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MEAN VALUE PROPERTIES
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0. Introduction. Let / and .J be nonempty real intervals and
K = [ x J, their usual cartesian product. By a standard rectangle of K
we mean in the following any subset (of A')

A = [a,b] x [¢,d]

where [a,b]. [¢,d] are closed sub-intervals of / and J respectively. In this
case, the points

A=A(a,c). B={be). C=(bd), D= (a,d)

are called the vertices of A: and. correspondingly, the rectangle in question
will be written as [ABC DI

Let g : A — R be a function. For each rectangle A = [ABCD] as
above, denote

(D1} my(A) = g(A) = g{B) + g(C) - q(D).

Phis will be referred 1w as the hyperbolre measure of A gencrated by g. The
considered function will be termed hyperbolic increasing (strictly increasing)
when

(1D2) m,(A) > 0 (respectively, m ,(A) > 0)

for cach rectangle A as above which, in addition, is non-degenerate (i.e
non reductible to a segment in R?). For exatuple, the function

(D3) #{t.s) =ts, (Los) €N
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is hyperbolic strictly increasing, because
m(A) = (b~ a)}(d — ¢} (the usual mneasure of A)

as it can be directly scen. Finally, let (X,]|-[]} be a normed space. Given
the function f : K — K and the hyperbolic strictly increasing function
g: I — R denote
m(A) .
(D4) Ry, (A) = =55 S1(A) = s,
! mg(A)

(Here, m(A) is introduced as in (1), with f in place of g}. These will be
roferred to as the variational quotients of (f, g) with respect to A.

Now, by a mean valuc property for (f, g) over A we mean an cvahiation
of Ry ,(A) and/for S;,(A) with the aid of some expressions depending on
the objective to be obtained. Vor example, we may distinguish between

i) mean valie properties of non differential formy;
ii} mean value properties of differential form;
iii) mean value properties of inequality fequality form.

These aspects were investigated, under the particular choice (DD3) of g, in
Bantasg and Turinici[2].[8)secalso Nicolescu (6], {7]. It is
our main aim of this exposition to show that, an appropriate refinement. of
authors’ reasoning is possible so as to include the general (modulo g) case.
Details will be given in Section 2 (the vectorial case) and Section 3 (the real
case). All preliminary facts were coliected in Section . And. in Section 4,
some differential versions of the previously obtained results are given: one
gets. among others, a hyperbolic version of the Denjoy Bourbaki mean value
theorem [5, ch.8, section 8}, v a way suggested by the developments in
Bantagand Turinicil{l]. Some other aspects will be discussed
elsewhere.

1. Preliminaries. Let / and J be real intervals. Put K = [ x ./
and take a normed space (X, |- |). Concerning the behavior of the mapping
(f, A) > m(A) with respect to the generic function f: A — X and the
generic rectangle A = (4, 3,0, D] of K, the main aspects were delineated
in Bantag and Turinicil2). These, essentially, consist in the
following. By a hyperbolic constant over K we mean any map h: K - X,
of the form

fTvEY BiE oY — Al LahfeY 1wt e R

4 HYPERBOLIC MEAN VALUE PR.OPER'I']H-E; . 1.3-51

where ¢ 0 1 = X, ¢ 1) = K are given maps. This notion is motivated by

Proposition 1. For cach rectangle A of K and cach hyperbolic con-
stant h over K,

{1.1) mp{A) =0 (hence mpypyp(D) = my(A))

In ot h("r words, any property of m(A) related to f may be transferred
10 ll.w function f + A which, in principle. fails to be entitled with the pro-
perties of f

Now, by a division of the rectangle A we man any finite decomposition
A=A,
r

of-t his rectangle ifm.o.(sta,ndard) rectangles of K, with the family {int(A,)}

bmng mutually disjoint. Among these, we distinguish the divisions of A

obtained from the ones of the intervals which generate A. Precisely given
= H

a division
MM:UMAH}hﬂ=UM$HJ

of these intervals, the division of A induced in this way may be written as
A =1/, A, where .

