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DENSITY-TYPE TOPOLOGIES
BY
DANUT RUSU

1. Introduction. In [12] W. Wilczynski states that the density topol-
ogy in R depends only on the o -ideal of Lebesgue measure zero sets and
by replacing this family by the o -ideal of first category sets obtains an
analogous notion of density topology, that is the J ~density topology. This
topology preservers a lot of the properties of density topology, but some dif-
ferences exist. For example the density topology is completely regular while
the S -density topology isn’t regular. .

The purpose of this article is to generalize these topologies so that in
the particular case of R to obtain both the density topology and $ -density
topology. Firstly, we search for the ¢ —ideal involved in this construction
to be as general as possible and secondly to extend the notions to normed
spaces. So that, the notion of o —ideal D -complete, a o —ideal that gener-
ates a topology of density type—is being introduced in the first section. Also,
we investigate the properties of this kind of topology (denoted Tgy p).

The continuous functions from { X, T3, p)into R equipped with the
natural topology are called the (G, D )-approximately continuous func-
tions. In the third paragraph we give sufficient conditions for (S, D)-
approximately continuous funciions to be in the r —first class Baire, where
7 is the norm topology, and in the- fourth paragraph we give examples of
D -complete ¢—ideals. If X is R then the o -ideal of Lebesgue-null sub-
sets of R is a B-complete o —-ideal and the topology Tg g is identical to
the density topology on R, where B is the class of Borel subsets of R.

If X is a normed linear space and T is the norm topology then the
o —ideal of first category subsets of X is a T -complete ¢ —ideal. In this
case, for X = R, the topology Tg,» was studied in [5], [9], [12] and [13].
Also, we show that for X = R the o- -ideal of o-(g, ¢)-porous subsets
of R is r-complete.

If X is a non empty set, denote by P(X) the family of subsets of
¥ RYX _frv . DV 4AD FAN PN ey e e .
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and D are two families of subsets of X, denote by SAD = {IAD {1 €
S, D € D} . The characteristic function of a set A will be denoted by R4 .
If X is a linear space, we denote by z + 4 = {2 +a | a € A}, /\A. =
{Aa|aec A}, z+A={z+ A [AE.A},/\.A—N{AAMEA}. If(X,_T) is a
topological space, we denote by int , 4, ¢l A, Fr; A and dT.A , the interior,
closure, boundary and derivate, respectively, of the set A in the topology

T.
If (X, ||-]]) is the normed space, we denote by int 4, ctA, FrA and

d A, the interior. closure, boundary and derivate of the set A in the norm
topology. Also, we denote by U{z, r) the open ball with the center = and
the radius r.

2. The (&, D )—density topology. N
Let X be a non empty set, let & and D be two non empty families
of subsets of X and Y C X .

Definition 1. We say that some property holds S -almost every-
where on Y (in abbr. § —a.e on Y ) if and only if the set of points in Y
which do not have this property belongs to <.

Definition 2. We say that a sequence (fn) C R* is I —converging
on Y to f € RX if and only if every subsequence (fa,} of {fn) contains
a subsequence (fn,,) which convergesto f S -a.e. onY . We shall use the

. o
denotation f, —;—} f.

Remark 1. If (X, A, u) is a finite measure space, § = {A € A | p(A)
=0} and (f,) C R is a sequence of A -measurable functions, then (fy)
converges in measure to a real valued A -measurable function f if and only

. <
if fn"x'—}f

Proposition 1. I I js an ideal of subseis of X then IAD =
{((D\I)YUL | DeD and I}, [, €S} ={A € P(X)}|3D € D such that
DAA € S},

Let T be a topologyon X, Dg={DeD|Fr.,DeT} and ACX.
Denote by 3,(A) the set of points = € X such thai, for any neighborhood
Uy of 7, Uz N A does not belong to . Let P, = {3 C P(X)| If
I C X such that S,(J/)NT =¢ then [ € S}.

