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of sienificant aspects.

A 2 Notations and definitions. The following notations will be used
. - Jd N Vi e = £

L ltl);lglmur I.h'1l>. paper: IR is a real or complex n-dimensional vector space

7 R L . - i NEN

- 1(‘)1 € IR™, il is any veetor normyg [(ke) = {ko, ko +1... .}, where ko is

fixed integer; ) = Ll : i i .

R ;;'n?,‘ I L_(AI};?)"_ flo. ko +1,... ko+7}, where s is an integer; X, 41 =

x --ox IR" (me thmes) for any positive integ in X
1 5 sitive mntege
o+ 1) V1 iteger m, dim X, 41 = ¢

If:: Zhy, ~ = Z3 ] 1
(20, 2—1ye -y Zopt1s 25 € R", for —p+1 < j <0, 1s an element
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of X,, define ||Z]| = sup{|z;|: —p+ 1<y = 0}.
A discrete time system with retarded argumentis a systein of the form

z{k+ 1) = f(k,&(k),z(k —-1),... se(k — ), ke I(ky)
1) {x(.?) = C;, J € Luylkg =),

where each z(j)} € IR", the constants ¢; are given initial values, and f :
I(ko) X Xm+1-—>an.

Definition 2.1 If we denote €& = (CioyCho—11Cxo—mis @ function
w(k; ko, c) € R" is called a solution of the difference reterded system (2.1)
if it satisfies the folloing conditions:

a) z(k; ko, €) 15 defined for ky —m < k < ky+ k* for some nteger
k* > 0,

b) z(k; ko,T) = ¢ for some ke L. (ke —m);

¢) z{k; ko, &) satisfies (2.1) for k € L1 ().

For a solution z(k; ko, 2) of (2.1), denote 2(k; ko, €} = (ks by, e), e(k—
1; ko, €),- .. x(k —miko,€)) € Xy We then sce that i ky; by, €) = ¢

For a given positive number m, let € denote the space of all the
functions from Ln(—m) = {-m,—m +1,...,0} to X, 4 and for ¢ € C|
lell = sup{le(s)l; s € Im(—m)}}. Cyr will denote the set of functions ¢ € C
for which |jp}| < H.

For any function #(u) defined on Ly (ko — ), &% = 0, and for
any fixed k, &k € Ix-(ko), the symbol Iy will denote the vector function
zx = (z(k),z(k —1),...,x(k —m)) € Xu4i1. For this reason, we may write

#(k; ko, &) = Zi(ko,c) and Ty, (ko,€) = . We note that \z]] = sup{]e(k + |

1)| : s € Ly(—m)}. System (2.1) may be written as

(2.2) a(k+ 1} = f(k,5),2(7) = ¢j,7 € Lk —m).

We assume throughout that f posscsses partial derivatives on I(ng) Xovt1-4

Let us denote by & = (€1, &, ..., &n) = (za(k),. .. ,.r,,(k),‘vl(k-—l),...,."'

ek — 1), .,z (k = m), o owa(k — m)) and f(k,&) = (H(k&)ns |
Fulk, ), €1, Enm)t @ ¢ = n(m + 1)— vector funetion. Then the system
(2.1) or (2.2) may be written again as

(2.3) Zrgr = flh, Zi) Ery (ko ) =7
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where fé is the Jacobian matrix, is called the linear variationael system of
(2.1) or (2.2) with respect to Tg(ke,€). It is obvious that

felk,€)

Lim Onm,u nxgq
It follows directly from (2.1) or (2.2), from the definition of @x(ko,c) and
fromn the existence of f; that

JT; ko, = B
(2.5) "3-”2)(5 28 ¢(k, Zx(ko, €))

aik(kO! C)
g’

ie., ®(k, ko, c) = ai*éﬁ"'é) = ai(k;gr"?) exists and it represents the funda
mental matrix of (2.4) with ®(ko, ko,&) = I, ¢ = n(mn +1). In the sequel,
we need a preliminary result given by

Lemma 2.1.([5, p.83]) Assume that f has continuous partial deriva-
tives f1 on I(ng) x R If Tx(ko, &), Zx(ko,c") are any solutions of (2.3)
through (ko,e') and {ko,c") respectively, ezisiing for k € I{(ko), then

1
(2.6)  Zi(ko,&) — Tk(ko, &) = f B(k, ko, &'s + (1 — s)e")ds - (€' - ).
[\

Proof. The proof is quite similar to that of Theorem 2.1.4 from [5,
p-82].

