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A H,~CONTROL PROBLEM
WITH UNBOUNDED DISTURBANCE AND
IMPULSIVE PARAMETER; THE
PARABOLIC CASE

BY
S. ANITA, C. LAZAR

1. Introduction. Consider the following input-output system with
impulsive parameter

" T(t) = Ax(t) + Y02, Bow, @ 6(iT) + Byw(t), t € R?
(1) 2(0) = 6
(1.2) ) =Cax(t)+ DY u, ®5(T), te R,
=0

where A is the infinitesimal generator of an analytic semigroup e?! on
X, B» € LU, X). C € L(X,Z) and D € L{U,Z). Here X.U,W,Z are
real Hilbert spaces and we denote by (-,-}, (-, )ur, (-, )w, (-, )z the scalar
products and by |- |, |- |u,| - fw,| |z the corresponding norms.
tn system (1.1)-(1.2), T > 0 is a given positive number, §(iT),i € Nis
the Dirac measure supported in iT; z(t) € X is the state, v, € U,i € N are
the controllers, w(t) € W is the disturbance and z(t) € Z is the controlled
output.
The following hypotheses will be maintained throughout the paper :
(i) There exists Ag > 0, Ay € p(A) such that A — Aq is the generator of an
exponentially stable semigroup;
(i1) By - (Ao — A}Hy, with Hy € L{(W; D((Ay — A)?)), where @ € (§,1),
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(i) The pair (C, A) is exponentially detectable, i.e., there exists K €
I{Z,X) such that A + K generates an exponentially stable semi-
group elATKC)

(iv)y D*[C D]=1[0 [I}(where D" is the adjoint of D).

Example. Let Q be a bounded open subset of RY with a smooth
boundary 9. Consider the following system

%(t,f} = Agz(t, &) + 2“:‘(5) @ 8(iT), (t,&) e RY x Q
(1.3) du
ov
'L'(O’E) = $0(£)1 f € Q:

where g e X =U =4 = IJQ(Q).
We denote by A the Neumann realization of the Laplace operator, i.e.,

(£,€) = w(t,€), (,€) € RY x 9Q

{ D(A) = {z € H(Q); g—i =0 on 6Q)
Az = A¢z, Yz € D(A),

W = L?(8Q), By = the identity on L*(Q) and H;: W - X the Neu-
mann mapping v — Hyv =k, where
Ach—h=0inQ
B
v

If we consider By = (1 — A)#{|, C and D the identity on L?{{2), then
system (1.3) can be written in the form (1.1) and all the hypotheses are
fulfilled with Ag = 1 (for more details see [5], [8}).

System (1.1} is equivalent to

(&) = 0(§) in 0

z'(t) = Az{t) + Biw(t), t € (T, + 1)T),i€ N
(1.4) z(il+)=z(iT-)+ Byu,, 1€ N
(0~} =z
The mild solution of (1.1) (or equivalently (1.4)) is (¢} = e®zy +
j(: eAl=3 Biw(s)ds + z x(t = T eM T Byu,, t € RY \ T'N, where y

1=0)

Arnrmmtnn tha Jandalidn Fomntlnn 114 vl ah 1 fom 2™ N oI N I e Ny
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The mild solution z € C(RT\TN; X), (TN = {0,T,2T,3T,...}} and
there exist z(¢T'—). z(:T+) in X, for i € N (see [5],[8]). Denote by I;(U)
the space of sequences (u,), py, which satisfy pIrad lus]?, < oo.
According to the theory of standard I{.,-problems (see e.g. [3],[6],[7])
we define the H,, control problem for system (1.1)-(1.2) as follows: Given
v >0, find F € L(X,U) such that {or every w € L*(RT;W) and 29 € X:

o ol o0
(1.5) [ Ca%dt + Y [Fa(T-)l} < p? / o (t)[2dt + Blzol?,
J0 Q0

1=0
where 7 is the mild solution of
'(t) = Az(t) + Biwl(t), t € (T, (i + 1)T},i e N
(1.6) (iT+)=z(tT-)+ B Fz)(¢iT-), 1€ N
(0_) = Zo,

Ex]

where 0 < p < v and 0 < § < o00.

