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THE RELAXATION SCHEMES FOR THE TWO
DIMENSIONAL ANISOTROPIC ELLIPTIC PARTIAL
DIFFERENTIAL EQUATION
USSING MULTIGRID METHOD

BY
HASSAN NASR A., M.OSAMA EL GIAR, FATEMA HASSAN M.

‘ 1. Introduction. The case of a lincar elliptic boundary value prob-
lem is considered. The discretization of such problem on a uniform grid of
mesh size I yields a lincar N x N system of equations denoted by

(1) Lu=f on ()
with Dirichlet boundary corditions
(2) _ =g on (092)

{2 flf-notc- 2D recvangular domain and L is a 2ud order differential op-
erator with variable coefficients. The variable coeflicients of the defferential
equation are allowed to have arbitrary anisotropies, e, to differ considar-
_alil_\-' trom cach other in varous parts of Q (see [1], (2], [3], [10]. [11], {12},
13] and [14)). -

The multigrid algorithm is characterized by ns components: cotrecs
tion scheme, mu‘ igrid iterations or Fuil Multigrid, standard coarsening
difference operators L on comrse grid ¥, are built in tae same w ay As ’h
on 2%, lineur interpolation {for the coarse-to-fine transfer of cor: ections),
full uugl ting (for the fine to-coarse restriction of residuals } and refexation
scheme for error smoothing. |

. The geal of any mu'tigrid mevhod is to exploit smoothness by the use
of coarsur grids. Since the error becomes smooth by relaxation, marse-“,‘zml
corrections make sense only in terms of the errer, see [4], [11) and '[;!}

Forrar cmanthing e narfmrmad o ownd blaadh cnTevcdine Mae v,
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alternating line relazation depending on the kind of anisotropy of the given
coefficients.

The multigrid method has solved partial differential equations that
arise in the numerical solutions of boundary-value-problemns by finite dif-
ference approximations: it has been described by scveral authors during the
last years [1], [2], [3], (9] and [11]. Using lincar interpolation we can get the
correction term of fine-grid points using coarse-grid ones. Using restriction
also, we can get the residual term at coarse grid points from fine-grid ones.
We use a full weight residual restriction, i.e., 9-point restriction operator
(see [1}, (2], [3], [4], {7], [9] and [11]).

2. The Problems. We investigate the 2D model problems

(3) —(@Ugy + 2bugy + cuyy + duz + euy + gu) = F(z, y)

(b* — ac < 0 gives the domain in which the PDE is elliptic)
where

al b |c|d|elg
problem 1€ 5/2 1ig(1]1
problem 2|21 0 |1{&[1|1
problem 3|£| 0 |1{0]01}0
problem 4| [g/2{1|1]11{1
problem 5[ O (L[1]|1{1

The given problem is discretized on a grid Q" of a uniform mesh size & by
use of a finite difference approximative, where

N A i s Vi

/-1, N /1)

’ffef A1 redoy—1
Figure (1):Finite difference box

. resn —9r ~ bl
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Uyy = (h)_z[ui.jﬂ ~ 2ui 5+ u; j1;
Uy = (20) P[uigr i = i1 ot = oy g+ sy s
U, = (Qh)_l[u,-ﬂd — Uiy i)
Uy = (2h) ™ [ui y1 = wiy-1]
This leads to grid equation
(1) Lhuh = f* on "
where Q% is a 20 grid of uniform mesh siz h,
(5) up = ¢" on  {oQ)*
We choose standard coarsening, as to the integrid transfer operators,

linf:ar interpoiation and full weighting. Replacing the derivates of (3) by
finite differences leads to the system of linear equations

(6) B a(Uiyr j — 2u; § + wi—1 ;)
h?