Corollary. From (2.6) st follows

1 .. / RY-|
(27) SB(k . kO,C,)—Jl(k;kg,C_") — / az(k, kO,C Sa;- (1 S)C )ds-(E’—-E”).
0

Remark 2.3. A noteworthy particular case of (2.6) is obtained for
f(%,0,...,0) =0, namely

1
(2.8) .rk(ko,é)zf ®(k, ko, cs)ds.c.
0

Remark 2.4. Suppose that the assumption of Lemma 2.1 holds.
Then, from (2.6) we obtain

| (20) flze(ko, ) — 2ako, &) < [l — & sup{|@(k, ko, €)] : € € Xunas}-
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We now define a new kind of stability and of growth property in terms
of the behaviour of solutions of (2.1) and of the variational system (2.4) in
the spirit of those from [1], {4], [7), [9]. Assume that f(k,0, L) =0, 1e,
system (2.1) has the zero solution.

Definition 2.2.The solution + = 0 of (2.1) 1s said to be:

a) Globally uniformly stable in variation (GUSV) if there exists o
constant L > 0 such that

(2.10) (k. ko,2)| < L for all k € I(ko) and |||l < oo;

b) Slowly - growing variation (SGV) if therc cuast two positive func-
tions B(k) and ofk) > 1 such that

k
(2.11) | ®(k, ko, €)} < B(ko) H a(r), for all k € I{ko) and llell < oo

r=ko

¢} Globally uniformly slowly - growing in varietion (GUSGV) if (2.1)
holds with B(k) = B= const. and a{k) = a = const.,, o > 1;

d) Generalized asymptotically stable in variation (GASV) +f (2.1)
holds with 0 < a(k) < 1;

e) Globally uniformly esymyplotically stable in variation (GUASV) +f
(2.11) holds with B(k) = B = const, a(k) = o = const, 0 <a <1

Definition 2.3. The solution x =0 of (2.1} 15 said to be:

a) Stable if, for any e >0 and any ko, there czists §(ko,¢) >0 such
that +f ||| < 6, then ||Z(k, ko, €]l = W7 (ko )| < € for all k € I{ko)s

b) Uniformly stable (US) if 6 in a) is independent of ko3

c) Asymptotically stable (AS) if it s stable and there exists a b{kp) |
such that ||&]| < b(ke) implies | 2x(ko, &)l < H, k € I({ko) and z(k; ko, )|l = 8

0 as & — o0;

. d) Uniformly asymplotically stable (UAS) if c) is satisfied and 6(kg,€)
in a), b(ko) in c) can be chosen idependent of ky and, in addition, for cvery |
n > 0 there exists ¢ Ty} >0 such that ||eff < b smplies [[7(k; ko, &)l < m i

ke I{(ke+T) d
e) Ezponentially asymptotically stable (EAS) if there acaist two posi-
tive constants B and 0 < o < 1 such that :

(2.12) lz(k; ko, E}|l < B - akdk°||€|[ for all k & [{ky) and ||¢l| < oe.
f) Eventuolly stable (ES) if for every e > 0 there cxzists a T(g) ZU

such that a) is satisfied for all those ko 2 T(e) :
. ST R mrey (RACU L (RITASK
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[}

Remark 2.4. Using (2.9}, it follows that the (GUASV) yields the
(EAS) of the zero sohition of (2.1).