Ay = [ti, tip1] X {85, 5541], for all possible (i, 1)
it will be termed a normal division of A.

Proposition 2. We have

(1.2) ms(A) = 51:_]) my(Ar), for any dinsion {A,} of the rectangle A.

I'his sort of additivity property has some important consequences.
One of these is to be shown as follows. Denote, for cach rectangle A of K

(06) B (a) = "L s Ay =R, (201
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These will be referred to as the variational quetients of f with respect to A.
Given the interior point P = {u,v) of K, the hyperbolic derivative of fal P
is introduced as

(D7) Duf(P) = h!fgo R'I(Ahk.(’u))

wlere, by convention
Ape(P) = [u, o), (u+ hov) (ut+hyv+ k), (u, 0+ K},
for all possible (h, k) € R,

Further, let us say that the sequence of rectangles {(in K)
An = [AanC‘nI-)n]: n 2 t

converges to PP, in case

D8) P €int (Ay), for all n, and the (point) sequences (Aq), B (Cu ) (Dn
)

converge to P

The following statement in N icolescu [6] will be in effect for us:

Proposition 3. Suppose the function fis hyperbolic derivable at seme
P € int (K) and let (Ay) be a scquence of reclangles in K which converges
to P. Then, Duf(P) = le Rf(An)-
fi o0

Note that all the results above may be also written for the particular
case X = R (endowed with the usuval norm). We do not. give details.

2. Main results (inequality form). Let again [ and J be real
intervals and put A = [ x J. For cach rectangle A = [a,b] x {c,d] of K
penote

(D9} diam (A} = max (b —a,d — )

(the diameter of A in the maximumn norm of R%y.

‘Take the normed space {X.| - ||}, the mapping f : K = X and the
hyperbolic strictly increasing function g @ N — 2. As a consequence of the
developments above, our first main resuit is

Theorem 1. Let A be a rectangle in K. Then, for cach £ > 0, there
erists o sub-rectangle A, of A with
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Proof. Construct a normal division of A by
=1y <l <Ky <hp=b, e=8y <8 << Sy < S =d
with
maxX(tiy; —ti.5j41 — ;) <e, 0<i<n-1,0<7<m— 1.
{(Here, n.m > 3 are positive integers). Precisely, il we put
A=t bl xis),s;1], 0<i<n-1,0<7<m—1
the normal division in question is {A;;}. And the requirements above read
diam (A;;) <e. forall {i,)).

Now, by Proposition 2,
Ryy(B) = Z Aipfiy g(Diy)

where

_ my(Ay)
H my(A)

Therefore, by the triangle inequality,

0<i<n—1, 0<j<m— L

Sf..-:A) < Z /\1_.-5'1’,;;(-3;;)-

[S¥}

Fhe second member of this relation is now a convex combiration of
{S7.4(A;)}. Hence the conclusion. g.c.d.

Note al this moment that o supplementary properties are required
for the couple ([, ¢) 1o get the conclusion above, Nevertheless, the obtainad
aszertion is not very sharp: heause the possibility that fr{A,) should Liave «
nonempty intersection with fr A} cannot be avoided, in general. It is there
fore natural 16 ask of woether is this removable. The answer is affirmative:;
to state it, we need some conventions. Let {7y, 5y Ky, F4 ) be four points on
the boundary of A, distinet from the vertices of A. We term such a system

rredanacahile nrhan wrhora avicte o enhonackanala A7 af A Satastar 4o ek
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(D10) cach point of this syslem ts on a certain exterior normal to A" in a
verter of A'; and each vertex of A' generates, by the exterior normal
construction, a point of the considered system.

(Here, e.g.. the esterior normal to A’ = [A'B'C'1)'] at A" means each of the
half-lines through A’, opposite to the half-lines A'B’, respectively A'DN)
The considered function will be said to be normally continuous at a point
I, (1 < i < 4) of this system provided its restriction to the inner normal
at {r{A) in E; is continuous. Similar conventions may be introduced for
the function ¢ : A = R; we do not give details. Now, as a completion of
Theorem L, our second main result is

Theorem 2. Suppose thal

(H1) f.g are continuous ut the verlices of A.