Remark. For related results concerning the H,, problem, with im-
pulsive controllers (but bounded disturbance) we refer to [4] (for the finite
dimensional case) and to [1] (for the infinite dimensional case).

2. The main result.

Theorem 2.1. Suppose v > 0 and assumptions (i)-(iv) hold. If
there exists F' € L{X,U) such that (1.5) is satisfied, then there exist the
operators P(t} € L{X),t € [0,T] such that

() Plty=P(t) 20, vt €[0,7]
(jj) P is an integral solution of

(2.1} P'(t) + A"P(t) + P()A + C*C + 1 P(t)B B P(t) = 0, t € [0, 7]

(j_]_}) P(O)(.’LQ — BgB{P(F):I‘o) = P':"AP)TU. Vog € X
Gv) 1P(M)|eixy < 8 ,
Conversely, if there exist P(t) satisfying (j)-(jv), then F' = —B;F(T;
satisfies (1.5) with p = 7.
Remark. A discussion concerning the different types of solutions for
(2.1} can be found in [5}.

3. Proof of the necessity. Firstly we shall assume that the H,,—
reantenl neahlam hac a enlutinn e TIY T0Y
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Denote U = I,(U), Uy = {(wi) € U; i € N, i = max{l, +}}, W=
LART; W)Y, W, = L}((t, +0); W), Rf = (t, 00).
Then, on the space R;" % Uy X Wy we define the function

(3.1)
o o
K(t,u,w) =271 / (ICz(s)|y — v w(s) by )ds + 27! Z x{t — i) wilf,
¢

1=0

where z is the mild solution of the problem

x'(s) = Ax(s) + Byw{s) + 3 Bouw; @ 8(iT), s € ;f, +00)
(3.2) izmax{l,t/T}
.L(L) = Iy

Consider the max-min problem
(MM,;)  supyew, infuey, K(t,u, w)=d(t)

Clearly, ¢(t) > 0. In a standard way can be proved that problem
(M M,) has a unique solution (uy,w;) € Uy x W,.

Consider the minimization problem
(M¢)  mingen, Kt u,w) = ¢e(zo),
for w € W, fixed.

In a standard manner follows the existence of a unique optimal control
for (My).

Lemma 3.1. The pair (u,, r,;), which satisfies (3.2} and u, € U;,
Cr, € L*R];Z) is optimal for (M,) if and only if there exists
pr € C(RF: X)NLA(RY; X) such that
(33) {p;(s) = —A"p,(s) + C"Cxy(s), s € (¢, 00)
o pe(oc) =0

(e pils) = eX T=3)p (T) = [T eV (T-0CCay(r)dr,¥T € Rt < s < T)
and

{
(3.4) ug, = BIp(aT), 1> max{l, _1_}, ieN

(where u, = (u,4)).
Proof. We shall prove only for £ € [0,7T] (For ¢ > T the argument is
similar). Consider the minimization problem
[ /" (n/T]
(My 4} Minimize{;)- [ (|Cz(s)|% — v¥|w(s)tiy, )ds + 5 Z x(t — i uilis
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(n/T}
o= Ar 4 Byw + z Baou; & 0(11), 2(t) = 20} = dn.4(z0)
=1
In a standard way it is possible to prove the existence of a unique
optimal pair (1, .2, ) corresponding to (M, ;).
From the obvious inequality ¢, () < @y(xg) it follows the bound
cdness of the sequences {u,,} in 44, We infer that on a subsequence (also
denoted by {u, ¢ }) we have g

Mop — ty, for n — oo, weakly in U, and

Ca,o— O, for n — oo, weakly in LAt T Z),V'F’ £ (L, 00)

(we have denoted by = the mild solution of (3.2) corresponding to u,).
These convergences imply lim inf,_ ., Ont(zo) > d¢(xo), which allow

us to conclude that w, , — %, for n — o0, strongly € U,

Ly~ 2 for m — oo, strongly in L2(L, T, X)Czrp — Cz}t,

for n —s oc. strongly in LE(L,'F; Z).
We conclude that %, = uy, 2} = 4, ie., (uy, ;) is an optimal pair for

{(M). By standard device follows the existence of p,, € C([t,n); X) such
that :