Definition 2.4. The solutions of (2.1) are said to be:

a) Bounded (ko, Ho(ko), Hilko)) o, for every ko € I(0), there exist
two constants Hylko), Hi(ke),0 < Hg(ke) < Hi{ko) £ H such that if ||c}] €
Ho(ko) then [|[Z(k; ko, )| € Hilko) for all k€ I(ko);

b) Uniformly bounded (Ho, Hy) of a) s satisfied and the numbers
Ho(ko), Hil{ko) are independent of ko;

¢) Eventually bounded (T, ko, Ho(ko ), Hi(ko)) of there ezists ¢ T € I(0)
such that o) is satisfied for all ko € I(T).

Similarly, eventually uniformty bounded (T, Ho, H,) solutions may be
defined.

The investigation will be carricd on by using a certain class of real
valued functions v(k,7) defined on I (ko) % G where G is a bounded or
unbounded set in the vector space X,u41. Corresponding to the function
w(k,3), 2 = (20, 3=1- 00 z_m ). we define the total difference with respect to
(2.1) by

Av(k,z)=v{k + 1, f(k,2), 20,21, vy Zemtr) — (R, 2),

or

AtJ(Z.l)(ksf) = ”I:.k + 135:-'\'-}'1{1”'92) = U(k,;ﬂk(k,Z)).

3. Preliminary results. In this scction, we shall prove Massera
type converse Theorems for a part of the kinds of behaviour given in Defini-
tons 2.2. The Liapunov functions which are constructed in the following
theorems will be use in the next section.

Theorem 3.1. Assume that the solution T = 0 of (2.1) is (SGV) or
(GASV). Then there exists o function v(k,Z) defined and continuous in z
for (k,2) € I(ko) X Xnt1s satisfying the following properties;

o) 1 £ vk, 2) < BORIEI for (k-2) € I(ko) X Ko

b) Avgayk,2) < [alk) — 1) - vk, 2) for (k,E) € I(ko) x Xmat

) |pu(k, 2" — vk, )| < Bk —2"|| for (k,%') and (k,z") € I(ko) X
;\-,,,_{_1 .

Proof. The (SGV) or {GASV) of the zero solution of {2.1) together
with (2.9) imply that

k
(3.1) |zl ko, NI < [B(ko) 1 e« - fie

r=ko
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for k € I(ko) whenever |j¢|| < co. Let us define

k4t

(3.2) v(k,2) = sup{lzisulk, 2 [Tt
v2>0 ek

for (k,z) € I(ko) % Xm+1, where &y, (k, 2) 1s the solution of (2.1) or (2.3)
through (k, z) € I{ko) x X,s1. From (3.1} we have

k+ v

ks Gk, 2N < (B(R) TT @l

r=k

from where
k+v

2kt ok, 2 [T lar) ™ < BRI,
r=k

and therefore (3.2) has a mcaning. From (3.2) we also obtain v(k,Z) >

Nzx(k, )l = B=1l-

In order to prove b), we consider the total difference

Avyi(k,z) = vik + 1,Ze41(k, 2)) - vk, zi(k, 2)) =

k+v+1 k+v
= sup |Zk4ur (6,20 JT falr)™ — sup [|Zr4 (b, D) [T (] <
v>0 re kb1 v20 r=k
k+v k+v
< sup ik, )l ] (o)™ = supllzses (kN [L I ™ <
v>1 v=k+1 vz0 r=k
kv k4v
S=sup ko, 2 [ lalr)] ™ ek — sx;13||.ak+.,(k, Al [Tle)™" =
vz r=k vz r=k

= [a(k) — 1Jv(n, 2).