+

20t = iy~ g izt

4h?
c(Wiger — 2uij+ wija) | d{uipy, — iy ;)
+ , +2 t 17
h? u 2h i
+C‘(U:‘.j+1 — 1, j_1)
9% + gu; | = fz.J

Where u; ; is an approximation to the exact solution u(zq, y;), b is the
interval between succesive grid points in each oh the two directions (v and
y):.h = /(N = 1) and fi; = f{z;,y;) is the right hand side function, 6]
varies {rom T to N — 1 where N is the number of grid points along the z and
y axes. There are now (N — 2)x(N — 2) interior grid points and the same
niumber of unknowns in the problem. The standard 9-point, approximaiion
of L™ is given by

) i [ 2 —2(26 + dh) —2b
LY = iis [. —2(2c —eh) 4{2a + 2¢ hzg) —-2{2c+ eh)
' - 2b —2{2a — dh) 2b

J
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Many different ways to order the unknowns exist. We consider the
red black relarion, line relarion and alternating line relazion. Then in the
case ol red-black relarion the system of equation (6} may then be given as

!
4(2a + 2¢ — hg

(7) u,; = ) [flhzf;._. #2020+ dh)u g 4+ 220 — dhjug oy i+

+2(2¢ + ehu, 41 +2{2¢ —eh)u ; 1+
F20{ gy g1 — i1 -1 — U141 M 1,—|)]

And in the case of line relazation. the system of equation (6) may be
defined as a tridiagonal systemn of equations,

B C 0 ... 01[ « 1 [ 6
A B C T L Py
(8) 0 . . 0 ' = :
. A B (C : :
0 ... 0 A BJ Luv_oid L3wv—1

where
A= —22c—ch). B =4(2a+ 2¢ = hg).C = =2(2c + eh)

B, = 4;,,2f1..3 +2(2a + dh)uipy  +2(2a — dh)u,_y ;+
F2b(tig 1 g1 = Bigr 1 — Mier g+ Uing 1)
where 1 < i.j < N — 1, ¢ i1s constant for each line {for x line relaxation),
and

A=-22a—dh). B=4(2a42 - hlg), C=—2(2a+ dh)

B i= -lhsz +2(2c+ ch)u; j4 + 2(2c —ehYu, ,
+2b(vz+1,J+| — Ui 41 U1 41 + ”f—l._}“l)

where | <4, 7 <N — 1. jisconstant for cach line (for v-line relaxation)
We shall call a matrix ill-conditioned if its corresponding inverse ma-
trix is unstable. We shall call the inverse matrix stable if "small® changes in
the initial matrix elements correspond to small changes in the inverse matrix
elements. It is obvious that for stability of any inverse matrix il is necessary
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in every case that the determinant of the matrix not be too small (or too
large. which will make the determinant of the inverse small),[6].

Some examples have been solved for some values of 2. All solutions of
these examples have given approximately the same order of error for each
problem.

3. Full Multigrid Method V (v, v;). We mean by vy. s the number
of relaxation step hefore and after the coarse-grid correction, respectively,
take 1y =214 = | which is suitable for the elliptic equation with Dirichlet
Bowndary conditions [7] and [12]. In the full multigrid algorithm one begines
o the coarsest grid (level 1) and uses the coarse-grids to generate a good
imitial puess. Pigure (2) depicts a FMG with four levels, where the process
starts with an exact solution at level number 1. The solution is transferred
to devel mimber 2 via (FMG) interpolation. And hence, the computation
proceeds through a sequence of *V-cycles’. In each V-cycle, a series of
relaxation and residual transfer are perforimed until the coarsest grid; then a
series of {correction) interpolation and relaxation are executed. The transfer
from one V- cycle to the next is accomplished through FMG interpolation.

level| 4 I

4

IMG- cyc/e

Figure (2): FMU (#1.t4) with four levels

/" (bold arrow)}t'MG interpolation

N Residual calculation between retaxations

/" Correction interpolation

1y No. of relaxation steps before coarse grid correction

v2 No. of relaxation steps after coarse-grid correction

When level 1 contains only one interior point {on 3x3 grid) only a half
relaxation (on the black point) is verformed.



414 HASSAN NASR A., M.OSAMA EL GIAR, FATEMA HASSAN M. 6

Each V-cycle of multigrid method consists of:

(1) v relaxation sweeps,

(2) a coarse-grid correction _

(3) v» more relaxation sweeps. The coarse-grid correction consists of:
{1) The computation of the current residual:r® = I'h — APUR:

{2) The restriction of the residual to the next coarse-grid:

It —

(3) The computation of an approximation to the error in the equation:
Ae = r which is used as correction in the next grid;

(4) Updating the current solution u™“™ by addition of the interpolated
correction term.

