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Introduction. In [2], P.Matzeu and the author have obtained the
expression of a Bochner type curvature tensor field for a pseudo-convex
C R structure in terms of a canonical torsion free adapted connection. It
appeared that the obtained expresion is much more simple than that ob-
tained in [9]. In [3], P.Matzeu and the author studied the vanishing of this
tensor in the case of the real hypersurfaces in complex space forms. On the
other hand, in [12] (see also [5]} it is shown that the Bochner type tensor field
the C'R-structure induced on the unit tangent bundle of an n dimensional
Riemannian space of constant sectional curvature, with n > 2, from the
usual almost complex structure on the tangent bundle is zero if and only
if the curvature of the base manifold is -1. In the case of the sphere 52
the dimension is 2 and the constant sectional curvature is +1. We get that
the Bochner tvpe curvature tensor is again trivial in this case. Further, we
study the properties of this Bochner type tensor field in the case of the CR-
structures induced on the unit tangent bundle 7752 of the 2-dimensional
sphere S% in R® from several lifts of the usual {integrakle) almost complex
structure . defined by usual vector (cross) product in R Tt is obtained
that all the lifts of J 1o T'5% induce, essentially, the saine C R-structure -
718% and the Bochner tensor field of this €' R-structure is trivial.

1. Psendo—convex {'f{—-structures and associated almost corn-
tact structures. A C'H-structure on the differentiable mauifold A is d=-
fined by a complex vector subbundle /(M) in the complexification T"M of
the tangent bundle TM of M, satisfving the following conditions:

(i} AMYNY H{(M)} =0 where A(M) = W\T)

(ii) If Z, W are two sections in H (M) then their bracket [Z, W]is also a
section in H{M) (the complex involutivity condition for the & R-struciure).
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We shall use the same notation H (M) for the decomplexificatin of
H{M) and denote by J the linear operator on f{ (M} {real). corresponding
to the multiplication by the imaginary unit 2 on /(M) (complex). Then
B —1p(ary. We shall denote by I'(H(M)) the set of the sections in
the decomplexification of H(M). The complex involutivity condition in
the definition of C'/# structure is equivalent to the following two conditions
expressed in terms of the decomplexification of [/ (M ]:

(X, Y] = [(JX,JY] € I (H(M)),
(1.1} NAX.Y) =X, JY] - [X,Y] - JUX, Y] = J[X.J¥Y] =0,
VX,Y € D'(H(M))

Remark that ¥V is well defined, due to the first condition.

If M has odd dimension 2n+4-1 and the fibre dimension of ff (M) is inax-
imal, i.e. 2n, then the C'R-structure (M. H(M)) is called a C R-structure
of hypersurface type. Consider a CH structure (M, H(M)) of hypersurface
type and let i be a (local) 1-form on W for which the distribution f1{M)
is the annulation space i.e.:

P(H(M)) = {X € x(M)|n(X) = 0}

If M is orientable it follows easily that the 1-form n can be chosen
globally defined on M. The CR structure (M, H(M)) of hypersurface type
is pseudoconvex if g Adp™ # 0. Let £ € x(M) be the Reeb vector field,
defined by:

WE)=1, dedn=0

The associated almost contact structureis defined by the 1-form 5 the vector
field €. as above and the tensor field of ¢ of type (1,1} given by:

e X = J(X —n(X)E). X € x(M)

Then the compex involutivity condition of H (M) is equivalent to the van-
ishing of the tensor field S of type (1,2), given by:

(1.2) S(X,Y) = N,(X,V) +dp(X,Y)E + n(X)p(Lep)Y —n(Y)e)Leg) X

where L¢ denotes the Lie derivative with respect to £ and N is the Nijenhuis
tensor field of ¢, given by:
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I Ley = 0. the associated almost contact structure (@, n,€) to the
psendo convex C I structure (M, H (M) is normal.

