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TENSOR PRODUCT OF STANDARD H-CONES
BY

EUGEN POPA*

Introduction.R.Cairoli seems to be the first to consider the product
of two (transition) semi-groups, with application to the tensor product of
Markov processes [6,7]. Independently, in 1978, a tensor product of har-
monic structures,was constructed by: USchirmeier (16}, LStoic
a [17,18] and E.P o p a [14,15). The main result was essentially the same:
the tensor product of two semi-groups, one of which is strongly Feller, has a
strongly Feller associated resolvent. Hence, the cone of excessive functions
(with respect to the product semi-group), is a standard H-cone of func-
tions. Results concerning the product of spaces of balayage are included in
the monograph by BliedtnerHansen (2} H an sen [10] used
the fact that the harmonic structure associated with the heat equation is
a product one. W.M e i e r [13] considered also the product of harmonic
structures,especially from the probabilistic viewpoint. In 1980, Bertin
[1],constructed a tensor product of (symmetric) Dirichlet spaces,using an
essentially different procedure.

The main result of this paper shows that the product of two semi-
groups, one of which is absolutely continuous, has the associated resolvent
absolutely continuous; hence,the cone of excessive functions with respect to
the product semi-group is still a standard H-cone. Moreover, the absolutely
continuous semi-groups are characterised as those semi-groups, whose tensor
product with the translation semi-group on R, has an absolutely continuous
associated resolvent.

The paper also contains a sufficient condition in order that an ab-

* The author gratefully acknowledges a Fellowship no.2378/1993 from
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solutely continuous resolvent be associated with an absolutely continuous
semi-group. This result has an application to the construction of a tensor
product of duals of standard H-cones. Especially, one finds out that an
auto-dual standard H-cone has a tensor product with any standard H-cone.

I wish to express my sincere thanks to prof.dr.doc.Nicu Boboc,for
helpful comments and advice.During the preparation of the manuscript, I
benefited much from dicussions with prof.dr. Aurel Cornea and dr. Lucian
Beznea.

Preliminaries. (X', &X"),(X",X") will denote measurable spaces.
When X' has a topology, X' will be considered as the Borel o-algebra. We
shall denote: X = X' x X", ¥ =X'@X". fAC X' x X" and 2’ € X'
(resp.z” € X") we denote by:

Ag = {z" € X"|(z',z") € A} resp. Az = {z' € X'|(z',2") € A}

For any functions f' : X’ =R, f": X" -R, we denote by f' ® f" the
function defined on X by: (f' ® f")z',z") = f'(z').f"(z"). This notation
extends to functions with values in [0, +00], with the convention: 0.+00 = 0.
For each function f : X' x X" »R and ¢’ € X' (resp. 2" € X"),we denote
by for : X" =R (resp. for : X' —R) the function defined by:

fo(e") = flz'a") (resp. for(x') = F(=',2")

If 1!, u" are measures on (X', &), (X", X") then p' @ p” will denote
the product measure on (X, X). Hence: (y' @u")f @ f")y=w(f)u"(f")

The kernels are defined as in {5], see also [8]. Let V be a kernel on
(X, X) and p be a (finite,positive) measure on (X,X). V is called absolutely
continuous with respect to g if for any measurable,positive and bounded
function f on (X, X), from p(f) = 0 it follows that V{f) = 0. To each kernel
V' on (X', X') we associate a kernel V'on (X, X), defined by: Vif(z',z") =
(V' fzn)(z'). The next relation holds (for each kernel V" on (X", X")):[4]
VioVr = Vito V! reflecting the "independence of variables”. We shall
denote by: V'@ V" = V'oV". Explicitely,one computes (V'@V")f(z',z")
as follows: for each fixed u' € X', one denotes by G(z") = f(u',z") and
next: F(u') = (V"G)(z"). Then: (V'@V")f(z',a") = (V'F)(z'). We shall
use the following notation: V' & V't =V'+ K-'_" If V!, W' are kernels on
(X', X"), then the following relation holds: V' o W' = VieW'.

