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ON CERTAIN AKTIVIS ALGEBRA

BY

A.R.T. SOLARIN

‘ _Introduction. In Lie theory , the torsion T' associates with two left
yvariant vector fields X and Y their Lie bracket T(X,Y) = —[X Y] and
the curvature R vanishes identically. These matters are familiar and, emerge
already in a local theory dealing with differential geometric aspect of Lie
theory. The "non - associative” (local) Lie groups are called (local) Lie
loops or ftualytical (local) loops. Lie loops have attracted the attention of
authors like Malcev(9),Sagle(ll],Kuzmin8,Hofmann
?116(]1 Strambach(7,Aktivis{l,Sabinin andMikheeyv

. Assoc.iatecl with a (local) Lie loop G is a tengent algebra L{a) = Te(a)
which carries a bilinear anticommutative multiplication (z,y} — [."v:e ]
called the commutator bracket and a trilinear opera.tion, (z,y,2) ’3—,—;
—< r,y,z > called associator bracket vanishing identically in tht; czlse of a

. (local) Lie group. The two operations are linked by the Aktivis identity

(1) T{sgn(c) o < x,y,z >0 € 53} = [[z,4],2] + ([, 2], 2) + [z, 2), 9]

- = 2\1’? callA;;n alg;(i)lra ]with a binary and a ternary multiplication satis-
fying an Aktivis Algebra. In particular the tangent algebra of

Lie loop is an Aktivis Algebra. * Gameild
! In our .‘:‘tl.ldy of some Bol - Moufang type identities we found that
: gﬁGb.rz.m satisfying some of these identities will satisfy a modification of the
definition of the Aktivis algebra under their natural operations.

b . Definition 1.1. Av?, algebra E over a field F is called anticommutative
< = 0 Vz € E (implying ry = —yz Vz,y € E).
Definition 1.2. A Lie tripl '
. 2. ple algebra is a vecior space togeth 1
n enticommutative binary operation ! gether itk
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rnary operaiion

(z,y) — [z,y] and a te
hich are linked by severa

(2,y,2) =< L,y,2> W
Definition 1.3. An algebre (E,(.,.)
with a bilinear map (z,y) — (=, y] end a trilincer map

is called o modified Aktivis algebra iff
(2) (i)

LK ey ) 0veT 0 vector space
(x.y,2) =< I, 0,7

(z,9) = —(¥,%)

(i) S{sgn(o) - o(e,y,2):0 € S} =

3
() = k((r»y)ﬂ)-l—((y,z),w)+((z,:v),y)

where k € F.
Definition 1.4. A loop
if it satisfies the following identity

2

$2-yz=m2y-z; y:r;zvz=ya:2-z; yz-:c2=y-z:r:2; (ye - z)

and y(z - 2z} = yx? - 2) respectively for all x,y,z € L.

There exists duality between LS
An algebra E satisfying the LS - (5-, RS-, RM-. LM-) identity is called
LS - (S-, RS-, RM-, LM) algebra respectively.

Definition 1.5.
L.L,L]' € M (R RyR;' €
plications respectively and Il = {Lola € LY and Ip =
conjugacy closed iff it is both left and right conjugacy closed.

Definition 1.6. 4 loop L 1s called ¢ G -
all its loop tsotopes.

[6].

My), where L, B

The following theorem is due to Goodaire and Robinson

Theorem 1.7. Every conjugacy closed loop 1s « G - loop.

2.Main results.
Lemma 2.1. (a) An algebra E is an RM - algebre iff

Q) (ya.z,2) —y(z,2,2) + (g2,02) =0V 54,2 € E

(4)

(5) Q) (y.2,2)z +(y,a",2) =0V a2 € E
(b) An algebra E 11 an LM - algebra iff

A (1) u(:c,a:,z}+(y,.u2,z)=0VJ:,y,zeE

| algebraic conditions.

