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Introduction. Semi-invariant or contact C R submanifolds, as a gen-
eralization of invariant and anti-invariant submanifolds, of almest contart
metric manifolds and its various classes have been studied by a number of
geometers. For this we refer to [1, 26] and references cited therein.

Motivated by the study of semi-invariant €% submanifolds of Ken-
motsu and trans-Sasakian manifolds [11]. {12], [17], [18], [20] in this paper
we study alimost semi-invariant £+-submanifolds of trans-Sasakian mani-
folds which in special cases reduces 1o each of Cs [5], Cs [5], Cosymplectic
(2], Sasakian [2], a~Sasakian [8], Kenmotsu [11], 8-Kenmotsu (8] and almost
cosymplectic S-manifolds [14].

Section 1 is devoted to preliminaries. In Section 2 some fundamental
formulas concerning €1-submanifolds of almost contact metric manifolds
and traps-Sasakian manifolds have been presented. Section 3 deals with
the definition of almot. semi~invariant ¢L-submanifold of an alinost, contact
metric manifold along with an example. Some characterizations of almost
semi-invariant £L-submanifolds and semi-invariant &+-submanifolds of al-
most contact metric manifolds are the subject matter of Section 4. Woreover,
in this section, some theorems characterizing semi-invariant £4-submani-
folds of Kenmotsu and Cosymplectic space forms in terins of the curvatire
tensor of the ambient manifolds are also given. Somne properties of alinost
semi-invariant §1-submanifolds have been discussed in Section 5. In Sec-
tion 6 we mainly prove that an almost semi-invariant £+-submanifold of a
normal almest contact metric  (and hence trans~Sasakian) manifold with
proper invariant distribution alwavs prossesses a ' R—structure., A “Sunter
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example is also presented in this section. Integrability conditions for cer-
tain natural distributions on almost semi-invariant £--submanifolds are the
subject matter of Section 7. It is observed that the anti-invariant distribu-
tion of almost semi-invariant £ f—submanifold of a trans-Sasakian manifold
is always integrable. In Section 8 we investigate certain parallel distribu-
tions and operators on submanifolds. Totally umbilical and totally geodesic
submanifolds have been studied in Section 9. In the last section, curvatures
of £+-submanifolds of Kenmotsu and Cosymplectic space forms have been
considered.

1. Preliminaries. Let M be an almost contact metric manifold [2]
with an almost contact metric structure (¢,&,7,g), thatis ¢is a (1, 1) tensor
field, € is a vector field, n is a 1-form and g is a compatible Riemannian
metric such that

(1.1) P =-IT+70&nl)=1, ¢(§)=0,n0d=0
(1.2)  g(@X, oY) = g(X,Y) — n(X)n(Y),
(1.3)  ®(X,Y) = g(X,9Y) = —®(Y, X), g(X,£) = n(X),

An almost contact metric structure (¢,£,7,9) on M is called a trans-
Sasakian structure (3], {16] if (M x R,J.G) belongs to the class W; [6]
of almost Hermitian manifolds, where J is the almost complex structure on
M x IR and G is the product metric on M x R. This may be expressed by
the condition [3]

(1.4) (Vxo)Y = a(g(X,Y)€ — n{Y)X) + Blg(¢X,Y) — n(Y)sX)

for functions & and 3, and the Riemannian connection V on M, and we say
that the trans Sasakian structure is of type (a,/3). From (1.1} it follows
that [3]

(1.5) Vx€ = —agX +B(X —n(X)6).

A trans-Sasakian structure of type (a, ) becomes
a Cy- structure [5] if & = 0,
an almost cosymplectic 3 -structure [14] if o = 0 # /3,
a B- Kenmotsu structure [8] if o = 0 # 3 = constant
a Kenmotsu structure [11}if e =0, g =1,

a Cg—structure [5]if 8 =0,
an o Sasakian structure (8] if 0 # a = constant,
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a Sasakian structure [2] if @ = 1,
a Cosymplectic structure [2] if a =0 = .

~ Itis known that in a Kenmotsu [11] (resp. Cosymplectic [13]) manifold
of constant ¢-sectional curvature ¢

R(X,Y)Z = a(g(Y,Z)X — g(X,2)Y)
+ 6(n(X)n(Z)Y —n(Y)n(Z)X — n(X)g(Y,Z)é+
+0(Y)g(X, 2) + g(X,9Z)dY — ¢(Y,¢Z)$X +
+ 2¢(X,9Y)0Z),

1 1.6)

where I? denotes the curvature tensor of M and
a={c—3)/4,b=(c+1)/4 (resp. a = b = ¢/4). One calls such a Kenmotsu
(resp. Cosymplectic) manifold a Kenmotsu (resp. Cosymplectic) space form

M{c).
Let M be a submanifold of a Riemannian manifold M with a Rieman-
nian metric g. Then Gauss and Wiengarten formulas are given respectively

by

(1.7)  Vx¥V =Vx¥ +k(X,Y), (X,Y €TM),
(1.8) VxN=-ANX+VEN, (NeTM),

where V, V and V+ are respectively the Riemannian, induced Riemannian

and induced normal connections in M, M and the normal bundle T+ M of
M respectively, and h is the second fundamental form related to A by

Let R and R be the curvature tensors of 8 and M respectively. Then the
cquation of Gauss is given by

(1.10) 9(R(X,Y)Z,W) = g(R(X.Y)Z,W)~
' g(h(X, W), k(Y. Z)) + g(h(X, Z), h(Y,W)),

The submanifold A is known to be
(1) totally geodesicin M if h = 0,
(2}  minimal if H = Tr(h)/Dim M = 0, and
(3} totally umbilical if H(X,Y) = g(X.Y)H.
A differentiable distribution D on M is said to be

(1) D' -parallel if VxY € Dforall Y € D, and X € D', where D' is a
differentiable distribntion an A,
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(2) self-parallel if it is D-parallel,
(3)  parallelif it is TM-parallel.

The submanifold M is said to be

(1) D — D’ mized totally geodesic if h(X,Y)=0forall XD, YD,

(2) D-totally geodesic if it is D — D mixed totally geodesic,

(3) D-umbilical if for all X,Y € D we have h{X,Y) = g(X,Y)A for some
normal vector field KA.

