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0.Introduction. Let I be a real interval and (X,]| - ||), a2 normed
space. Take a function f : I -+ X and a strictly increasing function g : I —

R. We put, for each couple t,s € I, t # s

_ M) - fs) .
(Q) Rf'g(t"q) y(t) —-g(s) * Sf!y(t?‘b) - ”Rf‘y(tis)“'

These will be referred to as the incrementary quotients of (f, ¢) with respect
to the couple (t,s). Let also a,b € [,a < b. By a mean value property of
(f.9) over [a,b] we mean an evaluation of Ry 4(a,b) or Sy,q(a, b) with the aid
of some expressions depending on the objective to be attained. More pre-
- cisely, we must distinguish between mean value theorems of nondifferential
. (relative} form and mean value theorems involving (Dini) differentials. The
'\ first class of such statements is deductible via division methods, founded by
- the Pompeiu’s notes [14, 15] and refined in the 1963 papers by A zi z and
| Diaz [2,34]. The second class is to be obtained from the above one by
2 limit process. (We must underline this is not the only way of deducing
such results. A different approach - based on maximality procedures - was
followed by Bourbakil6 chl, Sec.2Jand Aumann (1, ch.7, Sec.1];
seealso McLeod[12)and Turinici[l6. But, in the following, we
\do not discuss it). These aspects were investigated, in the particular choice

L g = ¢ (the identity function of I)

inBantag and Turinici[5l.Itis our aim in the following to treat

he general (modulo g) case. Details will be given in Section 1 (the vector

Vilued case) and Section 3 (the real valued case). This is not only useful

fom a technical viewpoint but also from a methodological one. Because, as
e shall see in Section 2, such statements allow, in particular, a deduction
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of the basic Denjoy - Bourbaki mean value theorem, which has nothing
to do with maximality procedures. Some further aspects will be disenssed
clsewhere.

1.Main results (inequality form). Let I be a real interval and X,
a normed space. We take a function f: I — X and a strictly Increasing
function g : I — R. The notations (Q) are being maintained. Fix also
a,bel,a<hb.

Theorem 1. Let ¢ > 0 be given. Then, there exists a subinterval

[ac,be] of [a,b] with
(1.1) 0< b, —a. <c, Spgla,b) < Spglae, be -
Proof. Let us construct a division
a=1tyg <t <.. <ty <tn =b
of the interval [a,b} with
tiy; —t; <E&, 0<i<n-—1.
(Here, n > 3 is a positive integer). Clearly,
Rjg(a,b) = doRpyltosti} 4 F Aot Ry gltn—1,tnl
where, by convention

) = g(tis1) — 9(t) :
gy —glay T T T

Therefore (by the triangle inequality),

(1.2) Sp(a,b) < MaSpgltotr) + o+ a1 Spglin-titu).

Now, the second member of this relation is a convex combination of
Srglto,tr)y o Sf.5(tn=1,tn). Hence the result. q-ed.

It is to be underlined that no property is reguired for the function
f to get the conclusion in the statement. However, the obtained assertion
is not very sharp; because the possibilities a, = a or b, = b cannot be
avoided, in general. It is therefore natural to ask wder which conditions 18
this possible. An appropriate answer is concentrated m

Theorem 2. Suppose that
(Ca) fis continuous ot ¢ and b.
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Then, for each ¢ > 0 there 13 a subinterval fas, be] of Ja,bf with the property
(£:1).

Proof. Let the division of [a,b] be constructed as in Theorem 1.
Relation (1.2) gives

(1.3) Syela,b) < max{Sy4(te, 1)) Stoltn=1,ta)}-

Two situations may occur:
Assume (1.3) is holding strictly (with < in place of < ). If

max{Ssg(to,t1)s Spg(ta—1,tn)} = Spg(tistiss)

for some i € {1,...,n — 2}, then we are done (by putting ac = t;,be = tiv1)-
If, however,

max{ Sy ¢(to,t1), - Spgltn—1,ta)} = Syl t1) or Sg¢(tn-1,0)
then one proceeds as follows. We have
Sfig(a’ b) < S_f’g(a, tl) or Sf;g(tn—l ) b)'
The mapping T — Sy,¢(7,11) is, by (Co), lower semicontinuous at the right

at 7 = a; likewise, 7 +— S f.o(tn=1,7) 18 lower semicontinuos at the left at
7 = b. Hence