(3.3) {”in-f = —A"p, + C*Cxpy infi,n]
Pn,z(ﬂ) ={
(3()) Un i = B;p",t(iT)
(#ns = (g 04)) where {3.5) should be viewed in the “mild” sense. i.e.,
(3.7)

- 7
pua(s) = =5y (1) / MU Cr, ()T, t<s<T <a
785
The function wg — ¢, ,(xg) is convex and differentiable. Moreover, we have
Pra(s) = _ngn.S("L'n.t(“"))ﬁ Vs € [{'1 n]

Since r, (8) — r,(s), uniformly in R} we infer that

m sup fpo(s)] < e =D+ Y. quild), pe RS

— o ;
ixmaxdt /T
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which implies that {p,} is bounded in L°(R{; X} and soon a E',ubsequence,
also denoted by pp :

Do, — Po weakly star in L=(R}; X)
Relation (3.7) implies as in [1] the conclusion of the lemma (the proof
use the detectability assumption (iii} and the convergences of {pn:}).

Consider T'y: W, — U, defined by I'yw = u,. In the same manner as
in [1], [3] follows that I'; is an affine function and

(3.8) I'yw = Copw + for, Vo € W,
where fo, = arginf K {t,u, 0} and T, € L{W,,l4,).
Let 7,: W, — R be defined by n(w) = —K (¢, I'i(w), w).
By (3.8) we may reprezent i as n(w) = [[Gwll?, + ((w. f)})+8, where
G € LW, U),{(,..)) is the scalar product of W, f € W, and 8 € R.
Relation (1.5) implies
n(w) > allwlll, +b,Yuw € W,

where a > 0 and b € R (see for the argument [1], {3]). In a standard way
we can prove the existence of a unique w; € W, such that

w; = arg inf{n(w);w € W}
Lemma 3.2.

wi(s) = =7 2B p(s). ae s>t

Proof. We start with the inequality

'% = 72|w;‘|w)ds + I“,m”a’ >

(3.9 [ tes;

CO -
> /{ (|C;r:”' +Ew|‘?[ = A/r"lwt' Lz %v' ds + I (w] + é:w)h‘!‘,l

Ve > 0 (where 27 is the nild solution of (3.2) with r} (1) = £, with the inputs

w = Tyw;, and =01 is the mild solution of {3.2) with z;" ¥ (1) = =,

corresponding to the inputs u 1= I'((w] + cw) and w := w] + w).
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From (3.9) we obtain
{(3.10)
00

(Cri(s).Culs)) 7z — Y wi(s), w(s))w)ds + (Toew] + for, Docw), <0,

d'(s) = Ay(s) + Brw(s)+ Y. Bo{lw)i @ 6(:T)
i=1
w2 fT

y(fy =10

and satisfies Cy e LH(RE, 7).
By (3.3} we deduce that for all T > £ we have
~ G

‘r — _—
(3.11) / (C3(s), Cyls)) zds = (T, (D)) / (Brw(s), pu(s))ds—

4

—-(Bz (I\OtTU) (";)1 pt(s))u(

Since {C'. A) is exponentially detectable and Cy € L*(R}; 7Z) we infer
that lim, .. y(s} = 0.

Letting T' — oo in (3.11) it follows ™ (C'z;(s), Cy(s)) zds =
= — [[w(s), Bip(s))wds— (L'oew; + for, Tosw)y, and so by (3.10) we get
the lemma.

Thus, up to now we have proved that the problem (MM,) has an
unique optimal solution (uj, w]. z}) characterized by the Luter-Lagrage sys-
tenu:

.1:," = 4w} + Byuw] + > Bauj ; @ 8(iT), s € [t, +00)

|.3]2: 12“"3’({[.!’/']'}
xi{l) =z
(3.13) {p;{”) = = Api(s) + C"Czi(s}, s € (t,00)
' pe(ec} =0

(3.14) { up ;= Byp(iT). i = max{L.t/T}
L !

wi(s) = =Y iBipi(s), e s>t
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We sct P(H)rg = —pi(£). £ € [0.7T]. It Tollows that P{s)e7(s) = —pi(8). Vs >
| =