P' = (P!)e>0 and P" = (P[')i>0 will be semi-groups of kernels, measur-
ables, of contractions, on (X', X') and (X", X ). The associated resolvents
will be denoted by: V' = (V!)aso and V" = (V/)a>o. The kernel Vo =
sup, g Vaf is named the cogenerator of the resolvent ¥ = (Va)a>e- Ep
resp. &y will denote the cones of excessive functions with respect to the
semi-group P, resp. the resolvent V. The semi-group P (resp. the resolvent

V ) is said absolutely continuous (with respect to a finite,positive measure) ; |

if each kernel is absolutely continuous with respect to that measure.
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Definition. The semi-group P is called standard if the associated
resolvent is absolutely continuous.

Any absolutely continuous semi-group is standard,but not conversely.

The product: P = (P{@P}'}t>0 is a semi-group on X' x X ", Indeed,the
measurability of the application: (¢, (z',2")) — Py f(z', 2"} follows from:

{((t,8), (=", " DI(P; ® P )xa(z',2") < a} =

= U {&)IPixa(a’) < B} x {(s,2")|P}'x an(z") <}
B.y<a B,¥€EQ

where A= A' x A", A' e X' A" € A",

Proposition 1(B o b o ¢ {3]). The resolvent V = (Va)a>o, associ-
ated with the product semi-group is related to the factor resolvents by the
following formula:

(V@ Vj)oVarp = Vargo (Vo ®Vp) = V,@VyVa>0, >0

Moreover,if V] is proper (resp. bounded)then Vy is proper, (resp.
bounded).

Proof. Indeed,let 0 < f' < 1 be such that Vg f' is bounded. Let us
define f(z',z"") = f'(z'). Then 0 < f <1 and:

o0 o0
Wi,y = / P{P{'f(m',x")dt = / P{f’(:’).P;'l(z")dt <V, f(z")
0 )
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Next,let f be a numerical,positive,measurable function. We have:
[= v oo
(V2@ Vi) o Vasslf(a',2") = / e P f eT(HAT P f(o!, 2" )dr)dt+
0 0
[+ «] oo
+ ] e PLP)| f e~ etBTp f(z' 2")dr]dt =
° . 0
= / / e—(Hr)aﬂ_'srP:_i_,P:.’f(x',.’.B")d‘rdt-i—
0 ooo
+ / / e Pt marplpl f(2', 2" )drdt =
o Jo
= ] j e~ e PT P! P! f(z' 2" )ds.dT+
0 T
o0 o0
+ / / e P o pLPN f(z! 2" )ds.dT =
0 r

- / e"ﬁ'dr[/ e~ P! P! f(<, " )ds]+
0 T

+

oo 8
/ e'ﬂ’ds[-/ e T PP f(z',2")dr] =
o 0
= j e_ﬂ'dr[.[ e ** PPl f(z', 2" )ds]+
0 r
+/ e"s"dr[[ e PP f(z', 2" )ds] =
0 0

=/ 'e_‘ﬁ"d‘r[f e~ P!P! f(z',a")ds) =
0 0

= Vi(Vif)a',2") = (Va @ Vg)f (', 2")
Exemples. We denote by: 7 = (Ti)i>0 resp. T = (T} )e>o the
semi-groups on R, defined by:

T.f(z) = f(z + t); T¢ f(z) = f(z = 1)
These semi-groups are standard,having the associated resolvents:

Vaf(e) = [ ,

oo

e flupdu s Vifie) = e [ em

4 -0

absolutely continuous with respect to the Lebesgue measure.Moreover,for
any bounded,measurable f, Vo f and V. f are continuous,hence the re
solvents are strongly Feller.The cogenerator kernels are proper.The semi-
groups T and 7* arein duality on R, with respect to the Lebesgue measure:

thf(x).g(:r:).da:=/ f(z).T{ g(z).dz
R R
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However,these semi-groups are not absolutely continuous (with respect to
any measure on R).The tensor product semi-group P = (Tt @ Ti)iso on
R xR is defined by:

(T, @ T )f(z',2") = flz' +t,2" +1)

P is a Ray semi-group,but not a strongly Ray (cf.[5]). The cogenerator kernel
of the associated resolvent is proper,but it is not absolutely continuous with
respect to the Lebesgue measure on RxR; but it is absolutely continuous
with respect to a positive measure,which is not o-finite. In fact, Vo f =0
means f = 0 a.e. with respect to the Lebesgue measure on each parallel
line to the first bisector.

