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1. Introduction. The differential geometry of some classes of sub-
manifolds in manifolds endowed with an additional structure has been in-
vestigated by many people. Thus, for the study of the differential geometry
of C - submanifolds of a Kaehler manifold defined by A.Bejancu see [1], [2],
[9] and for the study of differential geometry of contret € R-submanifods
{called also semi invariant submanifolds) of a Sasakian manifold see [10],
[16]. [21]. The contact C'RR-submanifolds from other classes of almost met-
ric manifolds have been investigated in [7], (8], ($7], [18]. The class of almost
semi-invariant submanifolds of a Sasakian manifold studied by A.Bejancu
and the present author in [4] is more general thar the class of contact
('R -submanilolds.  Recently in [20], 13.Pertici studies the class of C'R-
submanifolds defined in the sense of complex analysis of almost hermitian
manifolds. The definition of C'R-submanifolds due to A.Bejancu, [2], which
makes explicit use of the metric tensor is less general than the definition of
C'R-submanifolds in the sense of comnplex analysis used by ID.Pertici. The
purpose of the present paper is to define and to study the existence of a cless
of submanifolds ol almost contact metric manifolds which are corresponding
to the class of O submanifolds of almost hermmitian manifolds in the sense
of definition used by 13.Pertici. We call this class of manifolds the class of
contact generalized C'R-submanifolds and we remark that this new class
of submantfolds includes the class of almost semi-invariant. submanifolds as
well as the class of contact ¢ R-submanifolds.

After a first introductory section, in section 2 we define in fact two
classes of contact generalized C fi-submauifolds of an almost contact m-tric
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£ on the almost contact manifold with respect to the considered subman-
ifolds. Some examples of these classes of submanifolds of certain almost
contact metric manifolds are also given in section 2. In section 3, we study
the intergrability distributions involved in the definition of contact general-
ized C H—&-submanifolds and obtaiu some results concerning the existece of
this class of submanifolds of certain particular classes of almost contact met-
ric manifolds (Sasakian manifolds, contact metric manifolds. trans Sasakian
manifolds, Kenmotsu manifolds). Finally, in section 4 we study the integra-
bility of distributions on a cortact generalized CR — &*-submaaifold and
nblain some necessary conditions for the existence of this class of submani-
folds.

2. Preliminaries. Let M be a (2n + L)-dimeusional almosl contact
metric manifold with (¢,£,7,g) as the a,]mOsL constact metric structure,

where ¢ is a tensor field of type (1. !} on M €15 a vecto field, nis a 1-form

and g is a Riemaunian metric on M.
These tensor fields are related by

(1) ¢2=—[+U®‘f? =0 nll=1: no¢g=20
and
(2) g{¢z,8Y) = g(X.Y) — (X )n(Y)

for all vector fields X,Y tangent_to M. The fundamental 2-form @ of an
almost contact metric manifold Af is defined by

(3) ®(X.Y) = g(X, V)

for any X,Y tangent to M. _
Denote by V the Riemannian connection on A with respect to the
Riemannian metric g. Then

(4) (Vxm)Y = g(VxEY); (Vxm¥ = (Vyd)(E. o¥)

The exterior derivatives of  and ® are given by

(5) 2dn(X,Y) = (Vi)Y = (Vy) X,
(6) 3dS(X.Y,2) = 5§ (Vyx®)(Y,Z)
(X.Y,2)
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for all X,¥,7 tangent to M, where §  denotes the cyclic sum.
(X.V.2)

I “11, ok, &1 = 1,...,n) is an orthonormal frame field of an open
subset of M. the coderivative of i and @ are computed to be

(7) == {(VenE: + (Vo )oK},

=1

(8). Z{m Ei, X) + (Vor, 8)(0F:, X)) - (Ved)(£, X)

An almost contact metric structure (#,€. 71,9} is said to be normal if
the Nijenhuis tensor field N, of ¢ verifies

(9) No+2dn@¢€ = 0.

In {11] D.Chinea and C.Gonzales give a complete classification of al-
most contact metric manifolds. We recall the definitions of these classes
which we shall use in the seqeul.

An almost contact metric structure (¢,£, 7. g} is said to be:

(a) Sasakian if ® = dn and (4, €,7,9) is normal.

