial differential equations and it is called
the equation with characteristics multiple.

The problem consisting in finding solutions of equations with char-
acteristics multiple by the method of the Laplace transformation has been
intensively examined in papers [2],[3] and [10]. The relevant fundamental
solutions of (2) werefound by L. Cattabriga ({4]). he also constructed
special potentials related to this equation and studied their properties. The
papers [1] and [5] were devoted to solve some boundary-value problems for
this equation by the method of the Green's function.

In this paper we deal with the Cauchy’s problem for equation (2). The
initial conditions (cf. (25),(26)) are prescribed on the straight line t = 0 (in
papers [1},[5] one of the conditions is posed on the segment of the straight
line ¢ = 0 and the second on the segment of t = T).

Let us also observe that, to the best of our knowledge, the Cauchy’s
problem for equation (2) has not been examined so far.