4. Fine To Coarse Residual Transfer. Residual mnust be com-
puted on the fine grid and transferred to the coarser grid. Residual transfer
is accomplished by full weighting scheme. In this scheme the restdual, r,, at
each point is weighted by w; shown in figure (3). The residual injected into
the coarse-grid point at the center by, (4], [8], [9], [10], [11] and [12]

9

9 ] I

1
13 = E w,r; [ E w, L. = T 2 4 2
' ! 2 1

where

g
Zwi:‘
i

x x X
1 2 {
b

X 20——»?{02 X

X 2 X

Figure (3).
Full weighting scheme for residual transfer. & denotes coarse—grid point; o denotes
fine grid poimt
The full weighting operator has the form

wih = iRyt

=]
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5. Interpolation. Linear interpolation I, (for the coarse-to fine
transfer) is used for two processes, [7], [10] and [12].

L. when corrections are to be interpolated from the coarser grid and
added to the finer grid {correction interpolation)

R _ ..k h ,2h
Lpew = Yoty + [21}1“

- 2. when current values on the coarser grid are to be interpolated as
first arp‘proimnat.lons.l.o the solutions on the finer grid (FMG interpolation).

['he 1m;1m'pola..l.1on operator has the form /J, u" = u?*, then the com-
ponents of u" are given by

h _ %A
M2i2j = Ui
A R TEeT
Ugigr2; = 55 (“f,j +uify ;)
. N
0<i,1< 5 1

k 1o 2h
Uzjaip] = 5 ("i,j + “i,j+1)

h o 1 2k 2h 2h 2k
Yatizier = g (u,-,j +uin T + u{+1‘j+|) .

where N is the number of fine-grid points

x x x
e 9 o

x x
g o

x - x

Figure (4) lnterpolation operator corresponds to Fw restriction operator;

¥ denotes coarse-grid point; o denotes fine-grid point

h

]2
12’*,1:Z 2 4 2
[
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6. Relaxation Schemes. We compare between three type of relax-
ation schemes which are red-black relaxion, line relacion and alternaling
line relazation )

(1) Red-black relaxation scheme:

One complete step of red-black relaxation (on 9%) consists of two
half-steps. For this. grid points of " are divided-into two sets of points,
the "red ™ and ”black” points. In the first. half step all red grid points are
relaxed. Using the new values at the red points, the second half-step relaxex
all black grid points in an analogous way, figure (5-a}.

(2} Line-rewazation schemes:

In line relaxation, an entire row or coluran of the grid is updated
simultaneously, which generally requires the solution of a tridiagonal system
for each line. For the two dimensional anisotropic problems (1). (2) and
(3) (for which = is mnultiplied by the derivatives of u with respect to x) the
lines should be taken i the direction of the strongest coupling, which in
the v-direction if 0 < £ < 1 This mean that along lines of constant = all
unknowns are updated simultaneously. figure (5-b).

(3) Alternating line relacation scheme:

Alternating line relaration is defined by a combination of z-line and
y-line. which suitable for anisotropic operators with £ = g(z) such that
0 <e(z) <1 and e(x) >> 1 for different z see [9] and [10}.

i 0

Fig.(5a)two-dimensional gods shown Iig. (5b)th: dimensional grds shown
the red points {unremarked) and black  the even lines{o-0 o) and odi lines

nainte fal for vad blark ralavation funeemarkod) fnr roline rolasation
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(6) Nuwmerical Framples:

The general formula for test problems is given by

(9 —(tyr + 2buyy + cuyy + du, + euy + gu) = flr,y)
with

(1} ey =8

(2) e, =sin(zy)

(3) wmer = cos(ry)

(1) twex =sin(r +y)

(3)  ter =sin(s? + y)

(6)  ter = 3sin{ey)

[7) Upy = T

Where 1., 1s the exact solution.

(7) Numerical Resulls

In the numerical computations we use three types of relaxation with
N =063, Fixed numbers 11 and 2 of relaxation on each grid are employed.
I order to compare among the three types of relaxation for each problem
we calculate the max. norm. Ls norm of the defect, the max. norm and L,
norm of etror at the end of each V-cycle. The tabies give results for the L2
norm of the error.