(b) cosymplectic if dd = 0, dy = 0 and (¢.€,1n,9) is normal,

(c) Kenmotsu if d®(X,Y, Z) = 5( 5‘ {ru J®(Y, Z)}, dnp = 0 and

(&,€, 1. g) is normal,

(d) a contact mefric structure if ® = dn,

(e) almost cosympletic if d® = 0 and dy = 0,

(F) quasi-Sasakian il d¢ = 0 and (¢, £,1,¢9) is normal,

(g) almost-Kenmotsu if d®(X, Y, 7) = ::i( 'S {n X }Cb (Y, 73}, and dn = 0,
(h) trans-Sasckion if dd = Lén(d An), dy = F=80(6)P, ¢*(6P) =) aad

(@.&, 11, g9) 1s normal.

We remark that an almost contact. metric manifold Misa Sasakian manifold
tf and only if we have, [6]

(10) (Vx9)Y = g(X,¥)E - n(¥) X
and A7 is a Kemotsu manifold is and only if we have, [12], [15]

{11} (f? v Y = @loX. YV — ni¥YieX
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for any vector fields X, ¥ tangent to Af. .
Also, M is a cosympletic manifold if and only if we have, (5]

(12) (Vyd)Y =0 and ViE=0

for any X, Y tangent to M, and M is a quasi-Sasakian manifold il and only
if it is endowed with a tensor field F of type (1.1) such that, {14]:

(13)

(Vxd)Y = n(YIFX —g(FX,Y)&FX = FoXig(FX.Y) = gL\ FY)

for any X, Y tangent to Al - _

Let A4 be a real m-dimensional Riemannian manifold tsowetrically
immersed in an almost contact netric manifold M. We say that the sub
manifold M of Mis a E-submauilold (resp. a &+ —submanifold) if the struc-
ture vecror field £ of M is tangent (resp. normal) to M. The 1- dimensimﬁi
distribution spanned by € is denoted by {€}. For a submanifold M of M,
we denote by "M and TM L the tangent bundie of M and the normal bjudle
to M. resp(;cti\'c-ly. For any vector bundle f{ on A/ we denote by I'(H)
the module of all differertiable sections of H. Throughout Phe paper. all
manifolds and morphisms are supposed to be differentiable of class €™,

3. Contact generalized C /i-submanifoids of almost contact
metric manifolds. Let M be a submanifold of an alinost contact met-
ric manifold 3. First, suposse that the structure vector field & of M is
tangent to M, ie. M isa £-submanifod of M. ‘We denote by [£}+ the
complementary orthogonal distribution to {&}in TM.

For anv X € T{TM) we have g(¢X.§) = (. Then, we put

(14) AOX =bX +cX

where bX € '({£}4) and eX € T(T M), . .

Thus b is an endomorphism of the tangent bundle T°Af and ¢ is a }u@l'tuﬂl
bundle valued 1-form on M. Next. for cach point « € M owe define the
subspace D, of T, M by:

D, ={X, € {&}Fe(X,) =0}

It is easy to see that [, is the maximal invariant subspace of {€} ;. that is.
we have ¢D; = Dy for any x € M and if D} C {€}2 a.ud &' = D), then
we have D C [, for any @ € M. The subspace [, is c‘allml the contael
invariant tangent space to the {-submanifold M at the point .
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Definition.  The £-submanifold M of the almost contact metric

manifold M is called a contact generalized CR —~ £-submanifold if the com-
plex dimension od [}, is constant, for all x € M.

The distribution 2 — D,y r € Af is called the invariani distribution
of M and the complex dimension of D, will be always denoted by p. If, for

all @ € M. D, = {€}£, then M is called an invariant -submanifold of M.

Remark. It is easy o sec that every -hypersurface of an almost
contact metric manifold M of real dimension 2n + 1 is a contact general-
ized ('R — & submanifold for which the complex dimension of the invariant
distribution s n — 1.

For a contact generalized CR -~ £-submanifold M of an almost contact
metric manifold M, we denote by D° the complementary distribution to
D& {&} in TM. Thus, for the tangent bundle to the contact generalized
CR — & ~ submanifold Af we have the orthogonal decompositicn

(15) TM =D& D° & {£).
Then, for Tﬂﬁ/fw we have the orthogonal decomposition
(16) TMy =D& D @ {C}aTML.

Now, il M is a contact generalized C' R — &-submanifold of M, for cach
x € M we define the subspace D of T, M by:

D = {X, e {&)Lb(X,) =01.

We note that Dy and D} are two orthogonal subspaces of the tangent
space 1, M.

Definition. The contact generalized C R —£-submarifold A of M is
said to be a contact almost CR — E-submanifold if the real dimension of [
is constant, for all ¥ € M. In this case, the disiribution ¥ — DF: z € M
is called the contact anti- invariant distribution of M.