Let M be a submanifold of an almost contact metric manifold M. For
X €TM and N € T+ M we put

(t11) ¢X =PX+FX, (PXeTM, FXeTtM),
(1.12) @GN =tN+ fN, (INeTM, fNecT+M),
(1.13)  (VxP)Y =VxPY — PVyY,

(1.14)  (VxF)Y =V FY — FVY,

{1.15) (VxI})N = VxtN — iViN,

(L16)  (Vxf)N =V5fN - fUEN,

If VT =0, T € {P,F,t, f} then T is said to be parallel. Moreover, if £ is
normal to M then w: say that M is £+ submanifold. In this case p(X) =0
for all X ¢ TM.
For a submanifold M of an almost contact metric manifold and for all

X,Y € TM; N,V € TLM it is easy to verify that
(117} ¢(X,PY) = —g(PX,Y),
11.18)  g(X,tN) = —g(FX,N),
(1.19)  g(N,fV) = —g(fN,V),
(1.20) (Vxd)Y = ((VxPYY —Apy X —th(X,Y) + ((VxF)Y +

' +h(X, PY} = fR(X,Y}),
(1.21) (Vx¢IN = ((Vxt)N — AgnX + PANX) + ((Vx/)N+

' + A(X,tN) + FANX).

2. Some properties of { '—~submanifolds.
Lemma 2.1. For an £1-submanifold M of an almost contact metric
manifold we have
(2.1)  P*4tF = -],
(2.2) FP+ fF =0,
(23) P+ Fi=-T4+90¢,
(2.4) tf+ Pt =0.

Consequently, for all z € M
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) Ker P, = Ker(P?); = Ker (tF + I,
) Ker F; = Ker (t#), = Ker (P? + I,

(2.7) Ker t, = Ker (Ft), = Ker (f* + T — n® &),
}  Ker fe =Ker{f*).=Ker (Ft + I — n®§);.

The proof of the above Lemma is straightforward and hence omitted.

Lemma 2.2. If M is an £1 -submanifold of a trans-Sasakian manifold
then

(29) AQX =aPX - BX,

(2.10) V&ﬁ = —alFX,

(2.11) (VxP)Y —Apy X —th(X,Y) =0,

(212)  (VxF)Y + h(X, PY) — fR(X,Y) = ag(X,Y){ + Bg(PX,Y )¢,
(213)  (Vx)N — A;nX + PANX = —an(N)X — fn(N)PX,

(214)  (Vxf)N + (X, 1N} 4 FANX = Bg(FX, V)€ — n(N)FX).

Proof. Using (1.5), (1.11) and 5{X) = 0 in (1.7) we have
~AeX + V€= —aPX —oF X + X.

Equating tangential and normal parts in the above equation we get (2.9) and
(2.10) respectively. Using (1.4), (1.11) and 9(¥) = 0 in (1.20) and equating
tangential and normal parts we get (2.11) and (2.12) respectively. Similarly
using (1.4) and (1.12) in (1.21) and equating tangential and normal parts
we get (2.13) and (2.14) respectively.

Proposition 2.3. For an £1-submanifold M of a trans-Sasakian ma-
nifold M it follows that

(2.15) eag(PX,Y)=0,

(2.16) npoh=-pg,

(217)  n(H) = -4,

(2.18) (Vxt) = —atFX,

(2.19) (Vxf)€ = —aFPX,

(220) P[X,Y]ZVXPY—VYPX+AF‘\’Y—AFy_¥,

(2.21) F[X,Y]=VEFY —V§FX + (X, PY) — h{PX,Y) +
+28g(X, PY)E.

Consequently, if M is a Cs—manifold (resp. Cs—manifold) then
(V)e =0=(Vf} (resp.noh =0=n(H)).
Proof. [n view of (1.3)2, (1.9) and (2.9) it follows that
n(h(X,Y)) = g(A(X,Y},§) = g(AX,Y) =
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Since h is symmetric the above equation implies (2.15) and (2.16). If
{Ey, ..., E,,} is a local field of orthonormal frames then in view of (2.16)
one gets

n(H) = (1/m)y (Z h{E;, Ei)) = (-B/m) (i g(E;, Ei)) = —p,

i=1

which is (2.17). Putting. N = £in (2.13) and using (1.1},, (2.9), (2.1) and
f€ =0 we get (2.18). Similarly, putting N = £ in (2.14) and using (1.1)s,
(2.9), (1.29) and t£ = 0 we find (2.19). Lastly, (2.20) and (2.21} follow from
(2.11) and (2.12) respectively.

In view of (2.17) we have the following

' Theorem 2.4. An &1 -submanifold M of a trans Sasakian manitfold
with 3|p # 0 is nol minimal.

3. Almost semi-invariant £t—submanifolds. Let M be a sub-
manifold of an almost contact metric manifold M. From (1.17) it follows
_t,ha}t (P?), is symmetric on T, M and therefore its eigenvalues are real and
it is diagonalizable. If X, € T, M is an eigenvector corresponding to an
eigenvalue u(z} of (P?), then

)u(m)“X"'”‘2 = #(I)g(xrer) = Q(PQX:C;XJ:) =
=—-g(PX,, PX;) = —-||PX1,“2,

which implis that —u(z) > 0.
Moreover, from (1.2) for all Z € TM, |l¢Z|} < ||Z|| and therefore

—p@)SX* < —u(@NX® = | PX|P.
Since decomposition of ¢X given in {1.11) is orthogonal, u(z) is bounded
by —1 and 0.

Now we assume that { € T+ M, that is M is an £+ -submanifold of the
almost contact metric manifold M. For each 2 € M we may set

D) = Ker (P? + A} () 1),

where A(z) € [0,1] is such that —A%(z) is an eigenvalue of (P?),. Since
i 22 WP O IO [ T PRy [ IR > . T = e
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—2}(z), ..., —AX(z) are distinct eigenvalues of (P?), and Tz M can be decom-
posed as the direct sum of the mutually orthogonal P-invariant eigenspaces,
that is,

T.M =D @ - @D,

In case of A; > 0, dimension of D}* is even. We note that

D! = Ker F; = {X; € T:M : | X, = |PX2|)},
DY = Ker P, = {X, € T-M : | X|| = |FXz|l},

Here D! are the maximal ¢-invariant while D9 are the maximal anti-¢-in-
variant subspace of T;M, z € M.

Now we define an almost semi-invariant £--submanifold of an almost
contact metric manifold which is analogous to generic submanifold [19] of
almost Hermitian manifold.

Definition 3.1. An El—submanifold M of an almost contact melric
manifold M is said to be an almost semi-invariant £+—submanifold of M if
there exist k functions Ay, ..., A, defined on M with values in the open tnterval
(0,1) such that

(1) =A3(2),...,—A(z) are distinct eigenvalues of P? at v € M with
T.M=D.aD0®D) & -&D*,
(2) dimensions of DL, D%, D)1, ..., D} are independent of x € M.
If, in addition, each ); is constant, then M is called an almost semi invariant
&t -submanifold.