(H2) f.g are normally continuous al un adnussible four points system af
fr(A).

Then, for each € > 0, there exists a sub rcctangle A, of A, intertor to i,

with the property (2.1).

Proof. Let the admissible four points system in (H2) be denoted as
{Fy, Eq, E5, E4}. There may be constructed a division

A=AgUATUAy UAZUA,

of the underlying rectangle A, where Ag is the one given by the definition
of {E1, Fo. E5. E4} and, for | <7 <4, the vertices of A, distinct from those
of A are necessarily in {F\, Fs, E3, 4}, This gives

4

Ryo(A) = pily 4(89)

i=0
where, by convention

mg(A,)

= L0<i<A.
pE o m) VSEs

So, by the triangle inequality,

4
(2.2) SrglA) < Z 13 g(A) < n‘p?}A{*gf,g(Ai)}-
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We have two cases to discuss.
a) The extreme terms of (2.2) are identical. So,

4

Spa(A) =D piSse(A0),

i=0

wherefrom

Zl"i(sf-y(ﬂ) = Sp(Ai)) = 0.

=0
But jrg. ... gty arve strictly positive. Therefore
Sry(A) =57,(A:, 0<i<4;
and. [rom this, conclusion is clear.

b) The extreme terms of (2.2) are distinet. If SralA) < S 4(Ap),
then we are done (by applying Theorem 1 to (f,9) and Ap). Otherwise,

S1.9(A) <Sp (D), forsome i€ {1,2,3,4).
By (H1)4+(H2) we deduce, exactly asin Banta g and Turinici/[2

.Ihat.. for each 1 > 0 {(small enough) there exists a sub- rectangle Al of A,
interior to it, with i :

Sra(87) 2 (1 = m)S4(A0).
Choose 1 > 0 in such a way that
(1= m)S70(A5) > Sy e(a).

Combining these, yields

Sra(d) < Sp(al™;

and this, again with Theorem 1, gives the conclusion we need.

Having explored all possible cases, the proof is thereby complete. q.e.d

In particular, a sufficient condition (with : ( )
(HI}4(H2) is (with a natural character) for

(H3) fig are continuous over r (A).
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Note that. in such a ease. an interesting differential consequence of the
conclusion above is retainable. Precisely, we have

Theorem 3. Supposc that the rectongle A of K is taken as in (H3).
Then. there exists a point 12 € int {A) such that

(2.3) 51 4(A) < limsup Sy, (A (1))
o h k=30

Proof. By Theorem 2, there exists a sub-rectangle &y = (A B C) Dy ]
of A = [ABC D). interior to it, with

diam (A)) < 27 diam (A), S7,(A) < Sp4(D1).

Further, by Theorem 1, there may be determined a sub-rectangle Ay =

= :AQB-zf‘-gJDQ] of A with
diam {A;) < 27 diam (&), Sy (A1) < S74(82).

(Note that, in general, Ay fails to be interior to Ay.) This process maﬁ
be continued. It gives us a sequence of sub -rectangles (A )umi of Al a
interior to it. with

al Ay DAy DAy Do diam (A,) < 27%diam (A). » > 1
b) Sf._q(A) < SI.Q(AI) < S,‘.J(AZ) =

Bv the Cantor intersection theorem, there must be a single point P = (u. v).
interior to A\, with

i} PelA,B.Ch D). for all n,
i) (An). (13,). (CL), (D) converge to £ as n — .

Denote by {0, Fy.} (respectively {L..M,}) the intersection between A,

) o ) H = . . > 3
and the parallel to the r—-axis (respectively, y axis) through 7, and put. for
each n,

AN = [E.PMD,), AY) = [PE.C.M,).
AR = (AL PE) A = (LB P,

One gels, by convexity arguments,

Sra(da) € max {7, (8N} 0 > 1.
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Hence, passing eventually to a subsequence, we may assume that, for at least
one /€ {1.2,3.4},
i) AY i non degenerate and 5 4(A,) = Sf._,,(ASf’).