If, for all @ € M, D} = {€}1, then M is called an anti- invaries !
E-submanifold of M. Also, if for all z ¢ M, DI = D2 and the compiex
dimension of Qvis nonzero, then M is called a proper contact CR ~ -
submanifold of M (or a vemi-invariant £ —submanifold (zee [3], {5], [15], [211)).

In general, for a contact almost C R—£-submanifold we have D1 = s,

2l =
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[°, and for the tangent bundle to the contact almost C'R — £-~submanifold
M we have the orthogonal decomposition

(17) T™M =D i D‘L i b & {5}

A contact generalized C'R—é-submanifold M of M is said to be proper
if the complex dimension of the invariant distribution D is nonzero and there
exist X € ['(D°) such that b{X) # 0.

Remark. The almost semi-invariant submanifolds of a Sasakian man-
ifold studied by A.Bejancu and the present author in [1] constitue exam-
ples of proper contac! generalized CR — &-submanifolds. In particular, the
semi-invariant submanifolds (or contact C R-subinanifolds) studied by many
people (see [3], [5], [7], [8]. [16], [18]) are cxamples of contact C'R — &~
submanifolds in some claszes of almost contact metric manifolds (Sasakian
manifolds, quasi- Sasakian manifolds, cosympletic manifolds, Kenmotsu
manifolds).

Other exemples of proper contact generalized C'R — &-submanifolds
can be obtained as follows.

Let M be an almost contact metric manifold and let M be a £- sub-
manifold of A7. A differentiable distribution D C {&}* on M is called a
slant distribution if for any nonzero vector X € D.;z € M, the angle §(.X)
Letween ¢.X and the vector space D, is constant, i.e. #{X) is independent
of the choise of z € M and X € D;. Suppose that there exist on M two
differentiable distributions £ and D such that the following conditions are
fulfilled:

N TM=D3D&E,

(ii) the distribution D is invariant by ¢, i.e. ¢(D;) = D, for cach v € M,
(iii) the distribution D is a slant distribution with the slant angle 8 € (0, §).
It is easy to see that a £-submanifold M of an almost contact metric mani-
fold M endowed with the pair of orthogonal distributions (D, D) satisfying
conditions (i), (ii), (iii) is a proper contact generalized C'ft — £-submanifold
of M. In [10], B.Y.Chen has been studied the slant submanifolds of an
almost hermitian manifold giving examples of proper slant sibmanifolds.
Also, in {19] I study the semi-slant submanifolds of a Kaehlerian manifold
and give an example of proper semi-slant submanifold.

On the other hand, it is known that if M is an almost contact metric
manifold with the almost contact metric structure (¢,£, 7,9}, then M x R
is an almost hermitian manifold with the almost complex structure J on

M x R defined by
s 08 = (ox = e d)
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where f is a C'™ function on M x R, and with the hermitian metrics & or

h® defined by
d d
h ((JY.f]_a) 3 (Y~f2a-_r')) = ‘](Xy)’}“}'flf?

and h°® ie""’h. where @ : M x R — R is defined by a{z,t) = t, for all
(z,t) e M x K.

It is also known that the almost contact metric structure (¢,€,7.9) on M
ts cosympletic if and only if the a,ln]gst hermitian structure (J, 2} on MxR
is kachlerian and ({¢,&,n,¢) on M s Sasakian if and ony if the almost
hermitian structure (J, 2°) on M x & is Kaehlerian.

Then, by using the results from [20], new examples of proper contact gener-

alized C'R — &-submanifolds of almost contact metric manifolds are obtained
by the following proposition:

__ Proposition 2.1. The £-submanifold M of the Sasakian manifold
(M. 9, 1.9) is acontact generalized C' R~ §-submanifold with the invariant
distribution D and the orthogonal distribution D° if and emlv it M isa C R~
submanifold in the sence of complex analysis of the Kachlerian manifold
(M x R,J h°) with the C' R~ distribution D and the orthogonal distribution
D° @ {€]. More general, the é&-submanifold M of the almost contact metric
manifold (M, $,€,n,¢9) is a contact generalized CR — E-submanifold with
the invariant distribution D and the orthogonal distribution D° if and only
if MisaCR submaq_ifofd in the sense of complex analysis of the almost
hermitian manifold (M x R, J,h) er (M x R, J, h®) with the C'R-distribution
D) and the orthogonal distribution D° & {¢}.

__ Now, let M be a £+ submanifoid of an almost contact metric manifold
M. Then for any X € T(TM) we have

(18) X =bX +cX

where bX € I'(TM) and cX € I'(TM*). For each z € M we aiso denote by
D, the subspace of T, M defined by

Dy ={X; € T:M;c(X;) =0}

Then D, is the maximal invariant subspace of T. M and it is called the

invnriant tanaont crmnn nf tha € anbieen 010 A8
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Definition. The t-submanifotd M of the almost contact metric
manifold M is called a contact genralized C R — £1- submanifold if the
complex dimeasio of D, is constant, for all @ € M.