To prove c), let us consider (k,2'), (%, 2"y € I(ko) x Xpnt1. Using (2.9) ,.

and (2.11) we obtain

k+v
Ik, ) = v, )1 S sup lleia(h, ) = 2uenl 200 [l <
- r=£k

k4 v
<l -2l sup [0k 4 vk, O] Tl ™" < BRI = "1

DMIFFERENCE EQUATIONS 157

The continuity of »(k, 3} with respect to = is immediate. Theorem 3.1
is thus completely proved,
Iu a similar way, we may state another converse theoremn,

Theorem 3.2. Assume that the solution z = 0 s (GUSV). Then
there ezists a function v(k, 3) possessing the following properties:

(L) “z" < V(k1 ":') < L”EL fO'J" (kuf) € I(k(.l) X X1

b) AV('Z.!)U"\ 2} <0 for (k, z) € I(kl]) X X413

N ) < L3 = 2 for (k'), (k, 2") € I(ko) X X

4. Boundedness and stability theorems for perturbed sys-
tems. One important problem in the theory of functional equations is to
study what type of perturbations are allowable, so that the solutions of
perturbed equation enjoy the same behaviour as the solutions of the unper-
turbed equation.
Let us consider the perturbed systems

(4.1) gl + f) = fle,ux) + 9{k, 1),

where f(k.2) satisfies the same conditions as in Sections 2 and 3.

Lemma 4.1. Let the solution © = 0 of (2.1) be (SGV) (or (GASV)).
Supposc that there exists o positive confinuous Function w(k,u) defined for
ke I{ky),0<u<H. nondecreasing in u, siwch that

(4.2) lg(k,2) S w(k, |IZ])) for k& I(hko), Il < H.
If u(ky ky,eg) s the mazimal selution of cquation
(4.3) w(k +1) = a(k)u(k) + Bk + Dw(k,u(k))

with wy = u(ke) 2 v(ko,c} where v(k,€) s the function from Theorem §.1
and ¢ is given, and if u(k; ko, uo) < H for L € I(ke), then for any solution
y(k: ko, ¢} of (4-1) we have

(4.4) s ko, ) < ulks ko, uo) for & € I(ko).

The proof of this Lemma is similar to the proofs of Lemma 3 [6, p.88],
of Theorem 17.2 [6, pp.89] and of Theorem II - 3 [3], so that we may omit
giving it.

Lemuna 4.1 is very important in applications because it reduces the
problem of determining the behaviour of the solutions of perturbed system
(4.1) to the behaviour of solutions of a scalar equation. From Lemma 4.1 one
can obtain many results about the solutions of (4.1) be specifying different
properties of the function w(k, v} in (4.3).
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Theorem 4.1. Assume that the solution x = 0 of (2.1) is (SGV) or
(GASV) and there exists o function ¢(k) > 0,k € I(0) such that

(4.5) lg(k, 50| < (M2l for ke I(0), |zl < H,
and there also ezists another function M(k),k € I(0), such that

k-1
(4.6) Rk, ko) = Blko) H [(r} + B{r + ()] < Miky), & € I(ko).

= ku

More specifically, of 2] € H/M(ky), then the solution ylk; ko, @) of (4.1}
satisfies

(4.7) gk (ko, N < bk, kollell, k€ I(ko)-

Proof. From Lemma 4.1, with w(k, u) = ¢(k)u, we have lrad Bo, ) =
u(k; ko, up), where w(k; ko, ug) is the solution of

u(k + 1) = a(k)u(k) + B(k + Dp(kyu(k), wo = ulky) = v(ko. )

iven b
23] y -

u(k; ko, o) = (ko) 1_[ [B(r) + B(r + 1)g(r)].

r=kg

From the second inequality in a), Theorem 3.1, we have
w(k; by, o) = Bk, kol ko @)/ Blko) < Bk, kodiell < M (ko ell.

Therefore, if ¢ < H/M{ky). then lyk(ko, )l < H and the theorem is
proved.
From definitions given in Section 2 and from inequiity (4.7) it follows |
Corollary 4.3. If the conditrons of Theorem 4.2 ar satisfied and if
M(ky) in (4.6) cant be chosen to be independent of ky, then the solutions of .!'
(4.1) are uniformly bounded (H/M. H).

