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1. Introduction. Let I, denote the class of functions of the forin
1 o0
(1.1) f@) = 5+ 3 apnz™ (apyn 2 0)
n=0
which are analytic and p-valent in U* = {z: 0 I 1}. For a function

< |z] <
f(z)in2‘(p),andfor—1$A<B§1,0<B§1,{)Sa<1,0<ﬁ§1,
B B B
— S <
a,nd(B“A)<7$(B_A)aifa#0and <

vy<lifa=0, we

(B~ A)
say that f(z) € £,(A, B, a, 8,7) if and only if
),
f(z) .
(1.2) 7 N <@, zelU”.
W ELEPRAWY O
@ - A1y (5 +2) 5 (S5t +2)

Meromorphic univalent functions have been extensively studied by
Pommerenke[ll},Clunie[5],Libera[6],Mogra,
Reddy and Junejal9),and Aou f [1],[2]. Also meromor-
phic multivalent functions have been extensively studied by Urale -
gaddi and Ganigi{12], A ouf[3),[4] and Mogra[7],[8].

Coefficient estimates, distorsion theorem and radius of convexity for
the class £,(A, B, o, 8, 7). Further it is shown that this class is closed under
convex linear combinations.
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2. Coefficient Estimates.

Theorem 1. Let the function f(z) be defined by (1.1). Then f(z) is

in the class Lp,(A, B o, f,7) if and only if
oo
> l2p+n)+B{(B—A)y(p+n+a) = B2p+n)}apsa <

(21) &
i < (B — A)y7p(p - o).

The result is sharp.

Proof. Suppose (2.1) holds. We have |2f'(z) + pf(2)| -
~B|(B — A}y (Zf'( )+ af(z)) — B{zf'(z) +pf(2)}| < 0 prov:ded

|Z (2 + R)apsnz??*"| - BI(B — Ayy(p— a)—
(2.2) L ™°
=Y {(B = A)y(p+n+0a) - B(2p+ n)}ap, 2?77 <0

=0
For |2 = v < 1 the left side of (2.2) is bounded above by

> (2P + )appar?tt — (B — A)yB(p - @)+

n=0

+8 {(B~ A)y(p+n+a) - B(2p +n)}apynr?t" =
n=0

= Z[(QP‘I' n}+ B{(B - A)v{p+n +o)—

n=0
—B(2p + n)}Happnr?t" — (B — A)vB(p— o) <

<D [2p+m) +B{(B-Ayp+n+a)-
n=0
—B(2p+ n)}lapya — (B — A)yB(p— @) <0.
Heuce f(z) € (A, B,w, 3,7). Conversely, suppose

i zf'(=z

l ”H"}lﬂ’ _

(B — Ayt + o) - BOREE p)
Z (2p + n)apyn2?PH" ‘

n=9_

(B—A)y(p—a) =Y _{{B-A)v(p+n+a)—B(2p+n)}ap, 27t

<p
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for z € U*. Since |Re (z)| < |2] for all z, we have

oo

> (@2p+ n)appa 2Pt
(2.3) Re =0 < B.
(B-A)vip-a)-)_{{B—A)y(p+n+a)~B(2p+nlapynz?"t"

n=0

Choose values of z on the real axis so that

) is real. Upon clearing the
4
denominator in (2.3) and letting z — 1 through real values we obtain (2.1).
Further, by taking the function f(z) of the form

(24) () = 5+

(B - AjvB(p— o)
(2p+ n) +B{(B - Ayy(p+n+a)- B(2p+n)}

2P+ (n > 0)

we can see that the result (2.1) is sharp.
Corollary 1. Let the function f(z) defined by (1.1) be in the class
LA, B,a,3,7). Then
(B~ AlyB(p — a)
2.5 n > 0).
(2:5) @pin < (2p+n)+6{(B-A)y(p+n+a)— B2p+n)) (»20)
The result is sharp for the function f(z) given by (2.4).

3. Distorsion Theorem.

Theorem 2. Let the function f(z) defined by (1.1) be in the class
£.(A,B,a,8,v). Then

- (B— A)yB(p — a) e .
(3.1) r? 2p+ B{(B - A)y(p+ a) - 2Bp} <|f(2) <
L (B~ A)yB(p— o) S
2p + B{(B - A)y(p + @) — 2Bp}

The result is sharp.