The distribution @ — Dy 2 € M is called also the incariant distri-
bution of A,
if, for all @ € A, D, = T:-M, then Al is called an invariant £+ submanifold
of M. .

Remark. Every £Lt-hypersurface of a Kenmotsu mantfold A is a
totally umblical invariant &€--submanifold of A7 (see {13], [18]). Also, the
semi-invariant £X-submanifolds studied by the present author in [18] are
examples of contact generalized C'I - &1 - submanifolds of a Kenmotsu
manifold.

For a contact generalized C R—£*-submanifold M of an almost contact
metric manifold ﬁ, we denote also by 1° the complementary orthogonal
distribution to [ in TM, and for the tangent bundle T'Af we have the
decomposition

(19) TM =D& D°
hence, for T[L?W we have the decomposition
(20) TMy=DoDeTM*.

If AT is a contact generalized CR - £*+-submanifold of an almost con-
tact metric manifold M, for each r € M we denote by ;- subspace of T, M
defined by
D= {X; € Tuib(X,;) =0}

Definition. The contact CR — £*-submanifold M of M is called a

contact almost C f— &L ~submanifold if the real dimension of D} is constant,
for all x € M. In this case, the distribution x -~ Dz € M is called the
anti-invariant £+ distribution of M.
If, for all # € M.D} = T M, then M is called an anti invariant gl
submanifold of M and if, forall z ¢ M, D = D? and the complex dimension
of D, is nenzero, then M is called a contact CR—€° ~submanifoldor a ser
mvariat £+ -submanifold of M.

For a contact almost C' R — &+ submanifeld, in geaeral we have D C

D2, and in this case, we denote by D the complementary orthogenal distri-
bution to D+ in D° and for the tangent bundle T'M we have the orthogonal
decomposition
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A contact gencralized C'R — £t-submanifold M of M is said to be
proper if the complex dimension of the invariant distribution 1) is nonzero
and there exist X € I'(D°) such that bX #£ 0.

Examples of proper contact generalized €' — £+-submanifolds can be ob-
tained as follows.

Let N be a Kachler maniffold with the Kaelerian structure (/. G) and
fo B — 1t be a lunction defined by f(t} = celsc € R.c > 0. Then,
the warped product M = R x; ¥V is defined as being the manifold R % N
cadowed with the Riemannian metric

e (X V) = we b PG (X, ¥)

for any vectors X = {u. X4}, Y = (v, Y)) tangent in {f,z)to R x N Ttis
know ([IS_I.;I 8h. that if & is a Kaehler manifold then the warped product
M = R x; N is a Kenmotsu manifold. Thus, one easily proves:

Proposition 2.2.  Let &N be a Kaehler manifold with the Kachlerian
structare (.G and M = R x; N be the warped product, where f(t)
relic € Roe > 0. with the Kenamotsu structure (0,€,1, g3, {see [15]). Then
M is a contact generalized C'R—&*- -submanifold of the Kenmotsu manifold
M if and only if M is a Q R—submanifold in the sense of complex analysis
of the Kachler manifold N.

4. Integrability of distributions on a contact generalized C' K -
¢— submanifold. l.et M be a contact generalized C'R — E-submanifold of
an almost contact metric manifold M. Then the tangent bundle TAf has
the decomposition {15), therefore, for any X € I'(T'AM) we have

(22) X = PX +QX +7(X)¢

where we have denoted by /2 and () the projection morphisms of TM to D
and D°, respectively.
I N is a vector field in the normal bundle TM L, we put

(23) N =N + N

where £V and fAN are the tangential and normal components of .V, respec-
tively.
We denote by ¥V the Riemannian connection on M with respect to the

indnced metric ¢ and by V4 the linear connection induced by ¥ on the
normal buudle 7 AFL.
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Then the Gauss and Weingarten formulas for M are given respectively by:

(24) VY =Vx¥ +h(X,Y)
and
(25) VN = —AnX + VEN

for ali X,Y € T(TM) and ¥ € T(TM)}L, where h is second fundamental
form of M and Ay is the fundamental tensor of Weingarten with respect to
the normal section N. These tensor ficlds are related by

(26) g(h(X,¥),N) = g{ANX,Y)

for all X.¥ € [(TAf) and N € D(TM1L). N

By taking into account of the decomposition (16) of 7'My, for any section

V oof Tﬁﬂ A we have

(27) V="PV4+QV V) +vt

where PV € (D), QV € [(D°) and Ve T(TM1).