Sf.g(aab) < Sf.y(Tatl)Or Sf,y(tn——l,‘r)

for some T _e]a, t1[ (respectively, 7 €]tn-1, b[}. And then, putting a, = 7, b, =
t; (respectively, a. = ta_1, be = 1) we get the desired conclusion.
Assume (1.3) holds with equality. Then, again combining with (1.2),

Syq(a,b) = XoSp4lto,t1) + oo A—1Sf,g(En=1,tn)
wherefrom
Mo(Sy.q4(a,b) — Syo(to,t1)) + ... + An-1(S7g{a,b) = Spg(tn-1,tn)) = 0.
But Ag, ..., An—1 are strictly positive. Therefore,
Sy ola,b) = Sgqlto,t1) = .. = Sto(tn—1,ta)

And, from this, conclusion is clear. q.e.d.
As a direct consequence, we have

Corollary 1. Suppose that
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(C*) fis( strongly) continuots over L Suppose the sequence (an) is stationary. That is {combining with
Then, for each a,b € I,a < b, and each £ >0, there is o subinterval {ac, bel (1.8))
of Ja, b] with the property (1.1} a, = ¢ < bn, whenever n is large enough.

The obtained results are relative in nature. That is, the incrementary

. . . i As a consequence
quotient S j.ata,b) is compared with an object of the same type ovel a

subinterval {ac,be] of [a,b]. So. it is natural to 'a,sk what happens when (L7 S1.4(c ) < Spaesba), P -
¢ — 0 in these relations. The answer is the following:
Theorem 3. Suppose that f satisfies condition (Co) of Theorem 2. Hence, taking (1.9) into account

Then, there erists an element ¢ in Ja,bf with .

°r Jabl S .4(a,b) <limsup Stqlc,T)

. - — +

Syela.b) < max(limsup Sf,¢(7, ¢),limsup Sy,4(¢; 7)) i
’ ro-ct

F—C—

and conclusion follows.

Suppose the sequence (by,) is stationary. That is (again combining
with (1.8))

Proof. By Theorem 2, we have promised a subinterval {a;, b1} of Ja, bl

with a, < ¢ = by,for alln, large enough.

< by - <2 Yb—a),Ss4la,b < Sgglar, ;)
’ L ( L pal ) ftfn So, by (1.7) again

Further, by Theorem 1, we determine a subinterval [az, be] of [ay, by] with
(1.7)" Spglab) < Sf.g(a,,,c),whenever n is as above.
Q< by—a < 2—l(b| - al),Sf,g(az,bg) < Sf,g(a1,b1).

Combining with (1.9) gives
(Note, that the alternatives az = @1 Or b, = by cannot be excluded). We
therefore construct a sequence of subintervals ({an, bn)n>1 of Ja,bf with the
properties

Syq(a,b) < limsup Sfe(Tc)

o —

proving the desired conclusion.

(1.5) Ja, b2 [, 01] 2 [az,b2] 2 .- Finally, suppose both sequences (an) and (b,) are non - stationary.
Without loss, assume (a,) and (by) are strictly monotone; or, in other
words, inequalities in { 1.8) ave strict. From

(1.6) 0<b, —as < 27™(b —a),n >1

Ry glanbu) = Ry lan, )+ BRy 4(c,bn)

(1‘7) Sf,g(a,b) < Sf,g(ahbl) < Sf’y((bz, be) < .. where, by convention

_ s -gla) g otbn)—9(e)
¢ g(bn) - g(an), ﬁ g(b,,) -— g(an)

:- one gets, by the triangle inequality

By (1.5) + (1.6), there must be (via Cantor’s intersection theorem) a point’
¢ in ]a,b[ with