Proof. In view of Thecrem 1, we have

22+ B{(B ~ A)y(p+ &) —2Bp}]Y apin <

n=0
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<D [2p+n) +B{(B - A)y(p+ 7+ a) — B(2p + 1) Yapsn <

= < (B - A)yB(p - a).
Therefore N
2_apin < 2 + ﬂ{(}:; ?ﬁﬂ(& ac;)— 2Bp)
Hence
1f(2)] < l + Zap+ S + r”Zap+n <
1, Ee A
2p+£{(B - A)v(p + o) — 2Bp}
and
I 5 = Sapnr 2 L -5 00>
L T B e T,

v " 3p+ p{(B - A)y(p+a) — 2Bp}

The bounds for |f(z)| are attained for the function

(B—A)yB(p— o)
2p+ B{(B ~ A)y(p + a) — 2Bp}

1
)=+

P at z=r,re'"/?P
4. Radius of Convexity.
Theorem 3. Let the function f(z} defined by (1.1) be in the class

Zo{A, B, B,7), then f(z) is meromorphicaily p-valerit convez in( < |z| <
Ry, where

R minf{f’[(?*“)*‘ﬁ{w AP t+n+a) - B(2p+n)}}’ﬁ’¢=
(4.0) "r T (p+n)2(B - A)yf(p— o)
(n > 0).

Faidl

Proof. It suffices to show that

1+ z;,"(z) +p .
,Ez) <1 for 0< |zl < R,.
14 z2f"(2) .
f'(z)

Noting that

Zf"( ) +p Z(Qp + n)(p + n)ap4n2%Pt"

z';"’!izi === <

2p+
FRE P | Db mapa

E(?P +n)(p + n)apyn|2fPH"
< n=0

1

=3 nlp + m)appalel

n=0

the last expression is bounded above by 1 if,

4.2 Zapin|z[*Pt" < 1.
(4.2) ;:0:( . Yapynl|2PT" <

From Theorem 1, we have

(o4 ) + BB~ Ay(p+n+a) - Bizp+ n))

(B — A)vB(p— a) ppn < 1.

n=0
Hence (4.2) is satisfied if
(p+n)2lzi2p+n (2p+n)-‘-[3{(8 A)Y(p+n+ ) B(2p+n)}
43 P (B~ A)v6(p — o}

n=201..
Solving (4.3) for |z| we obtain

Is < {p“'[(2p+n) +B{(B -~ A)yy(p+ n+a) ~ BOp +n)}], 1
(4.4) - (p+n)2(B - A)yB(p - @) '
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Putting |z| = R, in (4.4) the result follows. Finally the result is sharp for
the function

) (B~ A)yB(p — ) Jptn
“5) 1) = 5+ Gy Ty 1 AUB =~ A)y (p+n+a) - B(2p +n)}

for some n.

5. Closure Theorem.

Theorem 4. Let

fp—I(z) =
and
(B~A)vB(p-a) n
frin(2) = t 2 ¥ )+ B8{(B—A)v(p+n+a) - B(2P+n)}zp+ ’
n=0,1,...

Then f(z) € L,(A, B,a, 3,7) if and only if it can be expressed in the form
oo OO
f(z)= Z Aptnfpen(z), where Ay, > 0 and Z Appn = L.
n=-1 n=-1

Proof. Suppose

2= Y ApinSpin(z) =

n=-—1

LS (B - A)y8(p ~ 0)pe e
ZP n02p+n)+ﬂ{( Ay(p+n+a) ~ B(2p+ n))} ’

Then
3 (B — A)yB(p — @) Apin ‘
Z2p+n)+H{(B- A)v(p+n+a)— BZp+n)}
 (2p+7n)+B8{(B-A)y(p+n+a)-B(2p+n)}
(B - A)yB(p~ a) a

e Z)‘p-}n =1-A <1,
n=0

wrhich Ahaoe~ £/ ~ T F a4 N P TN
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Conversely, suppose that f(z) € £,(A, B, o, 3,7). Then

(B - A)yB(p~ @)

" S Tt w (B = A(p+nta) BEprm) T 0
Setting
_@2ptn)+8{(B-Aly(p+n+a)- B(2p+n)} .
Sk (B = AvBlr—a) Grtns B =0k
and

o0
Ap—1 =1~ Z)‘p+n
n=0

we obtain f(z Z Apenfpin(2).

n=-—1

This completes the proof of Theorem 4.
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ON THE RELATION BETWEEN V-NORMAL SEQUENCES
AND BERNOULLI-NORMAL SEQUENCES

BY

PETRU MINUT

Let G be an alphabet, i.e., an at most denumerable set with at least 2
elements and let V = (p;);ec be a stochastic vector:

pi>0 (Vegq, Zp,- =N
i€G

The vector V' gives a probability repartition on G. We call word of length
s a finite sequence of elements of G and we denote it by A = (8, 8, ey B),
where 6, € (7, 1 <i < .

Let us consider sequences of elements from G
(1) Oy, 0, .oy gy ool

For each natural number s > 1 we attach to sequence (1) the sequence
of words o length s

(2) (@, oy as) (@2, oy @sgt)y ooy (On oo gt oo

Definition 1. We define the measure of the word A = (ay, e tg) by
p(a) = Hp,_.
=i

Definition 2. The sequence (1) is normally distributed (or with nor-

;n.ru.’ repartition) with respect to V if for all s and for all A of length s we
e

{(3) Jim -Nkl(‘A) = u(A).