In particular, for all X,Y € T(TM) we have

(28) (Vx@)Y = P((Vx$Y) + QUVxS)Y +n((Vx$)Y)E +(Vxd)¥)*.
Lemma 3.1. Let M be a contact generalized C'ft - E-submanifold

of an almost contact metric manifold M. Then we have

(29) PV x¢PY + PxbQY ~ PAgy X - $PVxY = P((Vxa)Y),
(30) | =
QVxdPY +QVibQY — QAgy X - bQV Y —/AIX.Y) = Q({(VxIY).

(31) BV xdPY) + n(VxbQY) = n(A.ov X) = p((Vyad)¥).
(32) A(X, 0¥ V-+h(X, QY )+ VEeQY —cQVxY —FA(X.Y) = ((Vyo) ¥} *
for all X,Y € O(TM).

Proof. By using the decomposition (14), (22}, (27 and the Gauss
and Weingarten formulas in (28) we obtain

(33) VyoPY + hIX, ¢6PY) + VxbQY + hIX. QYY) - Agy X+
+VECQY -~ dPVxY —bQVxY —cQV Y -~ th(X.Y) — fR{X. V) =
= P((Vx$)Y) + QUVx&)Y) + n((T o)} )E + ((Ty o)) *

for uli X, Y & U{FM). Then (29)-132) follows from {33) by taking the

) 4 s
components on each of the vector bundle D, D%, {£&} and rspectively T
Now, we state
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Proposition 3.1. Let M be a proper contact generalized C'R — &
submanifold of an almost contact metric manifold M. Then the invariant
distribution D is integrable if and only if we have

(34) R(X,0Y) — h(X.Y) = (V)Y ) - (Vy ) X)*
asd
(35) dn(X,¥) =0

for all XY € I'(D).

Proof. I'rom (32) we have

hX,8Y) = cQVxY + fR(X,¥Y) + (Vxd)¥)*

for all X,Y € I'(D). Hence we have further

(36)  h(X.6Y) = h(¢X,Y) = cQ([X,Y]) + ((Vxd)Y) L — (¥yo) X)*
for all X,Y € I'(D). On the other hand we have

(37) (X ¥]) = 9(VxY - Vv X,8) = g(VxV,6) - g(Vy X,§) =

= 9(X, V&) = g(Y,Vx€) = (VymX = (Vxn)Y = ~2dn(X.¥)
for all X, Y € ['(12).Thus, the assertion of Proposition 3.1 follows from (36)
and (37), by taking into account that ¢jpe : D° — ¢D° is an isomorphism.

Corollary 3.1. Let M be a proper contact generalized CR — &~

submanifold of either a Sasakian or a contact metric manifold M. Then the
invariant distribution D is never integrable.

Corollary 3.2. Let M be a proper contact generalized CR—£-sub-
manifold of either a cosvmpletic. or a Kenmotsu, or an almost cosympletic

manifold M. Then the invariant distribution D is integrable if and only if
we have

(38) h(X,dY) = h(dX,Y)
for all X, ¥ e T(D).

Proof. Follows from the Prposition 3.1. and the fact that in these
cases we have dn =0 and ((V v Vit =0 farall ¥ V o im0
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Proposition 3.2. Let M be a proper contact generalized C'R — &
submanifold of an almost contact metric manifold M. Then the distribution
D & {€) is integrable if and only if we have

{39) h(X,8Y) ~ h(dX,¥) = (Vxo) Y}t — ((Vyo) )t

forall X,Y e (D & {£}).

Proof. Follows from (36) by taking into account that ¢jpe @ )7 —
¢D° is an isomorphism and the fact that {36) holds for all X, Y € T'(D4{&£}).
In the case when M is either a Sasakian, or a Nenmotsu, or a cosvinpletic,
or a quasi-Sasakian manifold we have

(40) (Vx)¥ )t =0

for any X, ¥ € I'(D @ {€}). Thus, from {40) and Proposition 3.2. we have

Corollary 3.3. Let M be a proper contact generalized C'H — &
submanifold of either a Sasakian, or a cosympletic, or a Kenmotsu, or a
quasi- Sasakian manifold M. Then the distribution D & {€} is integrable if
and only if we have

(38) RX.6Y) = hig, X,Y)

for all X,Y € D(13 4 {€}).