L is called an LS - (S-, RS, RM, LM) loop
z=y-x’z

and RS loops, also RM and LM loops.

A loop L is left (right) conjugacy closed iff
. arc left and right maulti-

{Roda € L} - L is

loop 1f ol s isomorphic to |

(i) (y,eyez) = (yo0,2)s + (yz,2,2) =0V 24,2 € E

. (c) An algebra E is an LS (S, RS) - algebra respectively iff

> (8) («,y,2) =0 V 2,9,2€ E
(9) (y,2°,2)=0 V z,y,z € E
(10) 2y,6)=0V z,y,: €E

Proof. 2(a) Q) (yz,z,z) = ylz,z,2) + (y,2,22) = 0 iff (yz - 2)z =
ys Tz -y T ::+y(:cw'zz)+yrc-$:-y(:n-.rz):O
iff (yz-x)z—y-2f2=0V z,4,2€E

iff (yz-z)z2=y- 2%z V z,y,2€E

iff E is an RM - algebra.
(a)(ii), (b) and {c) follow the same procedure as {a)(i).

Lemma 2.2. An RS (S, LS) - algebra E is an anti - commutative
algebra.

Proof. Linearizing (8) the LS - identity, by substituting 2 = = + w

an gives

((z +w)i,y,2)=0= (x? + 2w + wz + w?,y,2) =0

= (z%.y,2) + (zw,y, 2) + (wz,y,2) + (w?,y,2) =0

= (zw,y,2) + (wz,y,2) =0

= (zw - y)z —zw - yz + (wr - y)z —wr Yz = 0V z,y,z,we€E
= rRyRyR; — 2Ry Ry: + xLyRyR; — tLuRy: =0

= R,R,R. — RcRy:. + L:RyR. — L:Ry; =0

= (R: + L;)(RyR. — Ry:) =0=

(8)
or
(9)
|
EQ) =Ty -z =T Yz Y z,y,z € E = E is an associative algebra contrary
to our assumption. Therefore (8) holds. Now (8) implies that

R, +L,=0

Rsz - Ryz = 0

yR, +yL, =0V rycE=yz=-ryVz,y€k
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Hence E is anticommutative. We follow the same procedure to establish the
result for S and RS - algebras.

Lemma 2.3. Let E be an RM (LM) - algebra with ¢ maultiplicative
identity, then E 15 an anticommutative elgebra.

Proof. Let E be an RM - algebra with a mmuitiplicative identity 1,
then

(10) (y:c-x)z:y-.rzz ¥ r,y,z€E.

Let z = 1 in {10) then yz - = = yr*Vr,y € E=

E is right alternative. Substituting yr -z = ye? in (10) yields yzt -z =
y-22zV z,y,2 € E.

Therefore E becomes an S - algebra. By lemma 2.2 E is anticommu-
tative. Similarly procedure for LM - algebra.

Theorem 2.4. An anticommutative algebre E 15 ¢ modified Aktivis
algebra under its natural operations.

Proof. Define (z,y) — ¢y and (z,y,2) = TY* 2, since xry = —yz, then
(z,y) = —(y,z) V2, 4,2 € E. Consider

S{sgn (o) - o(z,y,2);0 € 53} =
=wy-z—ym-z+yz-:c—zy-a:-t—zrt-y——rz-y:
=(:t:y+my)z+(yz+yz)a:+(z.1:+zm)y =
=2(.L'y-z+yz-:c+za:-y).

Also
(z,y), 2} + ((y.2), 2} + ((2,z),y) =zy-2+yz ety
Therefore

5{sgn (7) - o(z,¥,7) - 0 € S3} = 2{{(z,9),2) + (v, 2),0) + (= 2), )}

Hence an anticommutative algebra 1s a modified Aktivis algebra under its,

natural operations.