Remark 2. If r, 7’ are topologies on X, 7' finer then 7, then P, C
P:.

Proposition 2. 1. If § is an ideal and SAD is a o -algebra then
AT in tha ~ alwohen canaratad by thoe Alace TE9 T
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If S is a o-ideal and D is a o -algebra then SAD is a o -algebra.
If S is a o ~ideal which satisfies the condition UD, € rg,¥(D,) C g,

o

then SArg isa o ~-algebra.

Definition 3.

I. A set Hy € SAD is called (S, D J-outer kernel of A if and only if
ACH, and Hy\ P €S whenever P € SAD and AC P.

2. A set K4 € SAD is called (S, D )—inner kernel of A if and only if
KaCA and Q\ K4 €3 whenever Q € SAD and QC A.

Remark 3. If CA € SAD whenever A € SAD then every subset
of X has an (S, D )-outer kernel if and only if every subset of X has an
(S, D)-inner kernel.

Proposition 3. If( X, 1) is a topological Ty space and ¥ is an ideal
of subsets of X which satisfies the properties: 14 = 1, §,(X) = X -and
S € P, then every set A C X has an (S, 7 )-outer kernel.

Proof: Let AC X and Hy = AUS,(4). We show that H4 is an
(S, 7)-outer kernel of A. Since Hy = S, (HA) U(Ha \ S, (Ha)), Ha \
Sr(Ha) € 9 and S,(Ha) is a 7-closed set, it results that H, € SA7.
Let P € QA7 such that AC P. By Proposition 1, 3D e r, 31, L € &
such that P = (D\I})U ;. It follow that H4\ P = [S,(A) \ (DU )}uU
(S-(A\L)N§L] € G, because A = (AND)U (AN L) = F,(A4) =
SH{AND) = F(A\(DU]L) CS(AND\ (S (D)\Fr. D) CFr,De <.

Further ( X, ||-}|) is a normed linear space and 7 is the norm topology.

Proposition 4. If (X, || -||) is a separable normed space and S is
a o —ideal of subsets of X which satisfies the following properties: 74 = T
and $,(X) = X, then every set A C X has an (S, T )-outer kernel.

Proof: Let A C X. If A € SAr then Hy = A is an (8, 7)=
outer kernel of A. We suppose that A ¢ SAT. Since (X, -1y is a
separable space, there exists (z,)C X dense in X . Let (rn) be a de-
creasing sequence of positive real numbers such that lim r, = 0, and let
Un =U(zn,ra), Yo € N. Denote by No={n & N | ANU, € &}, I =

U ANU, and Hy=(X\ U U,)UuIl. By rg = and Proposition 2,
neNg neENy

H, € SA7. In addition A C H,s . Now we show t,ha,f: Hy isan (9, 7)-
outer kernel of A. We suppose that there exists P € SAr such that AC P
and Hq4\ P € 3. Since H4, P € SAr, by Proposition 1 and Proposition
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2, 3D e, 3,1, € S such that HA\P=(D\NIh)Ul,. H\P¢gS$g
imply that D # ¢ and since (z, ) is dense in X and lim r, = 0, there
exists ng such that U,, € D. It results that U, \ 1, C H4\ A = ny €
No = Un, \ 1 € O, which contradicts S,(X)=X.

Consider the following assertions:

(D);:FAD is a o —algebra of subsets of X .

(D),: Every subset of X has an (S, D) —outer kernel.

(f1lira =T,

(2): 9o (X) = X .

(i3):x 4+ C T and ASC G, Vz e X,VA>0.

(i4): 8 € Pr.

(is): {:C} € %, Ve X.

Remark 4. Let (3,),¢r be afamily of o —ideals of subsets of X such
that ng # ¢. Then Qﬁ}q is a o-ideal. If for every v € I', Q. satisfies

one of the following conditions (71} to (is), then NQY., satisfies the same
¥

condition.

Definition 4.

. . . Q
1. We say that o is point of § -density of A C X if N,MU(—O—)I)I .