(18) a, £¢ < bp, >1
Stoln, b} < aS;_g{a,., c) + ﬂSf,g(C1 bn) < max(sf.g(aua c)s Sf.y(ca bn))-

(1.9) 4y — C by — ¢, ASTE — 00 Hence, passing eventually to a subsequence, one of the relations (1.7)" or

.(1'7)“ holds true. And, from this, conclusion follows in the way we already
‘mentioned. q.e.d.
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Remark. A direct analysis of the argnment above shows relation
(1.4) of Theorem 3 may be also written as

1.4)* Sfq4la,b) £ limsuap S¢gle, 3)
fig f9
(o, f)—(c,c)
agc<fo#tp

or, equivalently, as

(1.4) S§,q4(a,b) < limsup Srqle,T)
T—C
The proof being almost evident, we omit the details.

Now, by {Co), conclusion of the statement above is retainable even
if the function f is discontinuous over Ja,b[. In particular, this function
may be discontinuous from the left /right at some points c of ]a,b[ where
g is continuous from the left/right. But, in such a case, conclusion above

becomes trivial. For, e.g., in view of

limsup [f(7) = S >0, lim (9(r) — 9(e)) =0
T—c— USmi
it is clear that limsup,_._ Sy,¢(7,¢) = oo; and this proves our assertion.
Hence, the natural framework of Theorem 3 is that described by
o whenever g is continuous from the left /right
(D%) - .
at some point in Ja, b[ then, so is f.

For example, this trivially happens under (C*). But, in such a case, conelu-
sion above may be sharpened. Specifically, one has

Theorem 4. Suppose f satisfies condition (C*) of Corollary 1. Then,
for each a,b € I,a < b, there ezists ¢ in Ja,bf with

Ss4(a,b) < limsup Ssola, )
(e,8)—e
a<lclf

(1.4)*$

Proof. By the same procedure as in Theorem 3 we construct a se- .:
quence of subintervals {[ax, bn))n>1 of Ja,b[ with the property (1.6), (1.7), |

plus
(1.5) lan, bai2 [@ns1,bns1), for all n.

By the Cantor intersection theorem, there must be a point ¢ in ]a,bf for.

which (1.9) plus the strict version of (1.8) hold. Hence the last alternative
of the argument above is realized. And, from this, conclusion follows. q.e.d:
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Remark. That (1.4)** is sharper than (1.4} follows immediately from
Sp.e(c, BY < max(Sy4(a,c), Spele f)), a<e< J5]
But, as already said, this ~ realized under a stronger hypothesis about f
thau the one appearing in Theorem 3.

Another improvement of Theorem 3 is related to the possibility of
replacing "lim sup” by "lim inf” in (1.4). In this direction, we have

Theorem 5. Suppose that
{D%) f and ¢ are continuous over I.

Then, for each a,b € I,a < b, there czists an intermediary point ¢ in Ja,bf
w0 that

A e o .
(1.4) S alab) < ma:\(hru_l.li’xf “Hf-‘J'*T’C)’h,.]H]cﬂl.f Stale, 7))

Proof. Denote

@(t) = | f(t) — fle)l = (9(t) — g(a))Spelab)t € L.

.By {D"), is continuous over [a,h]. In addition, p(a) = () = 0. By the
Weterstrass theorem, there must be at least one ¢ in Ja,bl with

ither 9(c) > p(t), a <t <borp(c) Sp(t), a<t<b
Assume, e.g.. the former of these holds. We therefore have
1£(e) = Fa)l ~ () — f@ll = (g(e) — g(E)Srlas), a<t<e
As a consequence,
Spola,b) € Spplrie), a <7 <e

wherefrom conclusion is clear. The remaining case gives the second half of
(1.4)". Hence the result. q.e.d.

Remark. Of course, (1.4)" is sharper than (1.4). But this is be-

| ing obtained under a stronger hypothesis about f (and g) than the one of
. Theorem 3.

As an application of this resuit, we have
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Corallary 2. Suppose that (D*) plus
(D) f and ¢ are derivable over int(1), with ¢'(t) > 0,t € int(I)

are accepted. Then, given a,be I,a<b,

Hf (e

ER for some ¢ €]a, bl.

