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THE FINITE ELEMENT METHOD
FOR A NONLINEAR EQUATION

BY

ARIADNA PLETEA

This paper deals with the solving of the finite element method to a
nonlinear equation generated by nonlinear operators with linear Gateaux
differentiable, K-symmetric and K-positive definite. In order to obtain a
unitary theory and illustrate this theory with some examples which will be
presented in a future paper we have modified the definition of the strongly
K -monotone operator.

We note for an operator P his range by §1p. Let X be a real Banach
space, X" his dual space and <,> the canonical duality between X and
X*. Let be K : Q) C X — X a linear operator and @ a subspace of X.

Definition. The operator P: Q C Qy — X* is strongly K -monotone
on the subspace Q if there exist the constant 78,42 and p € N so that

(1) < Pz - Py, K(z —y) >> iz — |’

(2) < Pz — Py, K(z — y) >2 1}IIK(z -y}l

The results obtained by GeorgeDincaon [2] for the operators strongly
K-monotone and A'-potential are true for p > 2.

Let there be given a convex open bounded subset  of R". Let be
functional

1
(3) Flu) = f < P(tu), Ku > di— < g, Ku > .
0

If P is an operator K'-potential and strongly K-monotone with p > 2, then
the minimization problem: find a function u such that

(4) u€Q and Flu)= Eleigf(v}
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has a solution and only one.

We consider triangulations 7, made up of n-simplices T € 7j in
such a way that all vertices situated on the boundary Iy of the set
Q= U T also belong to the boundary 9 of the set 2.

TeTh

Then with each such triangulation, we associate the finite element
space X;. Notice that, because the set ! was assumed to be convex the
inclusion X C Q holds

Then the discrete problem consists of finding a function up € X such
that

(5) up € Xp and F(up)= min Flva)
VA EXa

Theorem 1. The minimization problem (3) and (4) both have one
and only one solution. Their respective solutions u € Q and uy € X, are
also the solutions of the variational equations :

(6) < Pu,Kv>=<g,Kv>, (V)veQ
(7) < Pup, Kvp, >=< g,Kvy >, (V)vn € X,

Proof. The functional F is Gateaux differentiable and
(DFYu)h =< Pu—-g,Kh>, (V}he@.

So the solutions u and u; of the minimization problem (4) and (5)
must satisfy relations (6) and (7), respectively. In view of the strict convex-
ity of the functional F, these relations are also sufficient for the existance
of a unique minimum.

Lemma 1. Let be P a strongly K-monotone opemtor with p = 2.
Then the solution u of the pmblem (4) is bounded and so is the solution up
of the problem (5). The last is also bounded independent of h.

Proof. From the strongly K-monotone definition it is easy to observe
that

< Pu— Pv,K(u—v) >2 [nlllu - oll 1K = o).

In this relation let be v = 8 and

,72H|u||||Ku|| << Pu— P8, Ku >=< g-- P8, Ku >
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and
rivalllelll| K ull < [tg — POR* K ull

so that

(8) flufl < | Ilg Po|I”

and from this results the boundness of u. Let be v = uy in (8) and we
obtain

lluall < ! Ilg Poy|*.

Lemma 2. Let be P a .strongly K monotone operator with p > 2 and
K a linear operator so that

(9) 1 Kull > +*lull
Then the solution u and up are bounded. In addition uy s bounded inde-
pendently of h.
Proof. As in the last lemma, we obtain
< Pu— Po,K(u —v) > a2l — olP 2K (u - 0)]|P/?
and for v = 8 and from (9)

Inrelllul|P2I KullP/? < |lg — PO Kul
P 2 vvlllullP! < g - PO

and
(10) lull < C(llg - PojI7) /0
where C = C(v,%1.72). Also we obtain
lunll < Cr(llg — PoII*)/P7V
In order to have an approach similar to that of the linear case we obtained
an analogous result as Céa’s lemma.