The condition (2) enables us to define mutually orthogonal P-inva-
riant distributions

D = | P2 A€{0 A A1),
TEM .

on M such that
TM =D @D’ ¢DM@... @D,

Moreover, in view of [15] these distributions are differentiable.

If £ = 0 in the above Definition then it follows that P is an f-struc-
ture [27] on M and hence Dim (DL) = Rank (P;) is independent of 2 € M
[21] and therefore Dim (DY) is also independent of x € M. Thus in case

of k = 0 then (1) = (2) and M becomes a semi-invariant ¢+ -subman’fold
T I T P 1 rhannifald 1191 " b n and Nt Nt froan
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Dy = {0}) then M becomes an anti-invariant (resp. invariant) & sub-
manifold [17). A semi-invariant £--submanifold such that ¢(T+ M) C TM
becomes a contact generic normal submanifold [12] or generic semi-invariant
£+-submanifold [18].

Example 3.2. We consider the Euclidean space R® and denote its
points by » = (z%). Let (e;), 7 = 1,...,9 be the natural basis defined by
e; = 8/0z'. We define a vector field £ by £ = d/02°, a 1-form 5 by 7 = dx?
and a (1, 1) tensor field ¢ by

Pe; = —ey, pez = ey, Pe3 = —ez, Peq = cosa(z)es + sin w(T)eg,
pes = —cosa(z)ey + sin a(z)er, deg = —sinafz)eq + cos a(z)er,
ger = —sin a{z)e; + cosa(z)es, deg = e, deg = 0

where a : R® — (—r/2,7/2) is some function. Theu it is easy to verify that

R? is an almost contact metric manifold with almost contact metric struc-

ture (¢,£, 1) and the canonical compatible metric g given by g(e;, e;) = §;;.
The submanifold

R’ = {(z!,...,2%) e R® | 28,27, 2% 2% = 0}
of R’ is an almost semi-invariant &+ -submanifold with
D! =Span {e;,e;), D® = Span {e3), D* = Span {es,e5),

where for z € R°, A(z) = cos afz).

4. Some characterizations of almost semi-invariant £t sub-
manifolds. Like P2, it can be seen that the operators tF, Ft and f? are
symmetric and their eigenvalues are bounded by —1 and 0. Let -2 (z)},

6 < A(x) < 1, be an eigenvaiue of f2|{5}; at ¢ € M and Qj denote the
corresponding eigenspace, that is,

2;\: = Ker (le{E}J. + /\21),_..

For A # 1, we have FD} = Q;\, and 1D} = D2. Equivalently, at = € M,
Xz (resp. N:) is an eigenvector of P? (resp. S*¥l4ey+) corresponding to an
eigenvalue —A%(z) if and only if F X, (resp. tN,) is an eigenvector of f?|(¢y.
(resp. P?) corresponding to the same eigenvalue —A?(z). Consequently,

Dim (D}) = dim (D}). Thus, for an £€L-submanifold M of an almost con-

tart motric manifald AF cha fallavi;m caoa P
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(1) T.M=DLoD'@DPM @ @D,
(2) TiM=DloDloD)o - oD & {)..

In view of the above discussion we immediately have the following

Proposition 4.1. M is an almost semi-invariant £+ -submanifold of
M if and only if there are k functions Ay, ..., A, defined on M with values
v the open interval (0,1) such that

(1) =A%(r), ..., —Ai(z) are distinct eigenvalues of (fzi{f}i.) with
TIM =D D oD} & DY + {€}s, atze M,
{2) the dimensions of Qi,Q.;,_’Qi‘, ...,P_\;\" are independent
of r € M.
Let (A%(z) — 1), 0 < A(z) < 1, be an eigenvalue of tF (resp. Fitf{¢s)
at € M and C} (resp. C2) be denoted by C2 = Ker (tF — (A2(z) — 1)1,
(resp. C = Ker (Ftlgeyr = (A2(z) ~ 1)I);). Then X, (resp. N)is an eigen-
vector of P? (resp. f2|{€}4. corresponding to an eigenvalue ~A%(z) if and
ouly if X; (resp. N;) is an eigenvector of tF (resp. Ft|(¢}1) corresponding
to the eigenvalue (A?(x) — 1). Consequently, D2} = C} and D} = C2 and
hence we have the following

Proposition 4.2. M is an almost semi-invariant £+ -submanifold of
M if and only if there are k functions Ay, ..., Ay, defined on M with values
tn (0,1) such that
(1) (A3(z) = 1),....(Mi(z) — 1) are distinct eigenvalues of LF
(resp. Ftlypr) with TTM =CleCIeCl @ - - CH,
(resp. TAM =CLC9C & ©C* & {€):) atz e M.
(2) the dimensions of CL,C%,CM,...,C)
(resp. CL,C°%.CM, ..., C2*) are independent of z € M.

EHpIXrpi Xy
Last two Propositions give characterizations of almost semi-invariant
£t-submanifolds. Characterization of semi-invariant &*-submanifolds is
given in the following

Proposition 4.3. M is a semi-invariant £X—submanifold of M if and
only if one of the following equivalent conditions holds.
(1) T.M =D oDl (zcM), (2) TEM =D.LoDl6{€). (=€ M),
(3) FP =0, 4) fF =0, (5) tf=0, (6) Pt =0, (7) tFP =0,
(8) tfF =0, (9) Ptf=0, (10) PP+P=0,(11) fiF =0, (12) fFP =
0, (13) FP? =0, (14) FtF = —F, (15) Ftf =0, (16) FPi =0,
(17) fFt =0, (18) f34+f=0,(19) Pt =0, (20) Ptf =0, (21) ¢tf* =0,
(22) tFt = —t.
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Proof. The statements (1} and (2) are obviously equivalent and the
equivalence of the statements (3)—(22) can be easily verified. Now, we show
equivalence of (1) and (3). Since ker (FP}, = D! & D?, (1) implies FP =0
which is (3). Conversely if (3} holds, thatis F'P> =0, ther ¢(PX,) = P* X,
for X, € T:M. Consequently, for D, = P(T. M), we get ¢(D;) C D,. In
view of ¢X; = PX, for X, € D,, weget — X, = ¢*X, = SP(X;), that is
D, C ¢(D;). Thus, ¢(D;) = P(D;) = D;, which shows that D, = DL. Let
D2 denote the orthogonal complement to D! in TuM. Now for X, € D}
and Y; € T;M we have g(¢XI!YI) = ”Q(Xz::qbyx) = —g(X;, PY;} = 0,
which yields D7 = D2. Hence (3) implies (1).