Sf.g(a1 b) <

An now, some concluding remarks. All the results above were ob-
tained by a division technique, combined with a limit procedure. So, the
terminology proposed in the introductory part is motivated, from a method-
ological perspective. At the same time, from a technical viewpoint, these
statements reduce, (formally), to the ones in BautagandTurinici
[5], where g = i (the identity function of ). Note that, under such a choice,
Corollaries 1 and 2 are nothing but the results in A 2 iz and Diaz{2];
and, Theorem 5 is just the statement imDiaz andVyborny [7]. For
other aspects of the problem we refer to the survey paper by Nashed
[13].

2.Some exceptional set extensions. Let I he a real interval and
X, a normed space. Take a function f: I — X and a strictly increasing
function g : I — R. Concerning the mean value statements of the preceding
section in which an intermediary point {(c) is involved, it would be desirable
having this point in the complement of a certain denumerable part of I

This is the case when f and g have certain supplementary properties (like,

e.g., continuity and/or derivability) outside the set in question. As a first
answer to this, the following counterpart of Theorem 3 may be stated,

Theorem 3’. Suppose that

(Ch) f is continuous over AU {a,b}

where A is ¢ denumerable subsct of Ja, bf, with a finite number of accumu-

lation points. Then, there emsts an element ¢ wn Je,bf \A with the propert

stated in Theorem 3.

Proof. Let dp,di,...,dn be the set of all accumulation points of A.

Without loss, one may assume

a=dy < dy <...<dpy <dn=0b

By Theorem 1,

S1.0(a,b) < Sye(dx,dr+1), for some ke {0,...,n—1}
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Further, by (C) plus Theorem 2, there exists a closed subinterval [df, dj ]

of Jde, deq1 [ with
Spg(di,digr) < Sf‘g(d'k,dl_{_l).

Now, by the choice of A, the subset [dj,dj ] N A is finite; denote it as
{h ey ept ). Of course, withont any loss, one may assnune

dy=el < op < ... < ey = dip-

Again by Thoerem 1,
Spgldidigr) Spalel,e ‘1.+1 ).for some j € {0,....m — 1}.
We now apply Theorem 3 to the interval [ci,e{_“]. One obtains a point

o €lel, el [ (henee, not belonging to A) with

Sf‘g(f’{_, r{“ < max(limsup Sy 4{7, ), limsup Sy 4(c, ).
T T—ct

This. plus the inequalities above, ends the argunent. q.e.d.
At a first glance, the continuity hypothesis {(C1) makes Theorem 3’
e very general. However, if we take into account the remarks made after
Theorem 3. the situation is a bit more different. Indeed, as precised there,
conclusion above is interesting only if (D) is accepted; or, in other words,
ihe discontinuity points of f are subordinated to those of g. But, these
poiuts form a denumerable subset. Hence, f must be contimious outside a
demunerable part of the interval Ja,b[. This shows (C)) may be used as
an mdication of the fact that discontinuous functions are allowed in such a
trentment. In particular, when ¢ = 7 (the identity), the result above reduces
totheoneinBantasg and Turinicil[5): seealsoMecLeod(12].
Now, a natural question is to extend this statement to the case when
thie denumerable part nnder consideration has an infinite number of acumu-
lation points. An appropriate answer to this requires the set in question be
subordinated to A(g) (the denumerablé set of all interior points of I where
- g is discontinuous). More precisely, as a counterpart of Theorem 4, we have

Theorem 4°, Suppose that condition (C*) of Corollary 1 1s accepted.
Then, for each a,b < I,a,b < b, there ezsts a c €la, b\ A(g) such that
| conclusion of Theorem 4§ (hence, a fortiori, conclusion of Theorem 3) be
retarnable.