2. We say that x € X is point of ¥ —density of A C X if and only if o
is point of & —density of A~z .

Denote by ®g(A} the set of points of J -density of A.

Proposition 5.

1. If § is an ideal and A C B then ®g(A) C 95(B).

2. If S is an ideal then D C ¥4(D), VD e 1.

3. If ¢ €3 then Po(X) =X

4. If & satisfies (1) then Pg(d) = ¢.

5. If & is an ideal then ®g(AN B) = ®3(A) N dg(B), VA, B € P(X).

6. If S is a o -ideal which satisfies (11) then AAB € G = bg5(A) =
do(B).

7. If & is a 0 —ideal which satisfies (13) and A= {(D\I))Ul, I}, I, €&

then Po(A) = @o(D) . If D\ ®a(D) e ¥ then A\ dg(A) €. Ifin
addition 3 satisfies (i3), then @g(l) = ¢, VI € S,

8. aj If § is an ideal which satisfier (i) then dg{A)\ A C CA\
$,(CA), VA € P(X). |
b) If 3 ic a o -ideal which satisfies (i), (i3) and A = (D\ L) U
L. 5L, I, e %‘, then ¢.‘;(A)\A CchUFrD.
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9. a) If S is an ideal which satisfies (D),, (i) and A\Pq(A) e D, VA €
SAD, then AA®G(A) €S, YA € SAD .
b) If 3 is a o —ideal which satisfies (D),, (i3), (i3) and D\ ®g(D) €
3, VD € D, then AA®g(A) €S, VA € SAD.
¢) If § isa o -ideal which satisfies (i), (i3) and NMes(D)e S, VD €
Dg, then AADG(A) €S, YA € SADg .

10. If S is a o -ideal which satisfies (1)), (i2), (i3) and (i4), then
Po(A) = 4(S,(A)), VA € SAT .

I1. If § is an ideal and A € SAD such that AARG(A) € G, then
Pa(A) € SAD.

Definition 5. A o-~ideal 3 C P(X) is called D -complete if
and only if satisfies the conditions (D), (D), (i3), {13} and A\ ®g(A) €
S, VA € SAD.

Remark 5. 1. If § is a o -ideal of subsets of X which satisfies the
conditions (D)y, (D)z, (é2), (is) and D\ ®g(D) € S, YD € D, then T is
D —complete,

2. If ¥ isa o-ideal of subsets of X which satisfies the conditions (D),

(D)2, (i2), (i3) and D C 1, then S is D-complete.

3. If ¥ is a o-ideal of subsets of X which satisfies the conditions (t1),

(t2), (i3) and (i4), then S is T -complete.

4. If (X, i - ||} is a separable space and S is a o —ideal of subsets of
X which satisfies the conditions (1), (i) and (i3), then T is 7 -
complete.

Theorem 1. If S is a D —complete o -ideal of subsets of X , then
the family To,p = {A € SAD | A C ®5(4)) is a topology on X and
To,p = {Do(A)\1 | A€ SAD, 1€ Q) = {®a(D)\I | De D, [ €S} In
addition (3AD)NT C To,p. Tq p is called the (3 D) -density topology
on X .

Proof: By Proposition 5 ((3) to (6} and (9)), ®5:3AD — JAD is
a lower density on (X, SAD Q) and by (D):, Tq. p is 2 topology on X
and Tg,p = {®3(A)\ 1| A € IAD, I € T) (see [15]). By Propositics 3
(2), (SAD)N7r C Tg,p, and by proposition 5 (7), Ty, p = {®5(D)\I| 1) =
D, I€S}.

Definition 8. We say that a topology ™ on X Is a density-type
topology if and only if there exists D = P(X) and S ¢ P(X) a D
complete o —ideal such that ' = Tar.
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Theorem 2. Let & be a D -complete o ~ideal of subsets X .