[0 make a choice. assume i = 2; that is,

Sr.9(An) < Sy o{[PF.CaM,)), n> 1.

Sinee. on the other hand,

o= P and M, 5 P as n = oo

it is clear that

SpalA) <limsup Sy (Ag . (P))

n—og

where, for cach n,

fin, ks = the dimensions of A,,.

This ends the argument. q.e.d.

In particular, suppose g is taken as in (I33). then, Theorems 1 and 3
reduce to the resultsin Bantas and Turinici (2]; and Theorem 3,
to the statesnent in Bantas and Turinic; (3].

3. The real case (equality form). In the following, the case X = R
will be treated. from an equality perspective. Let I and J be real intervals

and put K = [ x J. Take a function [ : k' — R as well as a hyperbolic
strictly increasing function g : K — R,

Theorem 4. Let the reclangle A in K be such that
(MY f.g are continuous over A.

Then, for each ¢ > 0. there erists a sub reclangle A,, interior to A, with
the properties

(3.1) diam (A} <&, Ry (A) = Ry ,(A,).

Proof. Let us construct an equi-distant normal division of A by

q:t0<tl<.“<t’n—l<,'n=b! p:ti+l—tn Oflfn—l:

C=8n < 81 < & & 1+ € 5. =d m— ¢ 3 ~ N~ - 1
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(Here, n, m > 3 are positive integers.} Denote

e

Alt,s) = [t t+p] x [s,9 +o),a<t <t g, c<s < Smars

Of course, A(t;,s;) are nothing but Ay; appearing in Theorem | (for all
possible (¢, 7)). Put

B(t,s) = Ry o(At,8)), a <t <taoy, e <5< smat
It 15 clear that

Rpg(B) =Y Xijd(li,s;)
¥

where (A;;) are again as in Theorem 1. T'wo alternatives arc now open hefore
; o
us.

Case 1. The set {®(;,5;); 0 <i<n—1, 0< 7 <m~—1} consists of
exactly one element. As a consequence,

Ryg(D) = Ry (AL, 1))
and the conclusion is clear with A, = A{ty, 51).

Case 2. The set {®P(ti,5;): 0 <t < n— }, 0<j<m-1} Iia‘s at
least two distinct elements. By the same way asin Bantag and Tu
rinici[2] one may prove that

min{®(t;.s,)} = @ty 5,). n}ax{¢)(i,,3_,)} = P(t,, s,).
6J

-3
for some p,u & {0,....,n — 1}, g.v € {0.....7m — 1}. Denote for simplicity
A’ = [a’;t‘n—lj X [(‘~ 57”—-]]

and let
c=z(r), y=y(r). 0<7<1
be a continuous path lying in A" with
) (x(Dy(r)) e mt (A7), 0<r <1
WY (e 0N = (s, (21wl = {t,.8,).

11 HYPERBOILIC MEAN VALUE PROPERTIES 359

The composed function, from [0, 1] to R)
V(r)=®{z(r),y(r]). 0T <1
is, by (H4), continuous; and, in view of (3.2),
D(0) < Ry 4(A) < W(1).

Hence. by the Cauchy intersection theorem,

Iy 4(A) = ¥(ry), forsome Ty in )0, 1]

and the conclusion follows with A, = A{x(7), ¥(70)). The proof is complete.
q.e.d.

As an immediate consequence, the following “weak” counterpart of
Theorems 2 and 3 is available. Let (X, Il - ]I} be a normed space. Take a
function f: A — X and a hyperbolic strictly increasing function ¢ : A" — R.

Theorem 5. Let the rectangle A in K be such that
(HA™) [ is weakly continuous and g is continuous over A.

Then, conclusions of Theorems 2 and 3 is available.