Let again P be a semi-group on (X,A’); for any given measurable
function f on (X, X), such that: 0 < f < 1, we denote by F, Fy (resp. G,
G1) the functions defined on X xR by:

0 ift <0

F(z’t)z{nf(z) i£¢>0 Fn(w,t)={0*°*!f(~'°) if¢t<0

ift>0

resp.

0 ift<o0

— . l—P_gfI ift 0
G(‘”’*)“{l-af(z) i£1>0 Gl(x’t)‘{ @S

0 ift>0 "

We recall the folowing result (cf.[13,18]).

Proposition 2. The functions F and G are excessive with respect to
the semi-group P ® T*. The functions F and G, are excessive with respect
to the semi-group P Q@ 7T.

Proof. Indeed, we have:

ommema e (S BEL

and: 0 f
. B ift<s
(P ® T;)G(z,t) = {psl(;;) - Pf(z) ift>s

THE MAIN RESULT .

Theorem L. Let P’ = (P!)i»o be a standard semi-group.The next
properties are equivalent:

1) P' is absolutely continuous.

2) For each standard semi-group P" , P' ® P" is standard.

3)P' ®@T* (resp. P'® T ) is standard.
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Proof.1) =$2). Let yx' be a (positive finite) measure,such that the
semi-group P’ is absolutely continuous with respect to u'. Let u” be a mea-
sure,such that the resolvent associated with the semi-group P” is absolutely
continuous with respect to u”. We prove that the resolvent associated with
the product semi-group P’ ® P" is absolutely continuous with respect to
the product measure g’ @ p”’. Let A be a ¢’ ® pu"-negligible set. Then,there
exists a u"-negligible set A” such that, for each z" € X" \ A", the set A~
is p'-negligible. Hence, for each such z", we have: P{(xa,,)=0,Vt > 0. It
follows that:

P(xa,n)z') < xar(2"),¥t > 0,v2', V2"

We obtain further:

(Voxa)ah, 2t j (P! ® P! )(xa)(wh, ol)dt =

- j PY[Plxan b)) (zt)dt < ] Pl (x an)(zt)dt =
= V' (an)al) = 0

2)=>3) is immediate.

3)=>1) Let & be a measure,with respect to which the resolvent asso-
ciated with the product semi-group P’ @ 7* is absolutely continuous. We
define a measure p' on (X', X') by: p'(f') = [ P, f'(z').0(dz’, dt). Now,
u'(f') = 0 means that P;f'(z'} = 0,6-a.e. Since we have an excessive func-
tion with respect to a resolvent, which is itself absolutely continuous with
respect to the measure 8, it follows that P, f'(z') = 0,V(2',1) .

Remark. We have proved that, if P’ is absolutely continuous with
respect to a measure u', then the product semi-group P’ @ T* has the asso-
ciated resolvent absolutely continuous with respect to the product measure
i’ @ m (we denote by m the Lebesgue measure ). Conversely,it can be shown
that,if the semi-group P’ ® 7" has the associated resolvent absolutely con-
tinuous with respect to a product measure g’ @ m , then P’ is a.bsolutely
continuous with respect to u'. Indeed,if g‘) =0, then (p'@m)(f'®1) =
It follows that V,(f' ® 1) = 0, hence: “"P'f‘(:t:')dt = 0. Thus, the
function (z',t) — P/f'(2') is ' @ m-neghglble hence identically zero.

Duality. Let V and V* be absolutely continuous resolvents,in duality
with respect to a measure u. We can suppose that the cogenerators of these
resolvents are bounded. A theorem of Kunita-Watanabe [12] proves the
existence of a family of functions (va(z,¥))a>0 such that:

eV, is measurable on the product space, V-excessive in the first vari-
able and V*-excessive in the second variable ;

oVaf(z) = [valz, y)f(y)u(dy); V2 ( (v) = Jva(z, v} f(z)u(dz).
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We denote by A = {(z,y)|vo(z,y) = +oo}. The sets A;, resp. Ay are
{co-)polar, V and g-negligible.

Theorem II. Let us suppose that, for each (z,y) € A, there exists
M > 0, such that, ¥n €N:

nf+ uv"(m,yl).

ktimes

valys, y)u(dyr) . .. p(dyx) < M

nf+Z|n ]/ valz, 1) - U {¥h, Yr oWk, ) (dvn) - - - p(dyrsn )—

S it
(k+1) tirnes

- f.../vn(z,yl)...vn(yk,y)n(dyl)...u(dym <M
S —

ktimes

Then,there exists semi-groups P, P*, absolutely continuous and in dual-
ity,associated with the resolvents V, V*.