”
(3.15) P{t)rg = AT (1) + / AN ()T =
ti

:/ AT Cal ()T

gt

Taking into acconnt (3.13), for £p. yo € X we have:

(3.16)  (P(Hro.m) = /f HCr () Oy () — v (). (s) w]ds+

where (v wy e7) satisfies (3.12)=(3.04) and (w7, wy.y7) satisfies (3.12)
(3.14), with 47 (¢} = wo.
From (3.16) we deduce

PHy=pP (1) >0. ¥ e0,7T)

As in [1} can be proved that P{t) € L(X) and that (jjj} and (jv) h'old.
Using the optimality conditions we get that {wj.x7] is the unique
optimal pair for
(M) Marimize LI (|Ca ()% — 2w ()|F)ds + (P(T)ye (7). 2 (1)),
subject to N
£(s) = Ar(s) + Biw(s). se [LT]
z{l) = g
In the same manner as in [1] follows that P is satistying (jj) (the proof
foliows the same steps as that in [5]. corresponding to the LE problem).
4. Proof of the sufficiency. l'or w € LHRY WINCHRY W) we
denote by o the “mild™ sohition of

(1) = Aw(t) + Buw(t). L€ [iT.(i+ )T), i€ N
2 (1T 4) = 21— ) = Ba By P(T)(iT=).i € N
w(0-) = wo
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and by o, the “mild” sofution of the equation

o { rut) = Any () + Bw(t) 0 € {0, 71),

En(04) = Lo (o — Ba B3 P(T)an),

where £, = n(n — Ay~

Let us observe that [, {zg — B2 85 P(T)x) € D(A). So, the solution
of (1.1) is a strong solution (see [2]}. Differentiating (P x4}, Lara(t))
on (0.7 taking into account (jj) and passing Lo the limit we obtain alter a
little calenlation

o
/ (IC ()1 = 7 L0y e+ | B; P(T)aolf; <
J0)

= (P{1ixg, x0) — (P(T)z(T =), z(T-))
[n the same manner we get
{i+1)T . ., ‘
/-,- (ICx (1% = ¥ lw()liy)dt + |B; P(TY (T =) <
<Pyl =), z(@1T=)) — (P(TY=((i + DT =), 2((i + YT -))

Since L*(RT;W)nC (R W) is dense in L2{R™; W) we obtain that
F = —BIP(T) satisfies (1.5) with p = +.
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CR-STRUCTURES ON THE UNIT TANGENT BUNDLE
OF §*

BY

V.OPROIU

Introduction. In [2], P.Matzeu and the author have obtained the
expression of a Bochner type curvature tensor field for a pseudo-convex
C R structure in terms of a canonical torsion free adapted connection. It
appeared that the obtained expresion is much more simple than that ob-
tained in [9]. In [3], P.Matzeu and the author studied the vanishing of this
tensor in the case of the real hypersurfaces in coinplex space forms. On the
other hand, in [12] (see also [5]} it is shown that the Bochner type tensor field
the C'R-structure induced on the unit tangent bundle of an n-dimensional
Riemannian space of constant sectional curvature, with n > 2, from the
usual almost complex structure on the tangent bundle is zero if and only
if the curvature of the base manifold is -1. In the case of the sphere 52
the dimension is 2 and the constant sectional curvature is +1. We get that
the Bochner tvpe curvature tensor is again trivial in this case. Further, we
study the properties of this Bochuner type tensor field in the case of the CR-
structures induced on the unit tangent bundle 775% of the 2-dimensional
sphere S% in R® from several lifts of the usual {integrakle) almost complex
structure .J defined by usual vector (cross) product in B, It is obtained
that all the lifts of J 1o T'5? induce, essentially, the saine C R-structure -
718% and the Bochner tensor field of this 'R structure is trivial.

1. Psendo—convex ('fi-structures and associated almost con-
tact structures. A C'l-structure on the differentiable mauifold A is d=-
fined by a complex vector subbundle H{M) in the complexification T"M of
the tangent bundle TM of M, satisfving the following conditions:

(i) AMMYO H(M) =6 where A(M) = H(M)

(ii) If Z, W are two sections in (M) then their bracket [Z, W]i< also a
section in H (M) (the complex tnvolutivity condition for the € R-struciure).