Corollary 4.4. If the condilions of Theorem {.2 are sutisfied, th.ep -
the solution y = 0 of (4.1) s stable (i this caxe g{k,0) = 0Y; #f (ko) 18 |
independent of ko, then the solution y =0 of (4.1) s wniformly stable. _

Corollary 4.5 If the conditions of Theorem 4.2 are satisfied and’

h(k, ko) — 0 as kb — 09, then the solution y = O of (4.1) 12 a.zynq{tot:-';-
o e AAL ie indemendent of ka and for every iy > 0 there exists 07

?
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T() € 10} such that, for every ko € I(0), h(k, ko) < forallk € I{ko+T),
then the solution y = 0 of (4.1} is (UAS).

Corollary 4.6. If the conditions of Theorem 4.2 are satisfied and
o{k) = o = const,ov < 1, and B(k) = B =const. and, in addition,
v d(k) < M < oo, then, for o =1, e, x = 0 1is (GUSV), the solu-
tions of (4.1) are uniformly bounded (H/B(MB + 1),H); if a < 1, t.e.,
v =0 is (GUASV), then the solution y =0 of (4.1) 1s (AS).

Proof. The function h(k,ky) becomes, in this case, h(k, ko) =
=B Hf;io[n + B(r)] for which one can obtain ([6, p.91 - 93]) the estimate
hik, ko) < Ba*~*o~ (o + MB), for k € I(ko), and the results immediately
follow from (4.7).

Remark 4.7. Au interesting special case of Corollary 4.6 is the fol-
lowing result. Consider the system

k=m
sk +1) = Y [Aisjlk) + Bios()e(), K € I(ko),
=k
.I‘(]) = Cj, J S Im(kU - T”)-

System (4.8), clearly, can be written in the form (4.1). If we suppose that
all of the solutions of the system

k—'"!

ok +1) =) Ar—j(k)

=k

are bounded for k € I{ko) for every k € I(ko) and [je]] < o0,¢ =
= (ChysCho—15 - Chg—m) alrd that TR IR Bi(k)] € M < o0, then Corol-
lary 4.6 implies all the solutions of (4.8) are bounded for k € I{ky) for every
ko € I{0) and ||¢]| < oo.

Theorem 4.8. Assume that the solution z = 0 of is (GUSGV) and

also assume that there erist two positive functions ¢1(k), d2(k)(k € I(0)),
such that

(4.9) lg(k, 2)| < di(k) + d2(N 2l k € 1(0), |12]] < oo,

where ¢3(k) < Ba*,k € I0) (ie., ¢ is slowly - growing), end
E_,‘f_‘;kaqbz(r) < M,. Then all the solutions of (4.1) are slowly - growing pro-
nided thet BM; < a.
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I

Proof. Following the proof of Theorem 4.2 and Corollary 4.6. we
obtain

k-1

(b Ol < Bl TT o + B4

l"=k0

k-1 k—1
+B8Y 6i(s) I la+ Béul):

s=kq r=s+1

(4.10)

Using h(k, ko) given by (4.6) , theu (4.30) can he written as

k-1

(o, | € NEllACh Fa) + D drlslh w1,

s=ko

where h(k, ko) < Blcvk"k",B] = B{l1 + BM,; /o). Tt follows from here the
inequality ‘
g ko)) < Bl + Bl = kolla”,

and if we choose B so that Bi[\ell + B(k — ko) < Byo* for k= Ty € 1(0),

we get the desired result.

Theorem 4.9. Assume that the solution = =10 of (2.1) 18 (GUASV) '!

and also assume there ezists a function ¢(k) 2 0, I € I{0), such thut
(4.11) lg(k, 2} < &(k) for all k€ I{ky), Wzl < H.

If either

(i) p(k) =0 as k — oo, or '

(1) 3o $LK) < 00, then the solution y =0 of (4.1) is (EUAS).