Proposition 3.3.  Let M be a proper ronla.cf._éimwralizvd R -
£ submanifold of an almest contact metric manifold M. Then the real

dimension of the orthogonal distribution ID® is > 2 and D° is integrable if

and only if we have

(42) Ay X — Aoy Y + VibX — VybY € P(D° m {£]).
(43) (Vyd)V = (Vyd)X e I(D° €} # TAMY)
and

(44) dnp(X. V) =0

Fam 1 ¥V Vo~ I 110Y
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Proof. First, from hypothesis we have that localy there exists a vec-
tor field X tagent to M such that X € I(D°) and X # 0. Then we
have g(X,bX) = g{X,0X) = 0 which together with X € I'(D°) implies
dim.D° > 2. Next, from (29) we have

(15) PVxbY ~ PAiy X — ¢PVyY = P(V¢)Y)

for all X, Y € I'(D?). Then, applying ¢ to (45) we obtain
(16)

PUX,Y)] = ¢P(VybX - VBY + 4oy X — Aoy Y + (Vx @)Y ~ (Vyé) X)
for any X,Y € I'{D®). On the other hand, for any X,V € '(D°) we get
(47) D{[X.Y)] = =2dn(X.¥).

Thus. the assertion ot Proposition 3.3. follows from (46) and (47) by taking
into account that

VybX = VdY + A X — A Y e (M)

and N B o
(V@)Y — (Vy @)X € I'(TMu).

Corollary 3.4. Let M be a proper contact generalized CR — £
submanifold of either a Sasakian or a contact. metric manifold M. Then the
orthogonal distribution D° is never integrable.

Remarks. If M is a Sasakian manifold, then by using {10) we get
that (43) is satisfied, but dn(X,¥) = &(X,¥Y); X, Y € I'(D°), hence if M is
a properr contact generalized C'R — &-submanifold of A then (44) ts never
satisfied. If M is a either a cosymletic or a Kenmotsu manifold, then by
using (11) and (12) we get what the conditions (43) and (44} are satisfied,
therefore for a proper contact generalized C'1¢ — {-submanifoid M of cither
a cosympletic or a Kenmotsu manifold M, the orthogonal distribution D is
integrable if and only if the condition {42) is fulfilled. Also, if M is a proper
contact gencralized C'fl — £-submanifold of 2 quasi-Sasakian manifold M,
then by using (13) we get that the condition (43) is always satisfied, hence
in this case, the orthogonal distribution D° is integrable if and only if (42)
and {44) hold.

We remark also that, if M is a proper contact CR — £&-submanifold of
either a Sasakian, or a Kenmotsu or a cosvmpletic manifold (i.2. N° = N4y
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then we have bX =0, ¢X = ¢X and dy(X.Y) = 0 for all X,Y € I'(D4),
thus in this case, the anti-invariant distribution D+ is integrable if and only
if we have

(48) ApxY — Agy X € D(D* 1 {€})

for all X, Y € I'(D%). But. in this cases, we have dzvY = A,y X for
all X,Y € I'(D1). (see [3], [18]). therefore we obtain the known results:
for a proper contact C'R — &-submanifold M of cither a Sasakian, or a
cosympletic or a Kenmotsu manifold M, the anti- invariant distribution
is always integrabic. Finally, concerning the integrability of distribution
D° @ {£} we have

Proposition 3.4. Let M be a proper contact generalized CR —

submanifold of an almost contact metric manifold M. Then the distribution
D° ¢ {&} is integrable if and onlv if we have

(49 A X =AY +VebX - VibY € F(I_’)" Fasy {g}),
and
(50) (V)Y = (Vyd)X e (D& {€} & TM™Y)

for any X,Y € (D & {€}).

Remark. [f the distribution D° is integrable then the distribuiion
D 3£} is integrable teo, If M is cither a cosympletic, or a Kenmotsu, or an
almost cosvmpletic or an almost Kenmotsu marifold. then the distribution
D° is integrable if and only if the distribution D° 4 {£} is integrable,

5. Integrability of distributions on a contact generalized ("}t —
£+- submanifold. Let M be a contact_generalized C' R~ £+ -subnianifold
of an aitnost contact metric manifold M. Then the tangeut bundle TAL
has the decomposition {19) and ’I"ﬂwa has the decomposition (20}, Ior any
vector field N in the normal bundic TA% we have the decomposition (23)
and for any section V in 7 ‘MI Ar we have

(51) V=PV +QV + V'

where PV € I'(D}),QV € P(D°} and V4L e I'(T ML),
Ther, for all X.Y € T(T'M} we have

(52) (Ved)Y = P((V40)¥) + QUT co)¥ ) + ((Vyo)¥)*

In a similar wav as Lemma 3.1, we ahtain
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Lemma 4.1.  Let M be a proper contact gencralized CR = £+-
submanifold of an almost. contact metric manifold M. Then we have

(53)  PVX@PY + PYLLQY — PAgy X —6PVY = P((Vid)Y),

(54) )
GV xdPY + QV QY - Q. 1cQ} X -bQVyY ——HE(\ Y = Q'{I,r{?_\'(}f)))’),

(55)
h(X,pPY) + h(X,bQY) + VEQY ~ cQV Y — fU(X,Y) = (Vx@)Y}E

for all X,Y e I’(TM).