Proof. By Theorem 4, we have promissed a point ¢ in la,b| so that
' (1.4)** be valid. We claim ¢ may be taken outside A(g). This is trivial when
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f(a) = f(b); so, assume f(a) # f(b) (that 1s, Syyla,b) > 0). If one happens
that ¢ € A(g) then relations

Ry I1£(8) = flelll =0, lim lg(BY — gle)ll > 0

a<le<lf a<clf

give immediately (via 1.4)™*, S ,(a, by = 0, in contradiction to the above

stated property. Hence, ¢ is in Ja,bl \A(g) as precised. g.e.dh
Now, in principle, A{g) may have any preseribed number of accum-

lation points (in fact, it may include any denumerable subset of 1). This may
be shown as follows. Let A = (tu)nz1 bea demunerable part of our interval.
We associate to each t, € A, a positive number p,, such that Tapn < 00.
Define ha: I — R by

ha(t) = Z pn, t€1

<t

This function is monotone increasiig and
h-A(fn +0) — ha(t, — 0) 2 pa Jfor all 7.

Let also k :— R be strictly increasing. (Standard examples in this divection
are the functions k, : [ — R defined as

k(ty=t—2, tel,

wher z is an arbitrary point of I}. Then, ¢ = I+ hy, is strictly increasing
and A(g) 2 A. (The proof being evident, we omit the details). Hence
the assertion. This fact may become decisive i somwe concrete situations.
For example, as a direct consequence of these developments. the following
Denjoy - Bourbaki mean value statement (cf. Diendonne [8. ch.8, Sec.b]) is
obtainable:

Theorem 6. Let the continnous function f I — X and the contn-
wous increasing function g: [ — be such that

NWF N < g'(2), ¢ €l b]\A,

where a,b are points i [ with a < b, and A is a denumerable part of ]a.,b[-.'

Then, necessarily

I F(B) = fla)ll < g(b) — gla). .

Proof. Let ¢ > 0 be arbitrary fixed. We construet a couple of func-
tions g, Ge from [ to R by

po—adek. . G.=aq.+ceha
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Clearly, g and G, are increasing (strictly) over I; moreover, A(Ge) 2 A,
by the remarks above. Apply Theorem 4 to the couple {f,G¢). One gets a
poiut ¢ in Ja,b[ not helonging to A(G.) (hence, not belonging to A) so that
conclusion in that statement be valid:

St (a,b) € hmsup Sy, (o, B).
a,f—c
ol

Now, evidently {cf. the remarks in the precending section)

lim sup Sy 6. {a, 3) < limsup TR CHIBS
o, d—c o, f—¢
alr<fl alelf

< max(limsup Sy,g, (7, c), limsup Sy g, (¢, 7)) =

T—Cc—- r=—c+

_ Ll _ el

——— < L
gi(c)  gle)+e

Hence. combining with the above, Srafab) <L that is,

LF(B) = Fla)ll € Ge{b) — Gela) = 9(b) = g(a) + e(b — a + ha(b) — hala))-

And then, passing to limit as € — 0, we obtain the desired conclusion. q.e.d.

Remark. The standard proof of this result is by maximality; see the
ubove reference, as wellas Turin ici(16]. Our approach is therefore
completely different.

Of course, when the exceptional denumerable set A has only a finite
number of acciunnlation points then, an application of Theorem 3’ is equally

possible. Some Listorical aspects of this subject were discussed in Flett {9,
ch.1, Sec.11]}.

3. The real case. In the following , the case X = R will be con-
sidered, from an equality perspective. So, let I be a real interval. Take a
function f: I — R and a strictly increasing function g I — R. The nota-
tions (Q) of the introductory part are in use. As a completion of Theorem
2, we have

Theorem 7. Suppose that f and ¢ satisfy condition (D*) of Theorem
5. Then, for each a,b C [,a < b. and each ¢ > 0, there is a subinterval

| [ac,be] of Ja,bf with

0 < bc — Qg < E 3 Rf‘g(ﬂ., b) == R_f’g((le, bg).
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Proof. Let n > 3 be a positive integer, and
a=tg <t <..<t,—1 <ty =b
an equi - distant division of [a,b], with normn inferior to ¢; that is
tp —timw<e, 0<i1<n-—-1
We introduce the function
o) = Ryg(tit+w), 0t <tams
It is clear that
(3.1) Rjg(a,) = ho@(te) + o + An1@{tn-i)s

where (A;;0 S v < n— 1) are introduced as in Theorein 1. Two situations
may occur:

Suppose the set {@(to), co(tu—1)} consists of exactly one element.
As a consequence,

Ry g(a,b) = Ry4(ti,ta);

and then, conclusion is clear {with ac = t1,b. =1 2}
Suppose the set {@(to), -, @(tn-1 )} has at least two distinct elements.
Hence

(3.2) min{e(to), .y @(tn-1)} < max{p(to), ..., ¢l{tu—1)}

On the other hand, by convexity arguments,

(3.3) min{p(to), ey oltn-1)} € Ry gla,b) < max{@(to), .. @(tn-1)}-

We claim both inequalities in this relation are strict. For , e.g. if the second

one becomes equality then, by (3.1),

No( Ry g(a,b) — @(to)) + -+ Anc1(Rpg(a,b) = @ltn=1)) = 0.

AS Ag, ..oy Ar—1 are strictly positive,

Ryo(a,b) = @(te) = .. = @(ta-1):

This, however, cannot be accepted, in view of (3.2); hence the claim. Now,

min{y(to), ---"P(tn—l)} = ¢(t:), max{‘r’(tl))a e p(ta-1)} = @(t;),

| 7 s also useful in deducing a counterpart
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for some i,j € {0,...,2 — 1}, # j. Of course, without loss one may assume
i < 7 (hence t; < t;). So,

(3.4) o(t:) < Rpgla,b) < lts).

By {D*), ¢ is contimious over its existence domain; and therefore, it has the
Darboux property, over [t;,t ;1. This, in view of (3.4), shows that

R (a,b) = @(r) = Ry olr,r + w)

for some r in J¢i,t,[C]a, b And then, putting a, = r,b =1 +w, one gets the
desired conclusion. q.e.d.

As an application of this, we get the following ”weak” counterpart of
Corollary 1. Let I be a real interval and (X, - ||}, 2 normed space. Let the
function f : I — X and the strictly increasing function g : [ — R be given.

Corollary 3. Suppose that
(D¥)  fis weakly continuous and g 18 continuous over L

Then, for cach a,b€ I,a < b, and each € > 0, there is o subinterval [ac, be)
of Ju,bf for which conclusion (1.1) is holding.

Proof. By the Hahn - Banach theorem, we may find a linear contin-
sous functional &* over X with

llz*ll =1, a*(Ryqla,b)) = Sy4fa,b).
The couple of functions (F,g), where F: I -» R is given by
F(t) =a"(f(t)), tel

fulfils, by (D*). conditions of Theorem 7. So, for a,b € I,a < b, and g >0,
there exists a subinterval [a., be} of ]a, b[ with

0<b, —ae<e, Rrgla, b) = Rp g(@e,be)-

But
Rpg{a,b) = 2" (Ryqla, b)) = Sjq(a,b)
RF.Q(aE’b!} = Ix'(RLg(ata b))} < Sf,g(aubc)-
' Cowbining these facts yields the conclusion in the statement. q.ed.

Let us now return to the real setting. It is to be noted that Theorem
of Theorem 3. This may be done
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as follows. Let f: I — R,g: I — R be taken as hefore. Denote, for each t,
interior to I,
dpflt) ={z € [~00, co]; lim sup Ry g(r, s} £ 2 = lmsup Ry glr.s)}
ra—li ra—1
r<t<s r<t<s
This will be reffered to as the generalized gradient of f with respect to g. at
the point t € int(]).
Theorem 8. Suppose f and ¢ satisfy condition (D*} of Theorem J.
Then, for each a,b€ l,a < b, one has

Ry q(a,b) € Oy fle), for somec €la, bl

Proof. By Theorem 7, we have promised a sequence of subintervals

([an: bn])nZl of ]a,b[ with

(35) ]an, bu[g [au+1 ) bn+1]a n=>1
(3.6) by —tty, —0asn — o0
(3.7) Rjgla.b) = Rypglan,by), n 21

Now, (3.5) + (3.6) yields (via Cantor’s intersection theorem) a point ¢ €}a, b
with the properties (1.8) (the strict version) plus {1.9). Combining these
informations gives

lirl']}_iﬁf Ry (r,s) < Rygla,b) < liiu sup Ry q4(r.5)

A=

r<cds raeeds

This ends the argument. q.e.d.