Corollary 2.5. RS, S and LS - algebras are modificd Aktivis algebrad

under their natural operations.
Proof. Follows from Lemma 2.2 and Theorem 2.4. 3

Corollary 2.6. RM and LM - algebras with multiplicative identitie
are modified Aktivis algebras under thewr natural opeartions. :
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Proof. Follows from Lemma 2.3 and Theorem 2.4.

Ifemma 2.7. Let E be an RM - algebra, then the following are true
(1) R;RyR: + RyR;R. = Ryy;— Ryz.: =0 ¥V z,y,z € E
(i) R.RyR, —1=Ryy.—1Vr,y€kE",

where E* is the loop of units in E.

_ Proo_f.. (i) Let E be an RM - algebra, then by Lemma 2.1 it satisfies
(4). Linearizing (4) by substituting ¢ = & + w, we get

(11) (yr - w)z + (yw -z)z — y(zw - 2) —y(wz - 2) = 0

= yR. Ry R, + waR.LRz —yReuw.: YRyr: = 0=

(12)  ReRyRe+ RyReR. — Rype— Ryzs =0V 2,9,2 € E
(ii) Let x,y,2 € E*, substituting z = ™" in (12) gives
(13)  ReRyRe—1+ RyR;H; — 1= Royr—1= Ryzp ~1=0

Now an RM - loop satisfies the right inversep pr i
p property (Solarin [13]).
Therefore (13) becomes | i

R.RyR.=1=Reys—1=0
— R,RyR; ~1=Ryy, -1V z,y€ E"

The dual of the above lemma is true for LM - algebras.

Ifemma 2.8, Let E be an LM - algebra, then the following are true
(1) L LyL.+LyL;L;—L.yr—Lizy~L:zy=0 V z,y,z€ E
(ii) LyLyLy =1= 1Ly~ 1y Va,y€ E*,

where E* is the loop of units in E.

Lemma 2.9. Let E be the loop algebra generated by an RM - loop L,

ther E is an RM - algebra. (respectively, RS, S. LS, LM Loops).

L is an RM - loop iff (yz - z)z =y -2’z Vx,y,2 € L iff

. (14} (yz, x, z) — ?I(-’B,irvz) +{y,r,22) =0V 2,9,z € L
linearizing (4) we get
(11) (ya -w)z + (yw - )z = y(zw - =) + y(we -2} V 7,9,z € L

Now clements x,y,z € E are of the form

x = Doy, ¥ =SBy, #=Twix, TV €L and «;, fj,7 € F.



For z,4,z € E,

(14") (yz-x)z = Sh;aiver(y;Ti - Tedk
and
(15) y -2tz = Dhciagmyi(zizy  2) ¥ FiTo Vi € L

Now (14') can be written as

Z Biotvi(yzi - wi)7k + Z Biaiagvel(yiai - zg)zet
(16) i=g i#q
+ (y;zq - 3)28)

also (15) can be written as

Z Biad vy - wizk + }: Bioiagvily;(xizq - zi )+
an i=q iq
+ y;{Texi - 21))

Y zi, T , ¥, 2 € L. ,
Nt)wjby (y;zi - Ti)zk = Yk x2z; and by (11')

(yjzi- zq)zk t+ (yjzq- Ti)zk = yi(wizg - z) + yj(TqTi - zy)

Y i, Tq Y502k € L

Therefore (16) = (17) = (yz-z)z2=¥" 22z V¥ xz,y,2 € E. Hence E is

an RM - algebra.
Theorem 2.10. ‘ '
(i) Every RM - loop is a right conjugacy closed loop
(ii) Every LM - loop is a left conjugacy closed loop

(i) Every loop which satisfies both RM and LM identities 15 @

G- loop.
RM - algebra E. By lemma 2.8
R.R,R; —1=Reys—1 ¥ r,yel=> R.R,R;' € Ilg.
Therefore L is right conjugacy closed.

ii) Similar procedure as (i)
E)\ TV weree e (1) (1) and Theorem 1.1.

Proof. Let L be an RM - loop. By lemma 2.9 L C E* for some;
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