Theorem 1. ([2]) If {¢. 1, &) is an almost contact structure associ-
ited with the pseudoconvex C'R-structure (M, H (M)} of hypersurface type,
there exists a unigie torsion free connection V such that

A { (Vanp)(Y) = 3dn(X.Y), V.dn=0,
' (Vae)Y = n(XHLep)Y — Jdn(X,0Y)E, XY € x(M)

Remark. I'rom the above conditions it follows V x & = 0.

The connection YV is called the canonical torsion free connection deter
mined by the almost contract structure associated with the pseudo-convex
C'1 structure (M, H(AM)). This connection is determined by the formulas:

(1.4 2V xY) = 2X(n(¥)) — dn(X,Y).

(15)  2dp(Vx Y. Z) = y{X)dn(eY, (Lee) Z) + n(Y)dn(p X, Lep) Z)+

TRz (dn(X, @Y ) + dn([X, o2}, oY) + dy([Y. 0 Z], 0 X )+
+X{dnp(Y, Z2)) + Y (dn(X, Z)) + dn([X, Y.Z), X,Y € x(M).

. .[f the 1 form 5 is changed by the formula 7' = efn, where f is a
function on M. the property for the distribution (M) to be the annulation
space is not changed and:

(1.6) { dy = el {dn + df A7)
=etnn A =T+ pA)

where the vector field A is defined by conditions
(1.7) Ay =0, dnled, X)=df(X — n(X)E)

and df (X} = X(f). Such a change is called a gauge transformation.

Remark. Similar results are obtained for the gauge transformation
o= / '
iy = —ely.

Accordingly, the cannonical torsion free connection V changes (o a
connection V' and the corresponding curvature tensor field R changes to £/

(see [2]).
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Denote by p(R) the Ricci tensor field of R, defined by:
p(R)(Y,7Z) = trace (X = HxyvZ) X,Y,Z € x(M).

and consider the following (pseudo—)Riemannian metric h on H (), given
by:
R(X,Y) =dnp(eX,Y), X,Y € I'(H(M))

We may consider the function r(#2) which is a kind of scalar curvature
obtained by computing the trace of the restriction of p(#) to H (M) with
respect to h.

Theorem 2. The tensor field B(R) defined on H(M) by:
(1.8) B(RyxyZ=RxyZ+ L(X,2)Y — LY, /) X+
+L(Y,pZ)pX — L(X,e2)pY = {L(X,pY) - L{Y,¢X)}pZ -

1 .
—dn(X,Y)KZ - ;dr](X.Z)KY + §dn(Y, AAKNZ+

1 s . . . .
+§d1](X, wZ kY — 5(17}()". el N X X,Y,Z € '(H(M)),
is invariant under gauge transformation, where

n+1

= —Qn(n n 2) (R)((PX, ‘PY)+

(1.9)  L(X.Y) p(R){X.Y)

2n(n + 2) A

+8(ﬂ + ){n+2) T(R)dn(X,@Y) =

i .
= m{P(ff)(X: Y) +dn(eX. (Lep)Y) )+

+8(n ¥ D{n+ Z)T(R)dn(/‘(.w).

and
dp(KX,Y) =2L(X,Y)

The tensor field B(R) is the Bochner type tensor field the pseudo-

convex C'R -structure (M, 1 (M)).
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2. Almost complex structures on the tangent bundle 752,
The nnit 2-dimensional sphere % in R? is given by:

§* = {z€ R'| {2l = 1)

where ||| = /< 277> denotes the Iluclidean norm of the vector » and
<. > denotes the usual scalar (dot, inner) product. The tangent bundle
1757 of 5% is given by:

TS =) e R x R |z|" =1, < z,y >= 0}

his well known that the sphere §7 is endowed with an integrable
almost complex structure J defined by the nsual vector {cross) product in
R*:

J{E, yy=1{r,z x y)

[n fact 5% with this struciure is nothing but the complex projective
line CI°Y,

The Riemannian connection ¥V on 8?2 is obtained easily from the Gauss

Weingarten equations:

Virg (2.4(2) = (0.dy' () + < g,y > 7)

where y'(z) is a vector field on S? and diy(y) is the value of the differential
dy’ in the tangent direction y. From now on we shall not write any longer
the first component. # in the pair (z, ). so that the above formula becomes
simpler:

V(@) = dy'(n)+ <py >z
Remark that from the condition < a, y'(r) >= 0 fulfilled by the vector field
y'(r) on S%, we get:
< dy'(y) >+ <y y>=0

since dr{y) = .
Phe bracket [y. 1] of two vector fickds y, ¢’ on $% is given by the for-
mula:
Ly '] = dy'(y) — dy(y")
Denoting by [w. v, w| = (u, v x w) the usual mixed (scalar triple} prod-
uct in R, we iay obtain the covariant derivative of the almost complex
structure J with respect 1o ¥

(V. N =nxd —le v adle =00 s ol 2T g2
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since y X y' is collinear with 2 and its projection on x is just |z, v, y'|. Hence
(5%, <,>,J}is a Kachler manifid. The curvature tensor field R of V is given
by:

) : . - S 1

Ryy y' =V, Vy y'—= Vv, y"'— Vi1V =

=<y .y sy—<yy" =, ny Y € x(M)

showing that S? has constant curvature +1. A simple computation shows
that this expression does coincide with

|
i<y >y < vy >y <y dy > Iy = <y Y =yt

+2 <y, Jy' > Jy")

and it follows that §? is a Kaehler manifold of constant holomorphic sectional
curvature +1L.

The tangent space T(,,..y)'l"Sz o the tangent bundie 7'5% in the point
{z,y) is given by:

T(i.i_.-JTSQ = {(u,v) € R® x R:;l <zou>=0, <xv>+ yu>= 0}

On the tangent bundle T5? we may consider some almost. complex
structures defined by using usual lifts in the differential geometry of the
tangent bundle of a differentiable manifold endowed with an almost complex
structure (see (13], [61).

a) The complete ift J of the almost complex structure J on the
almost complex manifold (M, .J) is given by: (sec [13], {6])

JEXC = (IX)E, JCXY = (JX)Y

where X, XY are the complete and vertical lifts to 7'M of the vector field
X € x(M). Tn the case of (1'S%,J) the kift J% s given by:

JC(u,v) = (& % u,y X w+x x v), (v,v) € TpyTS?

Since J is integrable, the complete lift J% is integrable too, hence T5?
has a structure of complex surface.
b) The horizontal lift JH of J on almost complex manifold (M,.J),

with respect to a connection V is defined by:

pil o 1 rrva o gl VeV
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o i oe . . .
where X' is the horizontal lift, of the vector field X on M, with respect to
V. In the case of {(5°.J) we use the Riemannian connection V to obtain

"
Ju,v) = (2 X w, e x 0+ |z, y, u|x)
A simple computation in th orthogonal basis (x,y,z x y) shows that we

have JH = J% (1his is natural since V J = 0 and JE XV e/ ’
e JH = s is natural since V ./ = 0 and JEX¥ = JH XY
J)‘X)t‘ Ueflu‘sg). 1 +((VU

¢) The lift. J considered in [6] and defined by:

JXM = (I, TXY = (X)H . X € x(M)

» e e, s
In the case of 787, it is expressed as:

J{u, vy = (2 x v, 2 xu+t |,y vz
and a simple computation shows that tits Nijenhuis tensor field is given by:
N-{u,v), (v, ) = (< u v’ >y <o >y,

] ) 2
<yu <>ty <vivse—<gu><y e >e—-y <u v >+
<y o>v- <y v >e+ <y >u— <y u>u)

d) The usual almost complex structure #* defined on the tangent bun-
dle of a manifold M with the linear connection V bhy:

FXY = -X" X" = xV X e y(M)
is expressed in the case of T'S? by:
Flu,o) = (—v— <y u>a,ut <y,v >}
and its Nijenhuis tensor field is given by
Nep(luoe) (b, ) = (< yu' >v= < ygu> '+ <y v’ >u- < v, v > u,