Theorem 2. Let be given an operator P that in addition of the
assumption of the beginning of this puper is strongly K-monotone and
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Lipschitz-continuous for bounded arguments and the operator K satisfies
(9), then there exists a constant C independent of the space Xy such that

— < : "0 1/(p—-1)
(11) Hu uhll—cu,32§h||1‘(u o)l

Proof. From X, C Q it results

< Pu, Kwp >=< g, Kwy), >, (Y)wn € X
< Pup, Kwp >=< g,ﬁrwh >, (V)wh € X,

We substract these equalities and we get
< Pu — Puy, Kw), >=0, (Yw, € X;.
Let be wy = up — vy and we get
< Pu— Puy, K{up —v) >=0,

or
< Pu— Pup, Kup >=< Pu— Pup, Kv, >, (V)up € Xy

Using (12) we get

[v1v2|lfu — u;,l[p"’ZHI\’(u - u,u,)H"'/2 << Pu— Pup, K(u—up) >=
< Pu— Pup, K(u —vp) >< Ll|u — un |l (u — ve)ll

where L is a Lipschitz constant of operator P. So, using condition (9) we
get :
YPryallle — wallP™ < LK (u — oa)l

lu—usf < C inf ||K(u-— Uh)llll(p—l)
vh €Xp

Remark 1. If & = I we get the case of Gateaux differentiable
nonlinear symetric and positive definite operator

— < C inf fu — v /PY,
flu —unll < .,,.lex,," ull

Remark 2. If K is a Lipschitzian operator we get

Nu — uall € Cinf JJu - vy )| /@1,
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If X is a reflexive Banach space we get the theorem

Theorem 3. Let there be given T, h € H a regular family of fi-
nite element spaces of class C*~' with the reference element (T, L, P). Let
be X a reflezive Banach space , D(QY) dense in X, K a linear preclosed
operator with K(Q) dense in X satisfying (9), P a strongly K-monotone
Lipschitz-continuous operator for bounded arguments. We suppose there is
a k> m so that

WHEN(T) - C°(T)

Wk-l—l,p(j") — Wm.q(jﬁ)

Pt c Pcwm™yTh)
where o 13 the highest differentiation order which appears in defining the set
L

If the solution u of the problem (3) is in W*+1P(Q) and uy is the
solution of problem (4) then u, — u.

Proof. The space X being reflexive and (u;) bounded, we obtain
from Lemma 1 and respectively Lemma 2, that there exists a subsequence
(ua; ) which weakly converges to some element v € X.

Because R’ is preclosed from us; — u, K(u,, — v) — y it results that
y =0, so that Kup — Ku.

Using (11} with vy = up, we get

flu — unll € CRE (u — up, ||/ P~V
so up — u in X norm.
Then we prove that u is the exact solution of (3). Let then ¢ be an

arbitrary function in the space D(2). By definition of the discrete problem
we have, in particular

(V)i 21, Flup) < F(ly)

where [] is the operator of finite element approximation [3].
Since the functional F is contiuous and convex we have

(13) F(u) < lim Flup,) S Jim F(Ily,u)

Because the suport of function ¢ is a compact subset of the set it is easy
to see that there exists an integer ¢, such that

(VY 24, supp o C Qy,.
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Using the Theorem 2.10.2. [3] we get

ke = Th; @l g 7 € CREF T [0ligr p7
and making the addition after all T

lp — Ip; plm g0 < Chk+1_m“?|k+l,p,ﬂ-
Because §2 is bounded

I = M @llmge < CR*Y " lolisr p0

S50
lim ||l¢ - nh;‘f’“m.q,ﬂ =0.
T 00

This last relation and the continuity of functional F imply that
lim F(Il,¢) = F(%)
and so, using (13), it results that
(Ve € D(Q), F(u) < Fly).

The space D(§1) being dense in X, it implies that

(Vive X, F(u) < Fv)

and therefore the function u is the unique solution of the minimizing problem
(3).
if X = H is a real Hilbert space, the Theorem 3 is rewritten as
Theorem 4. Let there be given Ty, h € H o regular family of fi-
nite element space of class C with the reference element (T,%, P). Let be
H = H™(Q), K a preclosed linear operator with K(Q) dense in H satisfying
(9) and P a strongly K-monotone and K-potential Lipschitzian operator.
We suppose that there is an integer k > m so that

P¥T)c Pc H™(T)
Hk—l-l(rfl) i CU(T)
where o is the highest differentiation order which appears in definition scif

2. If the solution u of minimizing problem (2) is in H*¥1(Q2) and uy is the
solution of problem (4), then u) — u.
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