Finally, if M is a semi-invariant £t-submanifold then (1} is obvious
(in fact, it is contained in the Definition). Conversely, if {1) is true then (3)
holds which is equivalent to (10}, that is, P®* + P = 0 on M. From here
it follows that Dim (D}) = Rank (P;) is independent of z € M [21] (Thus
P becomes an f-structure on M). Thercfore Dim (D%) = Ker (P,) is also
independent of z € M. This completes the proof.

The above Proposition provides an exhaustive list of necessary and
sufficient conditions for an £+ -submanifold of an almost contact metric ma-
nifold to be semi-invariant £--submanifold. Now, we state the following
four Theorems which characterize semi-invariant £+-submanifolds of Ken-
inotsu and Cosymplectic space forms in terms of the curvature tensor of the
ambient manifolds. The proofs of these Theorems are similar to those of
[23] and hence omitted.

Theorem 4.4. Let M be an &1 -submanifold of a« Kenmotsu (resp.
Cosymplectic) space form M(c) with ¢ # =1 {resp. ¢ # 0). Then M is «
proper semi-invariant £+ -submanifold if and only if the mazimal invariant
subspaces Dy = T,M N @(T, M), x € M, define a non irivial distribution
D on M such that R(D, D, DL. DY) = 0, where D+ denotrs the non-trivial
orthogonally complementary distribution of D in M

Theorem 4.5. Let M be an £L-submanifold of @ Kenmotsu {resp.
Cosymplectic) space form M (c) withc # —1 (resp. ¢ # 0). Then M isanon
anti-invariant non-generic semi-invariant £+ submanifold if and only if
the mazimal anti-invariant subspaces Dy of T, M, such that DL C TLM.
& € M, define a distribution D+ on M such that R(D,¢D,D, D) = 0,
where D denotes the non-trivial orthogonally complementury distribution of
DL in M and D is the non-trivial orthogonally complementary subbundle of
¢DL @ {&) inTEM.

Theorem 4.6. Let M be an £+ -submanifold of « Kenmotsu {resp.
Cosymplectic) space form M({c) with ¢ £ —1 (resp. ¢ £ 0).  Then the fol-
lowing statements are mutually equivalent.
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(a) M is a vertical proper semi-invariant £ -submanifold,

(b) the invariant subspaces D, = TEMOG(TEM), z € M, of T-M define
a non-trivial subbundle D of T+M such that
R(D,D, D, D*) = 0, where D' denotes the non-trivial orthogonally
complementary subbundle of D ® {€} in Tt M.

Theorem 4.7. Let M be an £+ -submanifold of a Kenmotsu (resp.
Cosymplectic) space form M(c) with ¢ # —1 (resp. ¢ # 0). Then M is a
non -anti- invariant non-generic semi-invariant £+ -submanifold if and only
if the mazimal anti-invariant subspaces Di“ of {€}* such that qﬁQi‘ CT:M,
r € M, define a subbundle Dt of T M such that R(D. ¢D, D, D) = 0, where
D denotes the non—trivial orthogonally complementary subbundle of_'l?_i'@{f}
in TLM and D denotes the orthogonally complementary disiribution of oD+
in M.

5. Some properties of almost semi-invariant £*—submani-
folds.

Proposition 5.1. If M is an almest semi-invariant &L -submanifold
of a trans-Sasakian manifold M then

(5.1) AFxY—AFyX-—O, (X,YEPO),
(5.2) 9(¢h(X,Y),N) = g(h(PX,Y) — ag(X,Y)E+

+89(PX,Y)§,N), (X eD', Y eTM, NeD').
In particular, if M is cosymplectic then
gy IGRNYIN) = g(PX,Y),N),

(X e DY e TM,N € D").

Proof. For X,Y € D% Z € TM, in view of (1.10), (2.8), (2.22), (2.3)
and (2.7) we have

g(ApxY, Z) = g(h(Y,2), FX) = —g(th(Y, Z), X) =
= —g(VzPY — PVzY - ApyZ,X) =
= —g(VzY,PX)+g(AryZ,X) = g(Ary X, Z),

which implies (5.1). Next, for X € DI,IY € TM, N € D" in view of (2.23),
(2.4) and (2.8) we obtain

9(Ph(X,Y), N) = g(fR(X.Y},N) =

=9(V¥FX ~FVy X +h(Y,PX)—ag(X,Y)E-Bg(PY, X)E,N) =
= g(VyX,tN) + g(h(PX,Y) - ag(X,Y){ + Bg(PX,Y}{, N) =
— alhiPY V) _ anl ¥ VIE L Ral PX VIE N
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which provides (5‘2) (5.3) is obvious.
From {3.2) we immediately have the following Corollary.

Corollary 5.2. For an almost semi-invariant £+-submanifold M of
a trans-Sasakian manifold it follows that

(5.4) (WX, PY)—R(PX,Y)+28g(X,PY)E) LD', (X,Y eD).
In particular, if M is a scmi-invariant £L-submanifold then

F(R(PX,Y) — h(X, PY)) = 0.

In view of (2.9) we have the following

Theorem 5.3. Let M be an £+ -submanifold of a trans-Sasakian ma-
nifold with ajp # 0 = B|ps. Then M is anti-invarient if and enly if A¢ = 0.

Theorem 5.4. An £t-submanifoid M of « trans-Sasakian manifold
with ajar # 0 is anti-invariant .

Proof. The proof follows from (2.15).

6. CR-structure on almost semi-invariant £'—-submanifolds.
First, we recall the notion of a C'R-manifold. Let M be a differentiable
manifold and T M be the complexified tangent bundle to M. A C R-struc-
ture [7] on M is a complex subbundie H of TcM such that H n'H = {0}
and A is involutive. A manifold endowed with a CR-structure is called a
C R-manifold.