Proof. By the Hahn-Banach theorem, we may find a linear conti-
nuous [unctional =" over X with

2l = 1. a™(Ry,(A)) = Sy4(A).
The function /' : K" — R given by
F(t,s) =z7(f{t,5)), (t,5) €N

fulfils. by (H47), conditions of Theorem 4. So, for cach £ > 0, there exists a
sub-rectangle A, of A, interior to it, with

diam (A.) <&, Rpg(A) = Ry (A,).

But, evidently,

Rpg(A) = 27(Ry ,(A)) = S7,(A)

Re IAY—le™fl. A W) -~ ¢ fAan
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Combining these, one gets conclusion of Theorem 2. And from this, conclu-
sion of Theorem 4 follows at once. q.c.d.

In particular, let the function g be taken as in (DD3). Then, the state-
ments above reduce to the ones in Bantag and Turinicil[2], [3];
see also Nicolescul[6],[7].

4. Some differential versions. In the [ollowing, we are interested
in obtaining some differential consequences of the results above. Let I,.J be
real intervals and put & = [ x J. Take a (non-degenerate) rectangle A of
A and a normed space (X.|l-|[). We consider a function f: K — I and
a hyperbolic strictly increasing function g : A — R under the regularity
hypotheses

(H1) f, g are hyperbolic derivable over int{A}.
(H2) Dyg(FP) >0, for all P € int (A).

The following statement will be useful for us.

Theorem 6. Under the preciscd fucts, we have:

A) If, in addition, (H3) is accepled, then

: : 2w fP)] , > ot CAD
4.1) St a(AY < -ﬁg“;)w-s for some PP € int (A].

B) If (H4) is accepied in place of (H3) and X = I, then
_ Duf(P)

= -5 - some [ € int (A)
R for some int (A)

Proof. The first part of the statement is clear, by Theorem 3. And
the second part is essentially reduciible to Theorem 4. Precisely, given
gy = diam {A) there cxists, by this statement, a sab rectangle Ay of A,
interior to ils with

diam (A) < &1, Ry, = Ryg(A).

Further, for this A, and =2 = 27 'diam (A)) < 27 'e; there exists a sub-rec
tangle As of Ay, interior Lo it, with

Ao P A A ] A Y - B A
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We therefore get, by induction, a sequence (€,} of strictly positive numbers
with

(4.3) Entt <27 'g, (hence e, =+ 0 asn — o)
as well as a sequence of sub-rectangles (A, ),>) of A with

(4.4) Anpr Cint (AL}, dlam (Ay) <eg,, n > 1

(4.5) Ry o(A) = Ryg(d1) = Ry (Ag) = -

By (4.4} plus the Cantor interscction theorem, (A,) converges to a point
£ e int (A). In this case, (4.5) and Proposition 3 ends the argument, if we
take (H3)+(16) into account. q.ed.

In particular, when g is taken as in (D3), condition (H6) is evidently
fulfilied and the result above reduces to the onein Bantas and T u -
rinici [3;seealso Bogel [4Jor Nicolescu [8. A weak
counterpart of these developments is immediately available under the lines
of Theorem 5: we do not give details.

As a basic application of this result, a hyperbolic version of the Denjoy-
Bourbaki mean value theorem [5] will be given. Let A be a (non-degenerate)
rectangle in K. Call the subsct M of A normal, when

(D11} a nornal division A = UA,. of this rectangle may be found so that
M C i (a,).

(Here. M’ stands for the set of all accumulation points relative to M). Note
that such a set is not, denumerable, in general; in fact,

M= U fr (-/—\r)

is such an example. Let (X |j-{) be a normed space and f: K" = X a func-
tion. Take also a function g : K — R which is supposed to be hvperbolic
increasing {not i a strict sense).

Theorem 7. Suppese that (H4) is accepted as well as, for a certain
normal nart M of A
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(H5) f.g are hyperbolic derivable over int (A)\ M.
(HT} I Du f(P) < Dug(P), for all P € int (A)\ M.

Then, necessarily
(4.6) lim s (A < mg(A).
Proof. Let ¢ > 0 be arbitrary fixed and put
ge(t.s) = g(t,s) +cts, (t,s}) € N.