1. Every set of S is Tg,p—closed.

2. If Ac SAD thenintr, , A= AN®g(A), clp, ,A = AUCPL(CA),
Frr, ,AES.

3. A€ QAD is Tg p-densein X if and only if CA€S.

4. I C X is a Tg, p -nowhere dense set if and only if 1 € . (Conse-
quently, every Tg p -first category set is a Tep -nowhere dense set.)

5. (X, Tg,p) is a Baire space.

6. A C X has the Tg p—Baire property if and only if A € SAD.

7. If 1 C SAD then (X,Tg,p) is T —space.
Proof:

() Teg, Cl=04(X)\1€Tap.

(2) Since Frry , A C (A\ @g(A)) U (CA\ @o(CA)), Frp, , AEST.

(3) resuits from (2).

(4) results from (1) and (2).

(5) results from (4) and (i3).

(6) A has the Tg, p —Baire property < 3D, € Tg p such that D;AA €
S« 3D € D such that AA®g(D) € § & 3D € D such that AAD €
& A€ SAD.

(7) results from Theorem 1.

Proposition 8. If v’ is a density-type topology on X then 7' is
determined by a unique D -complete o -ideal.

Theorem 3. Let § be a D-complete o -ideal of subsets of X
which satisfies (is) .
1. If A€ SAD then ®g(A) = {z € X |z € intr,,, (AU{z})}.
2. If A€ SAD then dr,, A=C0g(CA).
3. Every countable subset of X is Tg p —closed (Consequently,
(X, Tg,p) is not separable space).

Theorem 4. Let D C 7 and let S be a D~ complete o -ideal of
subsets of X . If there exists I € I dense in X then (X, Tg p) is not
T3 -space.

Proof: Let [ € & de a dense set and let = € X \ /. By Theorem
2 (1), I s a Tg,p—closed set. We suppose that there exists A, A; €
Tgp such that z € A, 7 C A; and A; N A2 = ¢. Hence there exists
Dy, D; € D and I}, I; € & such that A; = &g(D;)\ [, i =1,2. By
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AiNA =¢, DN Dy =¢ and by z € dg(D;), D, # ¢. Since I is dense
in X, IND; #¢ and hence Dy N Dy # ¢, contradictions!

Corollary 1. If (X, || -||) is a separable space, D C 7 and S is a
D —complete o -ideal of subsets of X which satisfies (i5) then (X, Tg p)
is not a T3 -space.

Remark 6. I (X, |[-|) is a separable space, D C P(X) and S is a
D complete ¢ -ideal of subsets of X which satisfies (i5) then there exists
[ £ 3 such that el 7 ¢ S

Theorem 5. Let S be a 7 -complete o —ideal of subsets of X which
satisfies (i1} . If there exists Iy € S which is not first category set in (X, 1)
then there exists | € 3 such that ol 1 ¢ &

Proof: We suppose that cl] € §, VI € § and we show that the
topologies 7 and Tq p are S -related (i.e., for ea,ch set ACX,int A#¢
if and only if int 1, , A # ¢). Ifint A # ¢, it is obviously that mt Top A #
@ . We suppose that V =intp, , A # ¢. Since V ¢ FAT there exists D €
7, I, I3 € ¥ such that V = (D\)}Ul; . it results that VAintV C Fr DU
cdliyucll; € 3. Hence int V # ¢ and hence, int A # ¢. Consequently,
A C X is a first category set if and only if A is a Ty p—first category set.
By Theorem 2 (4), Iy is a first category set; contradiction!

Remark 7. Let D; and D; be two non empty families of subsets of
X such that Dy C Dy, let §; be a D) —complete o —ideal and ¥, be a
Dy —complete o -ideal such that 3; C S;. Then Ty, D, CTa, p,.

Proposition 7. Let (X, ||-|l} be a separable space and let < be a
o —ideal of subsets of X Wh}(‘h satisfies the conditions (iy), (22) and (i3) .