It is known that a differentiable manifold M admits a C R-structure
if and only if there is a differentiable distribution £ and a (1, 1) tensor field
J on M such that for all vector fields X and ¥ in D (cf. [1]. pp. 128-129)

6.i) J'X = ~X,
(6.2) [LJUX YVY=[JXJY]-{X,¥]-JJX,Y]-JIX /Y] =0,
8.3y X, JY]-[X,Yie D,
An almost contact structure (9, &, n) or M is said to be normal if the
Nijenhuis teasor [¢, @] of & satisfies [2]

(6.4) (6,0} + 2dn € = 0,

Now we prove the following

Theorem 8.1, If A 1= a semi-invariont or almost semi-invariand
~submanifold of a normal almest condact metric manifold with nontrivie!
invariant distribution then M possesses a CR-struecture,

¢ L
5
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Proof. Let the almost contact metric structure on M be normal.
Then for X,Y € D! we get P2X = —X and

0 =[¢o)(X,Y)+2dn(X,Y)¢
= [PX,PY]-[X,Y] - P({PX,Y]+[X,PY])-
~-F([X,PY]+ [PX,Y]),
or
0 =[PX,PY]-[X,Y]-P([PX,Y]+{X, PY])={P, PI{X,Y},
0 =F({PX,Y]+[X, PY]) (Q ((PX,Y]+[X,PY})) e D),
which provides (6.2) and (6.3). Thus (D', P) is a C R-structure 2rn M and
M becomes a C R-manifold.

Theorem 6.2. 4 semi-invariant £+~submanifold or almost semi-in-
variant £+ -submanifold of a trans-Sasakian manifold with nontrivial inva-
riant distribution is a CR-structure.

Proof. Since every trans-Sasakian manifold is normal [16], by Theo-
rem 6.1 the proof is immediate.

In Theorem 6.1, we have seen that for an almost semi-invariant £4+—
submanifold of an almost contact metric manifold M with D' # {0} to
be a C R-manifold, it is sufficient that M is normal. However, this is not
necessary, and here we construct an example of a semi~invariant £1t-sub-
manifold M of an almost contact metric manifold M such that M is a
C R-manifold and M is not normal.

Example 6.3. Consider the Euclidean space I&*> and denote its points
by 2 = («!,...,2%). Let (¢;), j = 1,...,5, be the natural basis defined by
ej = 8/dz’, and g be the canonical metric defined by ¢;; = gle;, e;) = &y,
i, =1,...,5. For every z € IR®, the set {F;) defined by

Ei=e, Fy=e3cos{z')+ezsin(z!), Fy=ey,

(6.5) E3= —eysin(z') +e3cos(z!), Es=es,

forms an orthonormal basis, that is, ¢(E,, E;) = &;;. As the point z varies
in R, equation (6.5) defines five vector fields also denoted by (E;). Now,
we define a vector field £ by £ = 3/8z°, a 1-form 5 by n = dz® and a (1, 1)
tensor field ¢ by

(6.6)  @(L1)=Ey, ¢(E2)= —E\, $(Es})= Ey, $(Es) = — B3, ¢(E5) =0.

Then (¢,€,n,9) define an almost contact metric structure on R®. Since
(6. DNWFE. FY+2dnl 'y FYE = F. £ 0 this strictnre is nat narmal
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The submanifold
R = {(z',...2%) e R® | «*,2% = 0}

is a semi-invariant £1-submanifold of R® with D' = Span {E\, E;} and
D® = Span { E3} such that (D', ¢) is a C R-structure on R®. Moreover, D!

is not integrable as [E), Fy) = Ej.
7. Integrability of certain distributions.

Lemma 7.1. Let M be an almost semi—invariant £+ -submanifold of
an almost contact metric manifold. Then D° is integrable if and only if
(7.1) d®(X,Y,2)=0, (Y,ZeD’ XeTM).

Proof. For X € TM,Y,Z € D°, we have

3dB(X,Y,2) = XO(Y,Z) + Y®(Z,X) + ZB(X,Y)—
- ‘I’([X, Y]a Z) - (I)([Y' Z],X) - (I)([Z, X]= Y) =
== —g([Y,Z],qSX) = g(P[YrZ]vX}-

Thus (7.1) implies and is implied by the integrability of D°.
Theorem 7.2. Let M be an almost contact metric manifold with

d® = & A w for certain 1-form w defined on M. Then in order that M

to be an almost semi-invariant £ -submanifold it is necessary that D° is
integrable.

Proof. Let X € TM and Y,Z € D°. Then ®(X,Y) and ®(Y, Z) are
zero. Consequently, 0 = & Aw(X,Y,Z) = d®(X, Y, Z). Hence in view of
Lemma 7.1 it follows that DP is integrable,

‘T'he above Theorem provides the following Corollary.

Corollary 7.3. Let M be an almost contact melric manifold with
d® = & Aw. Then in order that M to be a semi-invariant £+ -submanifold
it is necessary that D is integrable.

Theorem 7.4. If M is a semi-invariant or almost semi-invariant
£+ -subrmanifold of a trans-Susakian manifold, then D° is integrable.

_Proof. It is known (Th. 2.3, [16]) that in a trans-Sasakian mani-
fold M, d® = ® A w for certain 1-form w on M. Consequently, in view of
Theorem 7.2, D° is integrable.

Alternatively, the proof also follows directly from (2.20) and (5.1).
In the following Theorem necessary and sufficient conditions for D! to

ha intarrahlo hatra hann ~Ahtainad
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Theorem 7.5. If M is an almost semi-invariant £--submanifold of a
trans-Sasakian manifold then D! is integrable if and only if
(7.2) h{X,P)-h(PX,Y)+2Bg(X,PY)}{ =0,(X,Y € DY) or
(7.3) g(h(X,PY)-h(PX,Y)+289(X,PY){,FZ) =0,

(X, YeD!, ZeTM).

Proof. In view of Ker F = D! and (2.21), D! is integrable if and only
if (7.2) holds. In view of F(TM) =D° D™ &---® D™ and Corollary 5.3
it follows that (7.2) and (7.3) are equivalent.

Theorem 7.6. On an almost semi-invariant £+ -submanifold of a

trans-Sasakian manifold, D' @ D° is integrable if and only if the following
statements hold.
(1} VxPY —VyPX € D!, ()g,Y)E'D:),
(2) VxPY + ApxY € D!, (X eD, Y €D").
In particular, if M is a semi-invariant £*-—-submanifold then (1) and (2)
hold.

Proof. Since D? is integrable, [X,Y]eD? for X,Y‘G’Do. Thus taking
account of equivalence of Z € D! @ D° and PZ € D' in (2.20) the proof
becomes obvious.