Proof. Using one of the inversion formulas for the Laplace transform
( Phillips'operator [11] }, we obtain a continuous, bounded function ¢ :
(0,400) — (0,+00), depending measurably on (z,y) € X x X \ A, such
that:

va(ei) = [ e olthdt Ya > 0,9(a,1) ¢ 4
0

We preffer to use the notation p,(z,y) instead of @(t).For any positive,
measurable function f, we define:

Pf(e) = [ puo) )i Pif) = [ oo, o)) )
Since, for any z € X , p(a,%) (resp. pi(*,z} ) is defined a.e. and mea-
surable,the definition is correct. We obtain the kernels P, P}, which are

absolutely continuous and in duality. Let us prove that (P¢)i>o and (P )i>o
are semigroups. We have to show that:

V(I, y) g Aiv‘s?t >0: Pa+l($=y) = /pf(zvz)'pl(zuy)'p(dz)

It is enough to verify the equality of the Laplace transforms (in the variable
t ), since both members depend continuously on ¢. This ammounts to:

/w e . prys(z, y)dt = /va(i'a 2}.ps{2, y).p(dz)
a
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Since the continuity in the variable s is preserved, we further verify the
equality of the Laplace transforms in the variable s :

oo o0
/ c'ﬁ’.ds] e peys(z,y)dt = jva(:c,z).v,@{z,y).p(dz)
0 0

But the first member can be transformed, when § < a:

o o0
j e~{a=Aagy( f e~ P¥p,(x,y)du) =
t

]

oo t
=/o e—(a—ﬁ)'lvﬁ(w,y)‘/ e pu(z,y)duldt =
]

1 00 oo
= va(z,y) — / / e~(a=Pe=Buy (z,y)dtdu =
o — ﬂ 0 u

= L lopten) — valenll = [ vale sz, n(de)

Remarks. (i) The inequality:

o j ] vl 31) - - vy w)eldy ) - i(dym) < Vo2, Y)

holds always.
(i1) Both conditions from the theorem are implied by:

nk+? [ . / on(@, 1)+ - on(yi vl ) - p(dye) S M

(iii) If the resolvent V is self-adjoint, a result of Fuk u s hima (9]
proves the existence of an absolutely continuous (self-adjoint) semi-group,
associated with V.

Lemma 3. IfV is a self-adjoint, absolutely continuous resolvent, then
val(Z,¥) = valy, z),Va > 0,Vz,y.

Proof. Since we have:

] / va(z,y).f(2).9(y)u(de).pu(dy) = ] j vl 9).F(v)-9(2) s de)u(dy)

we obtain:

j valz,y).f(2)u(dz) = j valy, ). fla)puldz), g~ ae.iny
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Hence,there exists a p-negligible A C X, such that, for any y ¢ A, there
exists a p-negligible A, C X, such that, for any z ¢ A, we have: va(z,y)} =
vo(y,z). Both members being a-excessive (= a-coexcessive) functions in z,
the equality everywhere in z follows.

Application to the tensor product of standard H-cones. Let
§' and " be standard H-cones [5]. The standard H-cone § is called a tensor
product of the standard H-cones S’ and $" and is denoted by S = 5’ ® S”,
if there exists two semi-groups P’ and P" such that: S =£p,5
S =Epgpr.

It may happen that £pgp~ be not a standard H-cone. Indeed,if we
choose P' = P" = T, then £ is a standard H-cone of functions on R.
£reT is still a H-cone of functions on RxR, but it is not standard. The
T @ T-excessive functions are those functions f:RxR— {0, +00), having
the following properties:

of(z' +t,2" +1) < f(z',2"),¥(z',2") €ERx RVE>0 and

olim_o f(z' +t,2" +t) = f(z',2"),¥(z',2") ERXR.

We have 1 € Erer and any strictly positive function is a weak
unit. The universally continuous elements from £rg are exactly those func-
tions which are moreover continuous on each parallel line to the first bisector
and have limit 0 at +oco on each such line. In this way, £7@7 may be iden-
tified with an uncountable direct product of H-cones, each factor being £7.