The tables (1), {2} and {3} give results for the case of 0 < 2 < | {or
first three problems, respectively. The solutions of the first three problems
have the saime convergence behavior. ‘The convergence behavior is shown
in figure {6) and (7). They demonstrate that the use of line relaxation or
alternating relaxation gives guod convergence for 0 < ¢ << 1. 1t is noted that
for the values 0 < £ < 0.001 the ertor decreases as = decreases and for the
vaiues™ 0.00001 < < < .001 the error slightly increases as € decrease

Tables {2-b) and (5-b) gives results {or the case of € > | for problera
{2). The solution of the problems {2), {3} and {5) have approximately the
same order of the error for ¢ > 1. The convergence behavior is shown
i figures (9) and {10). They demonstrate that the error decreases as ¢
increases fur the values 1 < g < 100 and the error increases as 2 increascs
for the values 100 << < 100000. Tables (4) and (3-a) give results obtained
by using y line relaxation and red -black relaxation scheme for 0 < ¢ < 1.
They demonstrate that the error increases as £ decreases. figures {8).

Conclusion: Five problems have been solved using the tine relazaiion,
red -block reluxation and alternating line relaration scheme. It is noted thzt
in the case of using red black relazation scheme the convergence is relatively
slow for the five probleins.
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In the first three problems, for which € is multipled by the derivate
of u with respect to z, (and in the problem (5) for € > I} the use of line
relaration with lines in the correct direction and alternating line relaration
scheme are considerably of better result compared with red-black relazation
scheme.

While for the problems (4) and (5) the z-line relazation and alternating
line relazation scheme fail and give divergence results for ¢ < 0.01, (due to
the produced ill conditioned matrices).

For each of the five problems we use several values of right hand side
with alternative values of £. Fortunately for each problem, several methods
for variable £ give the same order of approximation.

Table (1) u., = 3sin(zy)

THE RELAXATION SCHEMES
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problem 1 L2 norm of error
£ x-line red-black Alternating-line
1 (15427128D-04 | .29890410D-04 | .12630267D-04
0.1 .31817937D-05 |.63784052D-04 | .34936985D-05
0.05 .24141877D-05 |.11287900D-03 | .28600736D-05
0.001 .17869489D-05 {.21409846D-03 | .25094G76 D-05
0.005 .17552331D-05 |.23669261D-03 | .25208011D-05
0.001 .27534843D-05 | .25770937D>-03 | .29609610D-05
0.0005 .30362244D-05 | .20654981D-03 | .30813916D-05
0.0001 .31349088D-05 | .26285910D-03 | .31351604D-05
0.00001 .31434469D-05 | .26338329D-03 | .31434469D-05

Table (2) uer =sin(z® + y),0 <e < 1

problem 2

1.2 norm of error

=
-

x-line

red-black

Alternating-line

1

.26124167D-04

.38528477D-04

48414971 D-04

0.1

-36551663D-05

.335029G8D-05

.72762806D-05

(.05

17591554D-05

66323808D-03

37280754 D-05

0.01

12356G072D-05

.14118250D-02

14189446 D-05

0.005

-13089549D-05

1606661 2D-02

.13572161D-05

0.001

146422630-05

A7933595D-02

.1464618913-05

0.0005

AGI87707D-06

(18262590D-02

.161880721-05

0.0001

J16716623D-05

18482782D-02

167168861-05

0.00001

-16735820D-05

18532951D-02

.16735838DD-05

Table {3) we, = sin(z? + y)

problem 3

1.2 norm of error

x-fine

red-black

Alternating-line

1

L135838571)-04

J19911042D-04

12236712D-04

1

70310405D-06

31277677D-03

.97039529D-06

.05

15707749D-05

6163326002003

.99322733D-06

01

242998201)-05

13039661D-02

16614214D-05

005

24467094 13-05

1481928413-02

.168398331)-05

00

. 1A0R3442313-05

16574758D-02

1371524313-05

005

134645921-05

16815460D-02

.13094079D-05

001

136606421305

A701LT05 D02

A30587611)-05

00001

10095470006

A7056321D-02

.13095470D-05

Results for the problems (1), (2) and (3) using red-black relaxation,
line refaxaiion and alternating line relaxation; (v1,02) = {2, 1)