Theorem 7.7. For direct sum D of a subfamily of {D™,...,D*} ma-
nifold with k # 0 the following statements are equivalent:

(1) D is integrable,

(2) (8) VxPY —VyPX 4+ Apx — ApyX €D, (X,Y)eD),
(b) VEPY —~ VEFX + h(X, PY) ~ A(PX,Y) +28g(X, PY)¢ € D,
(X,Y)eD),

where D is the direct sum of the corresponding subfamilly of
{DM, ... DM}

Proof. The proof follows from (2.20), (2.21) and the equivalence of
Z € DY and PZ € D™ along with FZ € DV,

Theorem 7.8. For an almost semi-invariant £1-submanifold of a
trans-Sasakian manifold the following statemenis are cquivalent:

(1) D' & D is integrable,
(2) VEFY — VEFX +h(X,PY) - h{(PXY) €D, (X,Y)eD' @T),
where D is direct sum of a subfamily of {DM, ..., D} and D is the dire=
sum of the corresponding subfamily of {DM, ... D).

Proof. In view of (2.21) and equivalence of Z € D! ® D and FZ €

T 4 hn mennf haraman ~hurinne
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Theorem 7.8. For direct sum D of a subfamily of {D™, D} on

an almost semi-invariant £+ -submanifold of a trans-Sasakian manifold the
Jollowing statements are equivalent:

(1) D° @ D is integrable,
(2) (a) (VxPY + ApxY — Apy X) € D, (X e D% Y €D,
(b) (VxPY —VyPX + Apx — Apy X) € D, (X,Y € D).

Proof. Since D° is integrable we have [X,Y] € D° for X,Y € T°.

Thus, using equivalence of Z € D° @ DY and PZ € D* in (2.21) we get (1)
& (2).

8. Certain parallel distributions and operators. In this section
we investigate certain parallel distributions and operators on submanifolds
of almost contact metric manifolds and trans-Sasakian manifolds.

First we give the following definition.

Definition 8.1. An &t -submanifold M of an almost contact metric
manifold is said to satisfy the conditions

(A) if M is an almost semi-invariant™ submanifold, and each of the dis-
tributions D, D°, DM .. D is parallel;

(B) if M is an almost semi-invariant” submanifold, and each of the sub-
bundles D', D®, Dt ..., D™ and {€} is parallel with respect to V+.

It may be noted that if M satisfies (A) then it is locally product of
leaves of D!, D% D1 .. D,

Analogous to the Th. 7.3 of [24] we may state the following

Theorem 8.2. For an £L-submanifold M of an almost contact metric
manifold we have the following flow diagram.

M is anti Vi=0 ’ — VF=0 — - (B)
invariant I
4 i 1 1
P=0 (A) F=0 V=0
! i) T t
VP=0 | — | VP=0 M is VIi=0
invariant

Theorem 8.3. An £1-submanifold M of a trans-Sasakian manifold
with ovlae £ 0 is invariant if and onhi if TEL ic anenllal
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Proof. The proof follows from (2.10).

Theorem 8.4. Let M be an €4 -submanifold of a trans-Sasakian na-
nifold with o|ap # 0. If f* is parallel then M is invariant.

Proof. Since the assumed conditions implies that M satisfies (B)
hecanse of Theorem 8.2, Consequently, {£} is para.llel' with respect to the
normal connection, which in view of Theorem 8.4 provides the proof.

Proposition 8.5. For an £+ -submanifold M of a trans-Sasakian ma-
nifold if F is parallel {(or equivalently t is parallel) then

{1} M satisfies (A) and (B),

(2) 0'|M = 0,

(3) A(X,PY) = fR(X,Y) - Bg(X, PY)¢,

(4) h(X,PY) + h(PX,Y) = 2fh(X,Y).

Moreover, if B|as is also zero then

(5) fA{X,Y) = h(X,FY),

(6) M is D* — D* mized totally geodesic for A, u € {1,0, A, ..., Ak} such
that X # pu and for X € D either h(X, X} =0 or h{(X, X) € D*,

(7) for N € D* either ANX = 0 or ANX € D* for all X € TM. In
particular A¢ X =0 for all X € TM.

Proof. (1) is obvious from Theorem 8.2. If VF =0 (& V&= 0) then
(2.12) implis that

(8.1} X, PY)Y= fi{X,Y) + ag(X.Y)E — Bg(X, PY)E.

Operating {8.1) by n, in view of (2.16) we get ag( X, Y} == 0 which implies (2}.
In view of (8.1) and (2) we get (3). {4) is obvious from (3). Putting B|as = 0
in (2) we get fA(X,Y) = A{X, PY) which is (5). In particular, if ¥ € D?
then [2R(X.Y) = =A%h(X,Y). Thercfore if X € D* with A # u then
R{X,Y) = 0. From here it is clear that if X € D* ther either A{X, X) = 0
or h{X, X)) e D*. Thus (6) is proved. Putting alpr = 0 = Sjar and Vi =0
(2.13) it follows that PAyX = A;nX. 16N € D then P2ANY = —A245 X
which implies that eivher AnX = 0 or AxX € 2%, This shows (7). The
patticular part of (7} follcws from (2.9}.

Theorem 8.6. [f Al is an invariant £+ -submanifoid of a trans-Sasa-
kian manifold, then it (s Kéhler. Moreover, f is paralicl.

Proof. Since I' is zero for an invariant €-submanifold. from (2.11) it
follows that V. = 0. Thus P provides a Kihler structure on M. Remaining
part follows from (2.14).
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9. Totally umbilical and totally geodesic submanifolds.

Lemma 9.1. If M is an £+ submanifold of a trans-Sasakian manifold,
then M is totally umbilical along with ¢H =0 if and only if

(9.1) MX,Y) = —Bg(X,Y)E.
Proof. In view of (2.17) it follows that ¢H = 0 if and only if

(9.2) H=—g¢.

Consequently, M is totally umbilical if and only if (9.1) holds.

Lemma 9.2, Let M be an £+ -submanifold of a trans-Sasakian mani-
fold. If F is parallel and M is totally umbilical, then fH = 0.

Proof. If VF = 0 then in view of Proposition 8.5 we have
(9.3 R(X,PY)+h(PX,Y) = 2fh{X,Y).
Moreover, if M is totally umbilical then from (9.3) we get
0= (g(X, PY) +g(PX,Y))H = 2¢(X,Y) fH,

which implies that fH = 0.
The above two Lemmas immediately provide the following

Theorem 9.3. Let M be an £+ -submanifold of a trans Sasakian ma-
nifold. If F is parallel, tH = 0 and M is totally umbilical then (9.1) holds.
In particular case of M being invariant, M is totally umbilical if and only if
(9.1) holds.