If A e SAT such that 0 € A then A is a Ty r —neighborhood of 0 if
and only if the following condition (Cg) is satisfied: Yz € X, ¥r > 0 such
that U(z, r) C U(0,1), YK C N countable set, Jy € X, Ja > 0 such

that Uy, e} C U{z, r), AL C K countable set such that %U(y, aj\ A€
3, Vne L. '

Proof: Let A € SA7 be such that 0 € AN ®g(A).
Let = € X and r >0 such that Uz, r) CU(0, 1) and K = (n;) be

a increasing sequence of natural numbers. Since RRAU{—B>]1 , there exisis a
0,1
[& o]
subsequence {(nk,) C (ny) such that {7(0, 1)\ Ul A ni, A€ S. By (i),
=1 p=s

there exists so € N such that M = N e ANU(z. ) & 3. By (1)
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and (#3), M € SAr and by Proposition 1, there exists 2 € 7 such that
DAM € $. Since M ¢ S, D # ¢ and hence there exists U{y,a) C D.
r
Consequently U{y, a)\ M € §. By M C U(z, 5), Uy, a) CU{z, r) and
1

by M C 0 nr, A, —U(y, e)\A € 3, Vp > 59 . Now we suppose that the
p=s0 Tk
condition (Cg) is satisfied. Since (X, ||-]|) is a separable space there exists

{ = (zx) CU(0, 1) such that cl F = ctU(0, 1). Let (nx} be a increasing se-
quence of natural numbers and let {a,) be a decreasing sequence of positive
real numbers such that lim o, = 0. Let Lo = {nx } k € N}, rp = 1 and
rr =sup{an < rg_y | U(zg, o) CU(0, 1)}, Yk € N*. For each k € N*,
in {Cg) we take z:= z¢, r:= ry and A:= L,_,. Consequently there
exists a decreasing sequence of countable subsets of Lo, Lo D L; O ... and
the sequences (yx) C X, (ax) C R such that ey > 0, U(yx, ag) C U(zk, r+)

and %U(yk,ak)\AE%, Yee N*, ¥ne L.

Let V = kolle(yk, ax) \ kaj] néJL (U(yx, ax) \ nA] and let (m;) be a

increasing sequence such that m; € L;, Vj € N .
It follows that V C {z € U(0,1) | lLrgo R, 4(z) = 1} and hence
7

VO, D\ {z €U0, 1) | Jim R, a(e) =1} ClU(0, D\V = [ U(0, 1)\

0 o0
A)| .
kL__glU(yk, ap)]U kLlenEULk(U(yk! ax) \ nA)

Since el = clU(0, 1) it results that cl (ki_‘ilU(yk, ax)) = dU(0, 1)

and by (i1), <l U{0, 1)\k§'10(yk, ax) €S.
Let D C P(X) and let § be a D-complete o -ideal of subsets of X .

Definition 7.

1. Wesay that a function f: X — R is (S, D) -approximately continuous
at zp € X if and only if f:(X, Tg p) - R is continuous at xg .

2. We say that a functions f: X — R is (S, D) -approximately continu
ouson AC X ifandonly il f is (3, D) -approximately continuous
at every point of A,

Theorem 8. Let § bea D -complete o —ideal of subsets of X and
let f:X - R. Then f is SAD -measurable if and only if f is (8, D)
approximately continuous G — a.e.

Proof: We suppose that f is a QAD -measurable function and let
(Bn) be a countable basis of the usual tonoloev of B Sinee F-UR Y e
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SAD there exists D, € Tagp such that D, Af'(B,) € G. Let A =
C{UD,Af7V(BR)); it results that f], is (55, D) —approximately continu-

ons. We suppose that f is (3, D) -approximately continuous S —a.e. and
let A ={xe X | [ is (S, D)-approximately continuous ai, z}. Hence
('A € 3. Let U be an open subset of R and let V = ANf~YU). ifzeV
there exists V. € SAD such that = € V,ndg(V,) and V. C 7' (U). Tt
results that Vo= rléJ\' Vi\T, where | = r%lv V:\ A €S, Wesuppose that

1" ¢ 3AD. By (D), and Remark 3, there exists Ky € SAD such that
Ky CV oand Q) KNy € S whenever Q € SAD and QCV. (¥

Since V & SAD, then (V\Ky)No(CRy) £ ¢. Let z € (VAKy)N
PolCRV). zeV=ae((Va\N)\Ay) = Q=(V,\)\Ky ¢S. By
(*}, Q@ =Q\ Ky € S, contradiction ! It follow that V € SAD and hence
Uy = (7Y UH\ AUV € SAD.