As a completion, we get the following "weak” counterpart of Corollary |
2. Let again I be a real interval and X, a normed space. We take the function ¢

f:I— X and the strictly increasing function g : I — I.

Corollary 4.Suppose f and g satisfy condition (D) of Corollary 3;‘

plus

(D¥)  f has a weak derivative and g has a derivative over int (1),
with ¢'(t) > 0 for all t € m(I).

Then, given a,b € I,a <b, conclusion of Corollary 2 i3 retainable (modu?
weak derivatives).
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Proof. Let the continuous functional &* over X and the function
F . I — R be introdnced as in Corollary 3. By the hypotheses we admitted,
the Cauchy mean value theorem is applicable to the couple (F,z). Hence

Ry ,(a,b) for some ¢ €]a, b[.

But evidently (cf. the argument in Corollary 3)
Ry gla,b) = Syq{a,b).
Ou the other hand,

o) _ o L1917l
g'(c) g'(c)” 7 ¢'(c)

(Here, f' denotes the weak derivative of the function f). And, from this,
conclusion follows. q.e.d.

Some final remarks are now in order. When g = i (the identity func
tion), Theorem 7 above reduces to the statement in P om p e i u [14,15];
coealso Aziz audDiaz [4]. Conversely, Pompeiu’s result, applied to
the auxiliary function

b(t) = f(t) — fla) = (9(t) ~ g(a))Ryq(a,b), tEL

gives immediately Theorem 7, as it can be directly seen. Also (with the
same assumption about g),Theorem 8 1s comparable with a statement due
to] ebourg [11]; and, finaly, Corollary 4 is nothing but the result in
Aziz and Diaz [3]. For other aspects we refer to the survey paper by
Hiriart-Urruty[10]
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ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS
OF DIFFERENCE EQUATIONS WITH
RETARDED ARGUMENT

BY

PAVEL TALPALARU

1.Introduction.Difference equations with retarded argument under
the most general form appear as a discrete analogue of the difference-
differential equations of neutral type. In recent years, such equations have
received mueh attention due, in part, to their importance in various branches
of t..vc}umlogy. In the case of ordinary and difference-differential equations
an important tool for iuvestigating boundedness and stability properties is;
the concept of a Liapunov function. The method of Liapunov function was
extended to difference equations and widely used by many authors [3], [6]
[9]. For retarded difference equations, this method was firstly employe;d =
[2]. then in {8] and [10] to obtain criteria of various kinds of stability as the
classieal one, €, - stability, and stability in variation.

'?his paper is concerned with the problan of finding the type of per-
turhation funections so that the solutions of the perturbed system enjoy a
certain kind of behaviour. if for the unperturbed system are given certain
growil propertios defined in the spirit of those from [1), [4], [7], {9].

The obtained results extend some known results from ordinary differ-

ence or difference differential equatious and differ from them in a number

of significant aspeets.

2.Notatiotis and definttions. The following notations will be used

b ¥ 1 . yyee L . i
tln(l)}\glz-mt this paper: R" is a real or complex n-dimensional vector space,
bawd tor r £ " e sy veetor vyt T e ] . i
g £ IR", {r}is any vector normy; J{kg ) = {ko, ko+1,. ..}, where kg is a
- X ¥, l |‘| LTI . v — 1 v . - r o S
- IH‘?‘HE' v Ie(ho )"— {ko.ko+1,.. ., ko +7}, where r is an integer; X4 =
: % - ox IR™ (e times) for any positive integer m, dim X, 4y = ¢ =
nim + 1). .

If 2= (20,21, s Zeptry 2 € R for —p+1 <) <0, is an element