Next, analogous to Theorem 5.2 of {17] we have the following

Theorem 9.4. Let M be a proper semi-invariant £+ -submanifold of
a trans-Sasakian manifold with Dim (D°) > 1. Then M is totally umbilical
if and only if (9.1) holds.

Proof. We obtain from (2.11) the following
0=PVxX+Apx X +th(X, X).
Taking inner product with tH we get
(X, X)g(tH tH) = g(X, tH)g( X, tH),

wherre (1.18), (1.9}, FP = 0 (because M is semi invariant) and the fact
of M being totally umbilical have heen used. Since Dim (D% > 1, above
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equation implies that tH = 0. On the other hand, for X € D', in view of
(2.12) we have

—FVx X + (X, PX) - fh(X, X) = ag(X, X)E.

Taking inner product with fH we get 0 = g(X, X)g(fH, fH), where (1.17),
(1.19), f/F = 0 (because M is semi-invariant) and the fact of M being
totally umbilical have been used. Since M is proper semi-invariant £--sub-
manifold, Dim {D®) # 0 and therefore the previous equation gives fH = (.

I'hus we have ¢H = 0 and taking account of Lemma 9.1, the proof becomes
completed.

In particular, we have the following Corollary.

Corollary 9.5. Every £1-hypersurface of a trans-Sasakian manifold
is totally umbilical.

If M is an m-dimensional £ L-submanifold of a trans-Sasakian mani-
fold such that (9.1) holds then the length of the second fundamental form
h is given by ||| = Sm. In paticular, if B|as is constant then A is parallel.
Consequently, we get the following

Theorem 9.8. A totally umbilical £+ -submanifold of a trans-Sasa-
kian manifold with (9.1) such that 8|ar is a nonzero constant is an eztrinsic
sphere.

Proposition 9.7, Let M be an £+ -submanifold of an almost contact
metric manifold M and D be a distribution on M.

For X,Y €D the following statements are equivalent:
{a) h{PX,Y) = h(X, PY},
(b) (ANPX + PANX) LD, forall N e Ti M.

Moreover, if M is trans-Sasakian and £ € T*M then (a) is equivalent to
the following statement,

(c) (VxF)Y —(VyF)X = 28g(PX,Y)¢t.

Proof. Equivalence of (a) and (c) follows from (2.12). Next, we have
9(ANPX + PANX,Y) = g(h(PX,Y) - h(X, PY), N),

which shows that (a) and (b) are equivalent.

For a distribution D on an £ *-submanifold M of an almost contact me-
tric manifold M, we say that P is D- commutative if any one of the equivalent
conditions (a) and (b) of the above Proposition holds.

We note that P is D-commutative for each distribution D on M
if and only if PAy + AP = 0 forall N € TLM. If M is an almost
semi-invariant ££—submanifold of a trans—Sasakian manifaid AF than P ic
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PP _commutative. In a special case of M being a Cg-manifold, F is D!
commutative if and only if D! is integrable.

Let M be an almost semi-invariant £ --submanifold of an almost con-
tact metric manifold. For each P-invariant distribution D*, A € {1,0, Ay,
ey Ax}y let n(A) = Dim (D*). For each such P* we choose a local orthonor-
mal basis E!, ..., EMY and we put

ni\)

H» =Y h{E',EY).
=1

An almost semi-invariant £€--submanifold of an alinost contact metric ma-
nifold with H* = 0 will be called D*~minimal, A € {1,0, A, ..., Ac}; and it
becomes minimal if

H° + H' + H 4 .- 4 H™ =0,

Proposition 9.8. Let M be an almost semi-nvariant €X-submani-
fold of an almost contact metric manifold. If P is D*-commutalive, X # 0,
then M is D*-minimal,

Proof. Let 2/ = n(A) = Dim (D"). We choose a local orthonormal
basis for D*:
E', . ELEF L EY (EY=PEYN 1<)

We then have

i
H* = Y (h(E', E*) + h(PE', PE)/\?) =

=1

!
=Y (h(E". EY) + R(PPE', EY)/2?) =
i=1

!
= ST(R(E B + h(=N2E EY) /%) = 0.
1=1

This Proposition leads to the following Corollary.

Coroliary 8.9. If M is an invariant £1 -submanifold of a Cs-manifold
then P is (T'M = D')-commutative and consequently M is minimal.

Proposition 9.10. Let M be an almost semi-invariant £ *-submani-
fold of a trans-Sasakian manifold. If D! is integrable and M is D' — D& DM
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mized totally geodesic for 1 < i < k, then D' @ D is integrable if and only
if D is D°®-parailel.

Proof. If D! is integrable then in view of Theorem 7.6, D' @ D° is
integrable if and only if

VxPY+AFXy€Dl, (XEDO, YEDI),

or equivalently
g(VxPY + ApxY,Z} =0, (X e€D° Y eD! ZeDgDN).

But it is assumed that M is D! — D° @ DM mixed totally geodesic, thus
h(Y,Z) = 0. Therefore D' @ DP is integrable if and only if

g(VxPY,2)=0, (XeD° YeD' ZeD" DY),

that is D? is D—parallel.
In last we present the following Theorem.

Theorem 9.11. Let M be an almost semi-invariant £+ -submanifold

of a Cs-manifold. If P is D*-commutative for each D*, X € {1,0, Ay, ..., Ax},
then

(1) M is minimal if and only if M is D°~minimal,
(2) M is D* — D* totally geodesic if A # i,
(3) D! @ DO is integrable if and only if D' is D°-parallel.
Proof. (1) follows from Proposition 9.8.
To prove (2) let X € D*. Then
PANX + ANPX =0, (N eT*M).
Thus
0=P ANX — ANP2X = PPANX + ATANX,
that is, AxX € D*. Therefore if Y € D*, i # X, then we have

0 =g(ANX,Y) = g(h{X,Y),N), (NeT*+M),

which implies (2). Since P is D!-commutative, D! is integrable and (3)
follows from Proposition 9.10.
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10. Curvature considerations in £t-submanifolds of cosym-
plectic and Kenmotsu space forms. Let M be an ¢+-submanifold of a
Kenmotsu (resp. Cosymplectic) space form M (c). Let

Kp(X AY) =g(R(X, Y)Y, X)

be the sectional curvature of a plane section determined by two orthonormal
unit vectors X,Y € TM. Then using (1.6), (1.10} and #(Z) = 0 for all
Z € TM we get

G0y EmMXAY)=a+ 367X PY)) + g(h(X, X), A(Y.Y))-
=llh(X. V)|,
where a = (¢ —3)/4, b= {c+1)/4 (resp. a = b = ¢/4).