- !
<y v>v-<y ' >ot <y u >u- <pus>ut <y v><yu >a—

P L T TS |
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¢) The almost complex structures £, J satisfy the relation: (see [6))

hence, they define an almost quaternion on TS5%. W follows that ['J defines
a new almost complex structure whose expression is given, in the case of
782, by:

PI{u, o) = (—e X w, 2 X v — |, g, u|z) = (-2 X wa X v—yXu)

A strainghtforward computation shows that the Nijenhuis thensor field
of F.J is zero, hence the almost complex structure defined by FJ on 152,

is integrable. ‘ ' .
It follows that tle tensor field N = Np + No+ Ny associated in

[7] (see also {8]) with the integrability problem for the almost quaternal

structure (F,J, FJ) on TS? is given by:
N((u,v), (v )y = (< you' > v~ <yu> <o >u— <yv>u'+

+<u v >y—<uv,v>y,
Icyo>v —2<y v >e-2<yu>u +2 <y >ut
2 <y ><p o> —2<y,u>< v >
e+ <u,u>e -yt <u o > )

Next, the 1 - forms ap, g, a7, defined by:

1 .
wplu, v) = 5 trace {(u',v') — FN({v. ). («',v))

1 , . f
ay(u. v} = 5 trace ((u', v") —+ JN{{u, o). (', 0"}),

] ? "T
a5, vy = 7 trace ((u', ="y — FJUN{{u,v), (u',u')),

are given as follows:
op =0, aj(u,v) = —[z.y ul; ap (i, o) = 2.y, v

e . . L T T & e R S A E IR
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3. (' R-structures induced on 7}5%. The unit tangent bundle T,5%
is given by:

T S? = {(x,9) € R*x R*la* =* =1, < 7,4 >=0)

Remark. The symumetric positions of %,y in the definition of 75?
shows that we may think of x as the unit tangent vector to the unit sphere
defied by y> = i,i.e. 7,5% can be viewed too, as:

T8% = {{y.x) € R* x R‘3|y2 =zt =1, <y, z>=0}
In fact, 775 does coincide with the Stiefel manifold V3 (R?) of orthonorinal
2-frames in R*.
The tangent space o TyS% in its point. (z, y) is given as:
TS = {{n,0) € RO x R’ <2,u>=0, <yv>=0,
<z, u> 4+ < you>=0}

Remark again the symmetric positions of the vectors, u, v in the rela-
tions defining 7\, )11 5%, so that:

T(E‘,J,)T|52 = '11(_1’.‘_7:]’[—152 -

{{v.u) € R xRi<yv>=0<z,u>=0,<yu>+ <z,u>=0}
From the integrable alimost complex structure ./ on 757 we obtain a
C K- structure on the real hypersurface T7.5%, with the {decomplexification
of the) hiolomorphic distribution H{175%,J), given by:
g2 C: Y ) g C - g oo
Hipyy (N S707) = {{ita0) € Ty TS| oy (0 0) € Ty S } o=
{{u,v) € ’I'(x‘y)'t”b"“)||:r:,y,vi =}

It follows that (T, 52,.!C) can be defined as the annulation space of
the |- form n on T, 5% given by:

"f(.r.y}("’: v = |, y, “lt {u, U) € T{.r.y)TlS2
The differential dn = dn; ,; of the i-form 7 is given by:

dnlluw. o). (v’ = Tu v oty w o'l + 20 0.0 =
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=< w' > |3"v Y, '“'F"' <you> 13:: s “'f’: (uf 1))1 (?t’, “’) € T(JJ-?J}TI s°.