Now, let M b a contact generalized C i —&t-submanifold of an almost
contact metric manifold A7 Then, for any .\,} € I'(TM) we have

(56) NA(XY)) = g(V¥,8) = —g(¥. ¥ v&) = —(Txn)

From (56), by taking into account that h is a svmetric bilincar form we
obtain

(57) (V¥ — (Vyn)X = 2du(X,Y) =
forany X, ¥ € P(TM). Hence, we have

Proposition 4.1.  Let A be an almost contact metric manifoid
such that the I-form n is not closed. Then there does not exist proper
contact, gencralized C'R — &*-submanifolds of M. In particular, 1f M s
either a Sasakian, or a contact metric. or a guasi-Sasakian manifoid. then
rheru doex not exish proper contact generalized CR — 4 - submanifolds of
M. Moreo over, if M s either a Sasakian or a centact metric manifold. then
every &€+ submanifold of M is an anti-invariant submanifold.

Concerning the integrability of the invariant. distribution of a proper contact
generalized C'R — €--submanifold. in a similar way as the Proposition 3.1.
we obtain

Proposition 4.2, Let M be a proper contact gencralized CR - £
submanifold of an almost contact metric manifold M for which we suppose

dn = 0. Then the invariant distribution ) e integrable i and only if we
have

(58) RIX.OYY - hidXN ¥i=((Ved V1 - (1T L
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for all X,Y € I'(D).

. s 1
Corollary 4.1.  Let M be a proper contact generalized CIRR— &
submanifold of a cosympletic manifold M. Then the invariant distribution
[ is integrable if ad only if we have

(59) h(XN.$Y) = h(pX,Y)

for all X,Y € T'(D}.

Corollary 4.2.  Let M be a proper contact generalized C'IR — et
submanifold of a Kenmotsn manifold M. Then the invariant distribution 1
is integrable if ad only if we have

(60) R(X. oY) - h{dX.Y) = 20(6X.Y )&

for all X, Y € I'(D).

7 - r 'y o . r . 3 -
Proof. Because M is a Kenmotsu manifold, by using [[2) we get.

(61) (Vxd) ¥+ — (Vy) Xt = 29(6X,Y)E

for all X, ¥ € (D). Then the assertion od Corollary 4.2, follows from (61)
and Proposition 4.2,

Proposition 4.3. Let M be a proper contact generalized CR-¢t
submanifold of an almost contact metric manifold M for which we suppose
dn = 0. Then the orthogonal distribution D is integrable if and only if we
have

(62) Aoy X = A Y + VypbX — Vb)Y € (D7),
and
(63) (Vyd)Y —~ (Vyo)X € (DG T

for any X,Y € I'{D°).

The proof is siinilar to the proof of Propositioon 3.3, using Letmma 4.1
Remarks. If M is a Kenmotsu manifold. then by using (12} we obtain

(Vvd\V — (Ve X = 20l X Y6 & THT M
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for any X,V € I'(D°). Also, if M s a cosympletic manifold, from {11) we
have (V ya)Y = 0.

Hence. for a proper contact generalized C'I8 — &+-submanifold of cither a
Kenmotsu or a cosympletic manifold. the orthogonal distribution D is in-
tegrable if and only if the condition (62} is satisfied. In particular, for a
proper contact C' R —&L-submanifold {or a ¢L-semi-invariant submanifold)
of cither a Kenmotsu or a cosympletic manifold, the anti-invariant distribu-
tion is alwavs integrable, because in these cases we have X = 0,eX =X
for any X' € 1'(DF) and AuvY = Apy X for all XY € T(D4), (see [3],
(18]}

REFERENCES

I Bejancu A — Geomerry of C[ﬁ-suhmanifbms, D.Reidel Publishing Co;
Dordrecht-Lancaster - Tokio, 1986

L Bejancn, A — Cl-submanifolds of a KNaehler manifold, 1.Proc. Amer.Math.Soc.
69, 1978, F36-142, 1. Trans. Amer. Math.Soc. 250, 1979, 333- -345

L Bejancuw, A Papaghiuc N — Semi-imariant submanifolds of a Sasakian
tmanifold, Aw. S0 Univ."ALL Cuza” last, XXVII, shag, £01, 1981, 163-170