Corollary 2. If § is a r-complete a -ideal of subsets of X then
f: X = R is (9, 7) ~approximately continuous S — a.e. if and only if f is
continuous ¥ — a.e,

3. The porosity topology and the G —porosity topology.
Let z€ X, ACX and R> 0. Denote by v(z, R, A) the supremum
of the set of all r > 0 for which there exists ¥ € X such that U(y, r) C

Uz, R)\ A. The number #(4, z) = lim sup 25T A) 10 ed the
R—}0+ R
porosity of 4 at z.

Definition 8. We say that A4 is porous at z if (A, z) > 0.

Definition 9. Wesay that A is superporous at x if AUF Is porous
at © whenever F is porous at z .

The system of all sets which are superporous at a fixed point = form
an ideal. Therefore the system p = {D C X | CD is superporous at any
point z € D} U {¢} form a topology on X which is finer than 7. The
topology p is called the porosity topology.

Theorem I [3]. If A ¢ X such that 0 € A then A is a P-
neighborhood of O if and only if the following condition (C,) is satisfied:
for any c € (0, 1) there exists § > 0 and ¢ ¢ (0, 1) such that whenever
T e X,0<[l2]] <&, there exists y € X and a > 0 such that Uy, a) C
Uz, clzl)N A and a > €|y .

Thenram TT T1£] L P O | ~
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Theorem 111 [3]. The porosity topology is completely regular.

If S is an ideal of subsets of X which satisfies the condition § € Py,
then the family S(p) = {D\ /7| D € pand I € I} form a topology on X
(see [2]). The topology J(p) is called < —porosity topology.

Proposition 8. Let S be an ideal such that S € P, and A C X
with 0 € A. A is a S(p) —neighborhood of G if and only if the following
condition (Cq(p)) is satisfied: for any ¢ € (0, 1) there exists & > 0 and
c € (0, 1) such that whenever z € X, 0 < ||z} < &, there exists y € X and
a >0 such that Uy, ) CU(z, ¢|z|\), Uy, e) \ A €S and a > elly|].

Proof: The necessity results immediately from the Theorem 1. Now
we suppose that the condition (Cg(p)) is satisfied. Let 7 =CA \ S(CA).
Since & € Py, [ € § (see [2]). Let 4y = AUT. By Theorem I, A
is a p-neighborhood of 0. It resuits that there exists D € p such that
0 D\ C A and consequently A is a I(p)--neighborhood of 0.

Proposition 8. If $ is an ideal which satisfies the conditions SePp
and (i;) then S(p) C SAT.

Proof: Let G = D\ I € S(p), where D € p and [ € §. By
Proposition 4 from [15], there exists H € 7 and Z C FrH such that
D =HUZ and CH is superporous at any point z € 7, FrHeS=7¢€
I=G=(H\NHU(Z\I)eSAar.

The theorem (D) from [15] and the Theorem HI implies the following:

Theorem IV. If S is an ideal of subsets of X which satisfies the
conditions S,({X) =X and S € P, then p is the coarsest topology on X
for which all 3(p) —continuous real functions are continuous.

Theorem V [15]. If 3 is an ideal of subsets of X which satisfies
the conditions S,(X) = X and S € P, then any 3(p) -continuous real
function on X is in the first class Baire.