(/,‘z"“ : FW orestriction, sz‘h: linear interpolation)

for the case of 0 < 2 < 1
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The behavior of the error with respect to the number of level N in the
solution of the problem (1},{2) and (3).
at devel 6,0 < = < |
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Table (4) tey = ¥

problem 4

1.2 norm of error

=
<

y-line

red-black

I

A20207961)-04

.26152587D-04

1

685406501)-04

-60901794D-04

A5

13216746 D-03

OHE75786 D-04

(4]

J2956830321-03

.18947037D-03

005

34026546 -03

21453582D-03

031

3R4283881-03

23935021D-03

005

39042781 1D-03

24280727D-03

0001

.395456561)-03

24563525 D-03

00001

39660224 D-03

-24627933D-03

Table (5-a) u., = cos(zy)

problem 5

1.2 norm of error

y-line

red-black relaxation

.53348840D-06

.12433914D-05

31416487D-04

28619266 DD-04

67033334D-04

.54270818D-04

A7262475D-03

.12915870D-03

20303463 D-03

15041281 D-03

233460491-033

.17138815D-03

23772477 D-03

17430403D-03

24121773D-03

17668810D-03

.24201384D-03

A7723093D-03

——

Results for the problems (4) and (5) using ¥ line relaxation and red-black
relaxation: (Vl.ll?) = (2, l){l,z_,h: FW restriction, [ﬁhh linear interpolation)
frr cncn nF N = 2 o 1
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(a)The dependence of the error on £

The behavior of the error in the solution of the problem (4) and (5).
Table (2-b) u., = sin{zy)

spect in the number of jevel N

Figure (8)

(b)’l‘he behavior of the error with re-

problem 2

.2 norm of erroi

oy

y-line

red-black

Alternating-line

l

L11094583D-05

A1127502D-05

71792037 D-06

10

.522852311-06

180738R71)-04

621118561D-06

50

48549480D-06

.54007828D-04

69062806 D-06

1G0

472019421-06

65066147D-04

TLR2TTO2D-06

200

66472499D-06

767T71801»-04

828935261-06

1000

83488341D-06

TBATTATID-04

£944541913-05

5000

33850213D-06

TORE17041)-04

13920643 D-06

10000

04215053D-06

800600691-04

84221031 D-06

100000

ANE811891)-06

B022114512-04

944911900D-06

THE RELAXATION SCHEMES
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Table (5-b) u., = e*¥

.2 norm of error

x-line

red-black

—

Alternating-line

.57522440D-06

61539252D-03

67638181D-06

-71944495D-06

18794431 D-03

68491143D-06

.70398146D-06

J98408535D-03

68829846 -06

39075685D-06

.28264480D-03

.80129194D-06

.66380305D-05

88134643D-03

88134643 D-06

94186332D-06

296462400D-03

.944672221)-06

J9495R939D-06

949829

84982937D-06

95463079D-06

.954630821>-06

S95463082D-06

Results for the problems (2) and (3) using red-black relaxation,
line relaxation and alternating line relaxation; (UI,V'Z) = (2, l)

Bho. oo . . .
(lh P2 F'W restriction, ].:‘hzlmear mterpoiation)
for the case of £ > 1

15
| ]
preblem 5
£
{ 10
50
| 100
560
1000
5000
16000
100000
-£95
-‘ F
5
ko
¥ e
Tsns|
~6.75 |
§
~ 62
B [
S-gast
-&,
30
(a)fm Z-line and alternating line
refaxation
|

{b)for red black relaxation

Figure (9)

The dependence of the error on € for the problems (2) 3 and (5Y at lovel 6 £ > 1
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/"l?fwm of the error
“

(a)for & line and alternating line

-

TTY TPy T I T T IYITYYrYT

-

(b)for red black relaxation

relaxation

I.Brandt, A.
2.Brandt, A,

3. Goldstern, Cl

4 Clemens-AugovstTholeand Trottenberg U
3 Paddon, D.J,and Hol st ein, H-

6 Faddeev, DK and Faddeev A, V.N,

~1

Hachbusch W and Trottenberg, U

Figure (10)
The behavior of the error with respect to the number of level .V in the
solution of the problem (2) and(3)
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