. Bejancu AL Papaghiuc N, — Almost semi-invarian submanifolds of a

Sasakian manifold, Bull.Math. de la Soc.Sci. de la Roumanie, tome 2Z8(76), nr.1,
1984, 13-.30

5 Bejancu Al — On semi-invariant submanifolds of an almost contact metric
manifold. An.St.Univ."ALLCuza™ Tagi, Supl. XX VI s.].a., £.1, 1981, 17-%1

6. Blair D — Contact manifolds in Riemannian geometry. Lecture Notes in Mathe-
natics, 509, 1976, Springer-Verlag
ToCHRLn, O — Contact C' H-submanifolds of quasi-Sasakian manifolds, to apear in

At Univ. “ALLCuza® {asi

R.CAlin, U — Contact O H-sy hmanifolds of a nearly cosvinpletic manifold, Publ.
Math. Debrecen, 45, 3-4, 1994, 225237

9 Chen BY. — CR-submanifolds of a Kaehlor manifold, 1 and 1, 1 Dif Geom. 16
FORL, 305-322 and 493-300

7

10 Chen B.Y. — Geometry of slant. submanifolds, Katholicke Universiteit Leuven,
1990

1. Chinea D, Gonzaloes C — A classilicaiion of almest contact metric
manifolds, Ann. MatPura Appl. (4). 156, 1900, 15-36

Idanssens. DoVanhecke L. — Almost comact Strruct ies and curvature
tensor, Kodai Math.J., 4, 1981, 1-27

13, B um, S5 — On Naehlevian hypersurfaces in almost contact metric spaces, Tens T,
N.2., 20, 1969, 37-14

4. Kanemaki S — On quasi-Sasakian manifolds, Banach Center Publications,
vol, 12, 1984, 95--125

3. Kenmotsu K. — A class of almost contact Riemannian manifolds, Tohown

Maih.l.. 24 1979 az_ina



348 N.PAPAGHIUC ¥

16. Kobayashi M Semi-invariant sihmantfolds of a certain class of almost
contact metric manifolds, Tensor. NS 43, 198G, 28 36 . ‘
17. Kobayashi M Contact goneric submanifolds of a certain class of almost
’ ) ' ! . D e
contact, manifolds, Tensor, N.5., 18, 1980, 264272 ) .
18 Papaghiuwc N Semi-invariant submanifolds in a Kenmotsu manifold.
' ’ . e
Rendiconti di Matematica, {11, 1983, vol.3 Serie VII, 607-62 N
9. Papaghiuwc N Semi-slamt submanifolds of a Kaehlerian manifold, An

iv. "ALLCuza™ lagi, vol X 994, 55-63
St.Univ. “ALLCnza" Tagi, vol. XL, £.1, 1904, B .
200 Pertici, D C' 1Y submanifolds of almost hermitian manifolds, Boll. U ML
(7), 8B, 1904, 1015 1030 | R
21. Yano, K., Kon M — Contact (' I -submanifolds . Kodat Math.J., 5, 1982, 238-252

Received: 5.1V, [905 Dep;u‘[amt{ur- of. .’\-Iar.hr.tnmr.rrq.
Techuical University.

lagi, 6600

ROAANIA

ANALELE STHNTIFICE AL UNIVI".RSI'I;\T“ "ALLCUZA™ TAS]
Fonl XLi s La, Matematics, 1995, {2,

REMARKS ABOUT SOME HYPERBOLIC
MEAN VALUE PROPERTIES

BY

GHEORGHE BANTAS and MIHAI TURINICI

0. Introduction. Let / and J be nonempty real intervals and

K = I x .J, their usual cartesian product. By a standard rectangle of K
we mean in the following any subset (of ')

A =a,b] x [e,d]

where [a,b]. [c,d] are closed sub-intervals of J and J respectively. In this
case, Lhe points

A =({ac), B=(bc), C=(bd), D=a,d)

are called the wertices of A and, correspondingly, the rectangle in question
will be written as [ABC D).

Let ¢ : K — R be a function. For cach rectangle A = [ABCD] as
above, denote

(D1} m,(A) = (A} — g{(B) + ¢(C) - g(D).

Ihis will be referred to as the hyperbolic measure of A generated by ¢. The

considered function will be termed hyperbolic increasing (strictly increasing)
when

(D2) my(A) > 0 (respectively, m,(A) > 0)
for each rectangle A as above which, in addition, is non-degenerate (i.e.,
non reductible to a segment in £?). For example, the function

(D3} 2(t.s) =ts, (L.s)e N