This function is easily shown to be hvperbolic strictly increasing; for, evi-
dently,

mg () = mg(I) +em (") > 0.

for each (non — degencrate) sub — rectangle I" of A,

It is also continuous over A, because so is g. [et
A={Ja.,
.

H
be the normal division of A introduced by M. We have, from Theorem 1
Sie (A) <874(Ar). for someindex r.
Further, by Theorem 2, there exists a sub-rectangle Al of A, interior to it,

with I
‘S'fﬁﬂz {ij -:.'_" 'S'.flgz (AP)'

Now, by the choice of M,
AL MM s a finite set.

So. there may be constructed a division
/ (s}
Ay = J1%
5
of the sub rectangle A’ so that

Arnm cl @i
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Again by Theorem 1, we have
Sre (A < .5'f_g=(l'is)), for some index s.

We now intend to apply Theorem 6 to the couple (f.g.) and the rectangle
1 To do this, we note that, in view of

int (P Cinu(A)\ M
Dige(P) = Dpg(P)+¢>0, Pein(A)\ M

conditions (H15) and (H6) are fulfilled over It Hence, by conclusion (4.1)
of that statement., there exists a point F? € int (]‘,(f}) with

sy « PSP _ AIDuf(P)I
510 (I) S T PY ~ Drg(P) 4 e

This, combined with (H7), gives

o (A)]] < g (A} = m(A) + em(A).
As 2 > 0 is arbitrary, conclusion follows. g.ed.

In particular. when M is empty, this result reduces to the one in B 8 gel
4].
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SUR LE THEOREME DES ACCROISSEMENTS FINIS

PAR
Gh.BANTAS

< général, un théoréme de type Lagrange pour une fonciion f: X —
Yoet deux points a. b € X exprime une évaluation de la différence f{6)— fla)
ou bich de la norme || f(b) — f(a)|l 4 Paide d’une expression dont la structure
dépend du but poursuivi. Pour les fonctions i valeurs réelles celle estiination
sexprime par une égalité, tendis que pour celles & valeurs vectorielles, par
une relation d'inegalité pour || f(6) — f(a})f et d’appartenence pour f(b)— f(a}
(1) [3].[6] = [9]). Mais des exemples simples ont, montré que daus le cas des
fonctions & values vectorielles on ne peul pas avoir, en général, des formules
avee ie signe " =%comme dans la formule classique de Lagrange ol le point
intermdédiaire e dépend seulement de 1a fonction f. Une modalité d’obtenir la
formule de type Lagrange avee le signe d’égalité, pour les fonctions 4 valeurs
vectorielles ou le point ¢ dépend seulement, de I'application f consiste 4
renoncer que ce point appartienne 4 Uinterval [a,b]. Mais dans ce cas le
probléme a un caractére locale dans le sens que la formule de Lagrange
fonctionne dans un voisinage suflisamment petit du point « dan lequel se
trouve autant le point b que le point intermédiaire c. Ainsi, pour la fonction
f(z) = ¢ avec 2 € Ceta =0, la formule de Lagrange fonctionne seulement
sur le disque S(0,r) avec r < 27. Sur le disque S(0,7') avec r' > 2%
elle ne functionue plus car pour b = 2977 € 5(0,7") on ne peut pas avoir
fRmiy — f(0) = e“2ri, quelque soit ¢ € 5(0,7). Une formule de type
Lagrange dans le sens mentionné implique donc une liaison plus étroite entre
la fonction f et la structure des espaces X et ¥ que dans le cas de Iestimation
dela nenme ||f(bY — f(a){|. Un premier pas dans cette direction a été fait par
D.Pompein [10]. Dans cet ouvrage nous présentons un résultat et quelques
conséquences relativement i ce sujet.

Définition.  Un interval [a,b] C X, o X est un espace vectorie! sur
R. s‘appelle de direction hh € X ' exists un nombre réel A = 0 tel que
b—a=M\.