It follows that y Ady # 0, hence the induced C H-structure is pseudo-
convex. The Reeb vector field £ = &, ), defined by the conditions 5(£) =
1,2¢dny = 0, i1s given by:

E=(0,2 X y)

and we may obtain the almost contact structure (i, 1, ) associated with the
considered C R-structure, where v is defined by

Pl ) = € ((u,0) = n(u,0)€) = (& x wy x u), (u,9) € Tip, Ty S
{=.y

Then, the Lie derivative Leyp of ¢ with respect to £, is obtained by a
strainghtforward computation:

(L:EH‘Q) (ue v) = [6: Qo(u’: ”)] - (ra[‘f (u, q;)] =0

Hence the almost contact structure (¢, 1, €) is normal.
The canonical torsion free connection V of the almost contact structure
{v.7.£) on 178? is obtained casily from the formulas (1.4, (1.5):

View(u',v') = (du'{u, v)+ < u, v’ >,
(u.v)

! 1 .
dv'(u, v)+ < v,v" > y—l—i <yu>u 5 <yu' >u—

—<yu><yu >yt <uv >t < o> )

The curvature tensor field K of the connection V is given by
Riwop o (@ 0"y = (<’ w0 > ue <uyu >0 < yu’ ><u, v’ > -

- <yu><u,u >z

In order to obtain the Bochner type curvature tensor field of the CR-
structure (178%, H(T.5%,J%)), we must compute the Ricci tensor field p(R)
of fI. Considering the orthonormal basis (y, —x), (z x ¥,0), (0,2 X y) in
Tz 1152, we may obtain the trace defining p(R), which is given by:

p{RY{((u,v), (v, ")) =< u, v’ >

Then, using the partial metric g defined on H(T15%) (see the section 1), we
obtain:

TR =9
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Finally, we obtain the bilinear form I and the operator A given by:

]
L((u,v), (v, v')) = g <t u' >

. l i
R{w. ) = (i X o, - |z, v, u!:r) c(uv), (w,0) € H(,‘y-,{llbz)
Replacing these expressions in the formula (1.8). giving B(R), and
doing the necessary computations, we obtain the following result:

Theorem 3. The C'R structure HH{115%,J¢) induced on the unit
tangent bundle of the sphere S* from the complete lift J of the (integrable)
standard almost complex structure J on S?, is Bochner flat.

Remark. Using the orthonormal basis (z,y,z X y) € R?, associated
with the point (z,y} € 71S% the components u,v of the tangent vectors
(v.v}(u’ v') € T, 11 S? have the following coordonate expressions

t=aoay+ 8z Xy vt=—ar+yr Xy,

W=yt e xy v=-o'vr+yr %y a,B,v,o,8.7 € R

Then the expression of the cannonical torsion free connection V is given by:
View ' o)y = ((da'(u,v) = Iy + (dF' (v, v) + o'y)z x y,

s | 1

—(do' {u,0) = F'y)z + (dy' + Eaﬁ’ - é-n-'ﬂ)x X y)

4. The C/l-structures induced from the almest complex

structures ./ and F.J on 1757, In the case of the restriction of the alinost

complex structure J 1o TTS? we obtain the corresponding holomorphic
veetor bundle H{T15%) = H (1,52, J):

ey (T15%) = {(,0) € Tie ) T1S T (n,v) € TipnTi8%} =

={{n.v) e T(_Tl.'y)'llb'ﬂlrz:. y, u| = 0}

Thus, in this case, the 1 form 7 for which H(7,?) is the annulation
space is given by:
mlu.v) = lz. v u!
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and its differential is:

dif(u, v}, (v’ ©)) =y, v, 0|

Te Rech vector field is: »
&= (zxy0)

and the associated almost contact structure defined by:
Slu,v) = (&£ X e,y X v)

We see that there is nothing esscntially new, since the results can be
obtained from those in the case of J& by interchanging = with y and u
with v. Thus, we obtain from the almost complex structure J on TTS?,
hy restriction to 7757, a Bochner flat ('R structure, diffeomorphic to that
defined by J©. -

In the case of the restriction of the almost complex structure £/ to
T15% we obtain the holomorphic distribution I {T5%, F-.J) given by:

Hiz(Th S ET) = {(n,0) € T TS F T (u,6) € T, )11 5%} =

= {(u.v) € Tz 57wy, v| = 0}

it follows that the 1-form defining H(T,S*, F.J} is the same as in
the case of H{T\5%, J%), i.e. (u,v) = le.y.v]. Then we obtain the same
Reeb vector field and the tensor ¢ defining the associated almost contact
structure is given by:

@{u,e) = (—r X u,—y x ) = —plu, v}

It follows Le’ = 0 and the complex involulivity condition for
(11152, F.1)) is fulfilled since in every term of N the operator ¢' = —p

appears twice. hence N, = N, Next. from the conditions {14}, {1.5),

it follows that the cannonical torsion free connection associated with the
almost contact structure {¢' = —. . &) is the same with the cannonical
torsion free connection V associated with (¢.7.€). Further, we have L' =

L, K' = K and, hence. B'(R) = B(R) = 0.

5. Some remarks concerning the ("/{—-structure defined by
I on 115%. The almost complex structure £ on 75% is not integrable
but induces a C'R- structure on TS, since 5% has constant, curvature (see
4191 As we remarked in the introduction, the (7 R-structire induced from
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F on the tangent bundle of an arbitrary n-dimensional manifold is Bochner
flat. in the case n > 2, only if the curvature is -1. In the case of §? the
cuvature is +1 but we have n = 2 and we shall see that the CR structure

induced on 7, 5% from F is again Bochner flat.
The distribution H (T15%, F) is defined by:
Hiz o (T15%) = {(u,0) € Tir )T S?|F(u, v) € Tipyy T1S?) =
= {{u,v) € Tz )11S*| < y,u >=0}
It follows that the 1-form 7, defined H(T;8?, F) is given by:
nu,v) =<y, u> (wv)e 7‘{r,y,'ﬂ$2
and its differential is:
dn((u, v), (W', ) =< w',v > - < u v’ >, (u,v), (u'v'}, € Tz 11 S*
The Reeb vector field £ is:
§(z,y) = (y, )
and the associated almost contact structure ¢ 1s given by:
(u,0) = F((1,0) = (1, 0)€) = (~v- < g4 > z,u= < y,u> y)
Then, we obtain by a strainghtforward computation:
Lyp=0

The cannonical torsion {ree connection V. defined by the almost con-
tact structure (y.7,€) is given by:

; I
Ve (v 07) = (dv' (e, 0)+ < u i’ > +§ <u,v> +é < u, v’ > y-

~<ypu' St <nus<y ' >e— <y u> vt <you><z,v >,
do'(u, v)+ < v, v >+ <y u> '+ < you' > ut

1 1
to<dv>rt o<y, > —2 < us<u >
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If we express the vectors w, v, w'. v’ in the basis (x,y, o X y) as:
/ P '
t=oay+fexy v=—ar+yzxy w=ny+Fzxy v =-adr+yrxy

then the expression of V becomes:

1 I, '
Viwwylu'sv') = ((do(u,v) + 5.31’ — 50y + (46 (n, v) —av)r xy,

1 1
- (d”'(u, v) + Tjﬁv' - gﬁ’T) 1 (dy'(u,0) + af’)e < y)

The curvature tensor ield of V is obtained casily:
Riwwy (oo (" 0") = (v’ > - <l e >) "= < z0" > 2, —u"+

+ < you” > y)

Next we obtain the Ricel tensor field by using the orthanorimal basis
(g, —x). (exy.0), (O, zxy)in T nyT 57, Doing the necessary computations
we have

p(RM(n.0). (' V) =< u, ' >+ < v, v’ > -2<y,u><y u' >

Then:
T(R) =2
and:
A l s : '
L{{u, v}, (v, 2")) = 8{ v >+ <o >t ><yu >}
! ! ]' ! i %
L{fu, ). plu.v)) = §{< o> — e >y

1
K(u.v) = —l{_-'f‘— <yonw > = < Y > )
Finally. replacing the obtained expressions in (1.8) we get

B(R) =0
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