Proposition 10.1 Let M be an almost seini-invariant £+ -submanifold
of a Kenmotsu space form M(c). If M is totally umbilical and $H = 0 then
for any unit vectors X € D* and Y € D*, A # i, we have Kpe(X AY) =
(e+1)/4.

Proof. Since X and Y belong to the different mutually orthogonal -
invariant distributions, we have g{X, PY) = 0. Since M is totally umbilical
and ¢H = 0, in view of Lemma 9.1 we get

A(X,Y)=0 and h(X,X)}=~€ =h{Y,Y)
Thus in view of (10.1) we obtain
KM(XAY)=(c—-3)/4+1=(c+1)/4.

The above Theorem along with Theorem 9.4 provides the following Corol-
lary.

Corollary 10.2. Let M be a proper semi-invariant £+ submanifold of
a Kenmotsu space form M{c) with Dim (D°) > 0. If M is totally umbilical
then for any unit vectors X € D' and ¥ € D° we have Km{(X AY) =
{e+1}/4

Proposition 10.3. Let M be an £+ -sudbmenifold of a Cosymplectic

space form M{c). If VF = 0 then for any unit vectors X € D and Y € D*,
AF p, we have Ky (X AY) = ¢/4.

Proof. Since VF = 0, M become: an almost semi—invarizn:* £+ -sub-
manifold of M (c). Sinze X and ¥ belong to the different inutually orthogonal
P-invariant distributions we have g{X, PY) = 0. Also. from Pronosition 8 &
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(6}, A{X, X) and A(Y,Y) are mutually perpendicular and M is D* — D#
mixed totally geodesic. Therefore, in view of (10.1), we get the proof.

For any unit vector X € D*, A # 0, of an almost semi-invariant £t
submanifold of a Kenmotsu (resp. Cosymplectic) space form M (¢}, we define

the A-sectional curvature by Hy(X) = Kp(XAY), where Y = PX/A. Then
from (10.1) we obtain

Hy(X) =a+ 3622 + (1/AN)g(h(X, X),h(PX, PX))

(10'2) A/ N)ACX, PX)IE,

where ¢ = {c — 3)/4, b= (c+ 1)/4 (resp. @ = b = ¢/4).

Proposition 10.4. Let M be an almost semi-invariant &t -subma-
nifold of a Kenmotsu (resp.Cosymplectic) space form M(c). If P is D*-
comuutative then for unil vectors X € D*, X £ 0, we get

(10.3) Ay (X) < a+3b)2

where @ = (c— 3)/4, b= (c+1)/4 (resp. a =b = c/4.).

Proof. If P is D*-commutative, then for a unit vector X € D,
A # 0, we have h(PX, PX) = h(P*X, X) = —A2h(X, X), which in view of
(10.2) provides the proof.

Let {E), ..., Eqx)} and {F), ..., Fr} be local orthonormal bases for
D?* and D* respectively. We define the A — u sectional curvature by

n{A) n{y)

P}.“=Z Z Kp(E; A F).

=1 j=1

If A # u, then from (10.1) we obtain

(A} n{u)
(10.4) pru = nN)nlp)a+ g(H H*) = Y S k(B )|
i=1 ;=1
We see from (10.1) that for A =0
1.10} n(0}
(10.5) poo = (n(0))%a + |HOIP = >~ 5" [I{E:, E)IP.
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In order to compute pxy for A # 0, we set 2/ = n{A)} and choose a local
orthonormal basis:

{El, vy Bty gy, ---:En()\)} where Ey; = PE,//\, 1 <1<,

Using this basis we obtain

n{}A) n{d)

(10.6) S N 6HEL PE;) = n(AE

Using (10.1) and (10.6) we have

n{A) n(M)
(10.7)  pax = n(A)n(N)a+3bn(N)N + [HY - Y Y ||h(E;, B
=1 =1

Proposition 10.5. Let M be an almost semi-invariant &L —submani-
fold of a Kenmotsu ( resp. Cosymplectic) space form M(c).

(1) If H* is perpendicular to H*, A # p, then
Pru < n(A)n{p)a, where a = (c — 3)}/4 (resp. a = ¢/4)
and equality holds if and only if M is D* — D* mized totally geodesic.

(2) If M is D*-minimal, then pyy < n{(A)(n(A)a + 36A%),
where a = (¢ —3)/4, b= (¢ + 1)/4 (resp. a = b = ¢/4) and equality
holds if and only if M is D* totally geodesic.

Proof. (10.4) == (1), and (2) follows from (10.5) and (10.7).
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DENSITY-TYPE TOPOLOGIES
BY
DANUT RUSU

1. Introduction. In [12] W. Wilczynski states that the density topol-
ogy in R depends orly on the ¢ -ideal of Lebesgue measure zero sets and
by replacing thiz family by the o -ideal of first category sets obtains an
analogous notion of density topology, that is the & -density topology. This
topology preservers a lot of the properties of density topology, but zome dif-
ferences exist. For example the density topology is completely regular while
the $ -density topology isn’t regular,

The purpose of this article is to generalize these topologies so that in
the particular case of R to obtain both the density topology and < -density
topology. Firstly, we search for the ¢ -ideal involved in this construction
to be as general as possible and secondly to extend the notions to normed
spaces. So that, the notion of ¢ —ideal D -complete, a o -ideal that gener-
ates a topology of density type-is being introduced in the first section. Also,
we investigate the properties of this kind of topology (denoted Tg p).

The continuous functions from ( X, T3 p)into R equipped with the
natural topology are called the (G, D )-approximately continuous func-
tions. In the third paragraph we give sufficient conditions for (S, D)
approximately continuous functions to be in the r —first class Baire, where
7 is the norm topology, and in the- fourth paragraph we give examples of
D -complete o—ideals. If X is R then the o -ideal of Lebesgue-null sub-
sets of R is a B-complete o-ideal and the topology Tg g is identical to
the density topology on R, where B is the class of Borel subsets of R.

If X is a normed linear space and T is the norm topology then the
o —ideal of first category subsets of X is a T ~complete o —ideal. In this
case, for X = R, the topology Tg , was studied in (5], [9], [12] and [13].
Also, we show that for X = R the o- -ideal of o-(g, ¢)-porous subsets
of R is r-complete.

If X is a non empty set, denote by P(X) the family of subsets of
YPX—IF-V v DY AAD F AN PN AT e ER -