Theorem 7. If (X, | -}) is a finite dimension normed space and 3
is a o —ideal of subsets of X which satisfies the conditions (1}, (2), (i3)
and S € Py, then S(p) = To.--

Proof: It is sufficient to proof that A € SAr is J(p) —neighborhood
of 0 if and only if A is Tg , neighborhood of 0. By the Propositions 7,
8 and 9, it is sufficient to proof that the condition (Cgp)) is satisfied if
and only if the condition (Cg) is satisfied. Remember that a normed space
(VY hae finita dimencinn if and anlv if for everv £ > (1 and every

11 DENSITY-TYPE TOPOLOGIES 279

bour;;ied sequence (z,) C X there exists a subsequence (z,,) such that
int kr_ilU(a:nk, £) # ¢.(*)

‘ Let A € QAT such that 0 € A and we suppose that (Cg(y)) is
satisfied. Let z € X,z # 0,r > 0 such that Uz, r) C U(0, 1) and

let K be a countable subset of N. Let ¢ € {0, 1) such that ¢||z|| < r.
By (Ca(p)), for ¢ there exists § > 0 and £ € (0,1). Let M = {n €

. IE]
K|n> [T +1}. We suppose that M is a increasing sequence (ny).
, 1
By (Cg(y), for ¢,¢,6 and ~ it results that there exists y,, € X
k
1
and a,, > 0 such that U(y,,,a,,) C -n—U(:z:, cllzl)), an, > €llyn. il and
k

U(Yny, @n,)\ A € . Hence the sequence (n is bounded and
e(1 - o)lizll, Vk . i) e e

. By (+), there exists a subsequence (ny, ) C (nx) such that
mt(gU(nkq Ynugr €(1 = )||zlf)) # ¢
Hence there exists y € X and @ > 0 such that U(y, a) C U(nk, yn, ,
Nk, Gn, ), Vg. It results that U(y, a) C U(z, r) and L U(y,a)\ A €
R

S, Vg. Therefore it is sufficient to consider L = {ni, 1 g € N}.fz=0

and r € (0, 1), choose x; # 0 and r; > 0 such that U(zy, ry) C U{0, r)
and apply the same reasoning as above.

Now we suppose that (Cg) is satisfied and (Cg(,)) does not hold.
Hence there exists ¢ € {0, 1) such that for every € € (0,1) and § > 0
th.ere exists £ € X with 0 < ||z}| < § such that for every y € X and a > d
with U(y, a)\U(z, c}|z])NA4 € S it results that a < ¢|y||. We take ¢ = § =

el € N7, and we find the sequence (z,) C X such that 0 < ||z, < !
and for every y € X and @ >0 with U(y, 0)\Ulsn, clenl) 14 € 3 it
results that @ < ~llyl|. (*%)

n

Let m, = [—1——
| E2]

, forall m > 2. Since the sequence (m,z,) is

bounded, by (), there exists an increasing sequence of natural numbers
. o0 c c
(nx) such that: 1nt(kr=1!U((1 - E)mmzm, Z)) # .
. It follows that thcere exists £ € X and r. > 0 such, that for each
c
yUlg, ) C U((1 - i)mﬂkrﬂk! Z) c U1~ §)mﬂk$ﬂk1 Em“k flzn,ll) C

U{mn, Tny, emq, |2, )NU(0, 1). By (Cg),for z,r and K = {m,, | k€
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KR}, there exists y € X,a > 0 and a subsequence (nf) of (ni) such

that U(y, a) C U(z, r) and Uly, a) \ A€ S, Vk. Let by € N such
1+4+¢

I
LY,

that nj > and denote by ng = nj . We have: Uy, a) C

lng

U(Zng, €|}Zn,ll) ; hence Uly, a)\U(Zug, cllznll) A € . Now we put

o

. a 1+c¢
in {xx)y:= y and ar= a. It follows that - <& HZnoll -
l'ng 1 Mpg, "TLg 4]
a c c e
But > * > i |2n]l , contradiction !
Mng NgMMa, o
Corollary 3. If (X, ||-]l) is a finite dimension normed space and Q is

a o ~ideal of subsets of X which satisfies the conditions (i1), {i3), Sp(X) =
X and S € P, then p is the coarsest topology on X for which all (3, 1)~
approximately continuous functions are continuous.