Theorem 1 can be used to describe a situation in which a tensor prod-
uct of standard H-cones exists. Let us represent the standard H-cones S’
and S" as standard H-cones of functions on the (semi-) saturated spaces
X' and X". There exists then standard semi-groups P' and P" on X " and
X", such that: 3 = Epe, 5" = Epn (cf.[4]). Let us suppose moreover, that
the semi-group P' can be choosen absolutely continuous. By theorem I,
the product semi-group P = P' @ P" is standard. Hence, £p is a standard
H-cone, being thus a tensor product of S’ and S”. The elements of this
H-cone are measurable functions on X' x X". Since 1 € Ep and Ep sepa-
rates the points of X' x X", we conclude that £p is a standard H-cone of
functions on X' x X" if and only if: Vs,t € £p, min(s,t) € &p. Since Ep is
a standard H-cone,it is easy to prove that there exists a part AcC X' x X"
such that £p is a standard H-cone of functions on X’ x X" \ A and that A
is V-negligible,for any resolvent ¥V on X' x X " such that €y = Ep.

When one of the semi-groups is strongly Feller, then X "'x X" is a
representation space;

Proposition 4. If P' is a strongly Feller semi-group, then €p is a
stanndard H-cone of functions on X' x X".

Proof. Let ¥’ be the natural compactifica: »n space of X' and let
R' denote the set of points of ramification; D' = \ . We prove that:

I
= gfpu 5



200 EUGEN POPA 10

D=D'xD";R= (R xR")U(R x D" U(D'xR"). Let z' € D', z"" € D".
Then:

Pof(.'L", 5‘5") = P(;(xl?P(;‘(xua f(y’& *))} = P(;('T’a f(*,:.l’:")) = f(:l:',.?:")
hence D' x D" C D. Using the functions of the form f®1and 1® f, we
obtain that: (R’ xD")U(R" xD') C R. Finally, let (z’,2") € R'xR". There
exists f', f such that: P} f'(z') # f'(z')and Py f"(z") # f"(="). It follows
directly that (z',z") € R, except for the case when : Pgf'(z") > f'(z') and
P f'(z") < f"(z"). Since P3l(z') <1 it follows in this situation also:

B(1® f)(&',2") = Pyl ). BYf"(e") < £'(") = (1® f")(a',2")
Since Vj is a strongly Feller kernel (see [16,18]), from {5] it follows that &p
is a standard H-cone of functions on X' x X",

The tensor product of standard H-cones (when it exists) has the prop-
erties of commutativity and associativity, in the following sense. For the
commutativity: if there exists a tensor product §'® S", then there exists
a tensor product " ® ', and these two standard H-cones are isomorphic
through the correspondence: (z',z") « (z",z'). For the associativity: if
both semi-groups P’ and P" are absolutely continuous, then P'®@P" is also
absolutely continuous. Hence,if two of three semi-groups are absolutely con-
tinuous, then there exists a tensor product of the three associated standard
H-cones, independently of the grouping mode.

It remains as an open question to characterise those standard H-cones,
associated with an absolutely continuous semi-group. The auto-dual stan-
dard H-cones [5] have this property :

Proposition 5. Let S be a standard,auto-dual H-cone. Then there
exists an absolutely continuous semi-group P, such that S =Ep.

Proof We may suppose that § = $**; the canonical map ¢ : 5§ — 5*
is then a bijection. Let us fix u € S a weak unit and denote by: u* plu) €
S§*. u* is a weak unit and the corresponding saturated spaces X and X*
are in bijection by . Indeed, let z* € X*. This means that z* € §, =* #0,
u"(z*) < 1 and z* is an extreme point. Then p(z*) € §*, (z") # 0 and
@(x*)(u) = u*(z*} £ 1. Using {5}, we prove that ¢*(x*) is an extreme point.
Let s,t € S be such that p{z*){s + 1) < +oo:

p(z*)(s At) = p(s At)(a*) = (ps A pt)(z") = min(ps(z®), pt(z")) =
= min((pz")(s), (2" )(1))

The corresponding Green function G : X x X — [0,400] is given by
G(z,y) = z(~(y)) and is symmetric:

Gly,z) = y(p ' (2)) = ply)le ™ (@)l = (e (e))(w) =
= z(y1) = @(z1)m) = w1 )(@1) = yler) = ple™ (W)(z) =
= (=) ()] = z(v " (¥)) = G(z,y)
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(where z € X C S*andy€ X C S5,z = w(z1) , y = @(y1) ). Let us
denote: ¢, = G(z,*). We have: g; € § and g.(y) = (e~ (y) = ¢~z Ny)
hence : gz = ¢~ (2) or p(g:) = z. If a relation as: B"\'g; = gz would
hold, then: w(B*X\Vg.,) = ¢(g:), hence, for any s € S o(BX\Vg,)(s) =
o(g:)(s) or (BXVY)*(pg:)(5) = s(2); (0g=)(BXs) = s(z); BX\Vs(z) =
s(z),Vs € S and this is absurd. It follows {5] that the functions # and 8* are
in this case: ¢ and ¢~!'; and the corresponding Green space differs from X
and X* by a polar set. We can use the construction from [4] by which one
associates an absolutely continuous,self-dual resolvent and a semi-group; by
aresult of Fukushima [9), the semi-group results also absolutely
continuous.

The proposition above shows that,if one of the standard H-cones is
auto-dual, then a tensor product with any other standard H-cone exists.
Moreover,if both factors are auto-dual, standard H-cones, then there exists
a tensor product, which is also auto-dual:

Proposition 6. Let V be an absolutely continuous, self-dual resol-
vent, with proper cogenerator Vy and such that V41 > 0. Then &y is an
auto-dual, standard H-cone.

Proof. We define the map @ : & — Ep- by the energy form:
(s)(#) = [s,t],¥s € Ev,t € Ey. By [5] it follows that ¢{s) € &}, and
moreover,that ¢ is a morphism of H-cones, having the property: s <
sp <> ps; < sy . Now, it follows that ¢ is a bijection. Using the
characterisation from [5), it remains to prove the relations: [s,¢] = [t, 8] and
9(s,t] < [s,s] + [t,t]. The principle is the same for both relations: first we
consider the case s = Vp f, next we apply Hunt’s theorem.

Let us use now theorem II. It gives not only sufficient conditions ( on
an absolutely continuous resolvent) for the existence of an absolutely contin-
uous semi-group, but also for the existence of a dual, absolutely continuous
semi-group. Let us consider §' and S" standard H-cones, represented as
standard H-cones of functions on the semi-saturated spaces X' and X ",
Let §™ and §* be their duals, represented as standard H-cones of func-
tions on the semi-saturated spaces X™ and X"*. £ and Q" will denote
the Green spaces, considered as Borel subsets of X " and X'*; resp. of X"
and X"*. Let V and V* be absolutely continuous resolvents,in duality with
respect to a measure on £, such that T = £y; 8§’ = Ep-. These resol-
vents are associated with semi-groups P’ on X' and P* on X'*; but these
semi-groups are no more necessarly absolutely continuous; and satisfy only
a formal duality relation:

[ s Pis@rds = [ f2)Pito(z)do
Q' o
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Indeed,by [4].

]9’(3)'V¢;f(:r).dx=/ f(z).V> g(x).dz
[t o

[ sex [ "o ey nds = [ [ " eet Pl g(z).dt)dz

j:o e—a‘(/ﬂ' g(z).P, f(z).dz)dt = _/:o c*at(jw F(2).P!* g(z).dz)dt

Since, for f,g € £, both members are continuous functions of ¢, the equality
follows from the umicity of the Laplace transform. The general case now
follows.

Let us suppose now that the H-cone §’ is associated with a resolvent
V!, satisfying the conditions from theorem II. There exists semi-groups P!
and P'*, absolutely continuous and in duality, such that:

S =&y =Ep ; 8 ~ Eye = Epre

?H = Evu _ g'pu ; S"* ~ gvn- = g'pr!-

We can consider now the standard semi-groups P = P'@P" and P* = P"®
P'* having the associated resolvents in duality. So, there exists a tensor
product §' ® S = £p as well as a tensor product 5™ @ §" = Ep.. Since
the resolvents are in duality, we obtain the following identification,through
the energy form:

(S’ o2 S")* = 8.; = S{‘, ~~ Evn®vu- = E‘p- = S“ ® S"'
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