Proof. Let ¢ > 0 be given and let us choose T(g) so that eithe'r_
sup(g(k) : k =2 T) < ¢/2B if (i) is satisfied, or S22 ¢(k) < ¢/B if]
(i1) is satisfied. Let also take & = ¢/2B. From Lemuna 4.1 with w(k,u) =|
o(k), a(k) = a = const,, 0 < a < 1, we have “'gk(kg,.(')“ <l ks kg o). K 2’
kg =T provided that u(k; ko, o) satisfies the equation E

wk+1)= au(k) + Bdlk), w = w{bg) = (ko c),

and that w(k; ko, 1to) < H. ke Ik} The solution of this equation 1s

k-1
w(h kg, o) = o 70wl ) By ettt
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and by Theorem 3.1, with ¢ and T previously chosen, we have

wlk; ko, o) < Bllel| + B Z d(r) < Béd + 5 = £,
r=T -

for ko > T(¢). Consequently, the solution y = 0 is (EUS).

To complete the proof of the theorem, it is clear that we need only
show that, for any 1 > 0, there exists Ti(n) > 0 such that Ef'__i,oaf"_""l
#(r) < y for all k € I(ko + T,) for every ko = T, with T defined as
above. Let us first suppose (i) is satisfied and let  be given. Choose
N > T so large that T2 yé(r) < /2 and then choose T () so large that

WTHTi-Ngo0 "4 < 172, Then for any ko 2 T,k € I(T +T3) we have

— k_ — (- —_ - b —_ ==
0T < sholab—rlg(r) < ot N=IgN ré(r)+
k—1 . T+Ti —N-1 . k=1 10, n.n
SEoh, 6(7) € aTHITN ISR () + TR0 < 3+ 5 =
and the theorem is proved for case (ii). The proof for case (i} follows in
almost the same manuer and it will not be given here.

Remark 4.10. The conclusion of this theorem is also true if it 1s
assumed that the solution @ = 0 of (2.1) 1s (GUSV), ie,a=1

Theorem 4.11. Assume that the solution z = { of (2.1} 1s (GUASV)
and g(k, Z) satisfies (4.11). If 9(k) < H(1—a)/Ba for allk > T, T =const.,
then the solutions of (4.1) are eventually uniformly bounded
(T,H/Beo, H /).

Proof. As in the proof of the preceding theorem, we have
(ks ko, o) < Bo*~o||gl) + BERT o7 4(r) <
< Ba***o|jgl| + H(1 — a)a T Thzi,et T =
= BaFke el + Ha {1 - af ko)

L for k> ke =2 T,

Consequently, if ||¢]| < H/Ba, then u(k; ko, wo) € H/a for k>ke 2T

" and the theorem is provad.
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ON TOTALLY UMBILICAL CR - SUBMANIFOLDS
IN A KAEHLERIAN MANIFOLD

BY

IZUMI HASEGAWA

1.Introduction. S. Deshmukhand SL. Hus ain [2] proved a
classification theorem for totally umbilical CR - submanifold in a Kaehlerian
manifold. From their theorem we have the following.

Problem. Let M be a 8- dimensional totally umbilical proper CR
. submanifold in a Kaehlerian manifold M. Then, is the mean curvature
vector y parallel ¢

We arrange their theorem in section 3 and give an affirmative answer
in section 4. N

2.Preliminaries. Let M be a real 2 m - dimensional Kaehlerian
manifold and M an n -dimensional submanifold in M. We denote by <, >
the Riemannian metric of M as well as that induced on M, and by J the
almost complex structure on M. The Riemannian connection V induces the
Riemannian connection V on M and the normal connection V+ in T+M
obeying the Gauss and Weingarten formulas

(2.1) VY = ViY +0(X,Y),

(2.2) Vyxa = —A.X + Vxa

for tangent vector fields X, Y and normal vector field o on M, where o is the
second fundamental form on M and A, the Weingarten map with respect
to o related as

(2.3) <o(X,Y),a >=< 4. X, Y >.
An n -dimensional submanifold M is said to be totally umbilical if

(2.4) (X, Y)=<X,Y > g,