Corollary 4. If {X,]|-1|) is a finite dimension normed space and &
is a o —ideal of subsets of X which satisfies the conditions (1)), (i2), (is)
and S € Py, then any (S, 7) —approximately continuous function is in the
first class Baire.

4. Examples
Example 1.

Proposition 10. If (X, A, p) is a o -finite measure space then
YA C X,3Ha € A such that A C Hy and p(Ha \ P) = 0 whenever
ACPeA.

Further (X, |||} is a normed linear space and 1 is the norm topology.

Theorem 8. Let (X, A, p) be a complete o — finite measure space
and let S = {A € A| p(A)=0}. If I satisfies the conditions (i2), (i3}
and D C A such that SAD = A and D\ ®g(D} €3, VD& D, then §
is a D -complete o -ideal of subsets of X .

Corollary 5. Let X = R, 7 the usual topology of R, B the class of
Borel sets, p the Lebesgue measure of R, A the class of Lebesgue measur-
able sets and & = {A € A| p(A) =0}. Then S isa B-complete ¢ ideal
of subsets of R.

The proof follows from the Lebesgue Density Theorem (see [8])
Remark 8 The topology Tq g is called the density topology of R

[6]-
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Remark 8. There exists D C R a open set such that p(FrD) > 0.
= Proof: If we suppose that I'rD € Q, VD € &, then by Proposition 2,
JAT furm a o -algebra and hence A7 = A. Since § satisfies (i), (42)
;‘nd (13B)‘, Ey Rﬁma.rk 5 (4}, ¥ is a 7 - complete o -ideal. Hence Ty , =
g,5 . By Corollary 1, Tg, ; is not Ty -space. Bat T is T '
(6], [8]); contradiction ! o e e
Example 2.

Iif 7’ is a topology on X we denote by J,+ the o -ideal of 7’ ~first
category subsets of X .

Theorem 9.
1. &, satisfles (i), (i3) and (i5). ( S, satisfies (ip) i ]
¢ : {i5) . % . if a d f .r
(X, |-} is a Baire spacc). v e
?. S, € Ppe for each topology v/ on X and G, € P,.
3.1 (X, || - i} is a Baire space then (S3;),(X)=X.

Proof: (2) is the Kuratowski’s theorem (see [4]). By Theorem II,

8, =9, and hence S, € P,. (3) results from Theorem 1.

Corollary 6. If (X, |-} is a Baj -
1 is a Baire space the L, s -
o —ideal of subsets of X . P n S, is a 7 —complete

Corollary 7. If (X, ||-||) is a finite dimension normed space then:

I.p :s.the coarsest topology on X for which all (S, v) —approximately
continuous functions are continuous.

2, gvclzry (3., 7) —approximately continuous function is in the first class
aire,

Remark 10. &, Ar is the class of Baire subsets of X .
Example 3.

Denote by G = {g:[0, h) — {ZI{) | h >0, g(0) =0, g is continuous and
N : . fe
icreasing function, o, = 1nf{T | R0, h)} >0}. Let g€ G,0<

Qg
C<?,ACX and z € X

Definition 10. The number w,(A, ) = lim sup g_~(7($’ R, A))

R0 R
called the g —porosity of A at r. o

Definition 11. We say that A is (g, c¢) —porous at z if m,(A, ) >
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Remark 11. If A ¢ B and B is (g, ¢)-porous at = then A is
(g, ¢) ~porous at z.

Proposition 11. A is (g, ¢) —porous at x if and only if there ex-
ists ¢’ > ¢ and the sequences of balls {U(z, R.)}, {U(yn, rn)} such that
im R, = 0, Ry > Rpy1, 9(ra) > ¢'Ro, Uy, ra) C Ulz, Ra} \ {z} and
U(yn, Tn)NA=09, Vn.

. R
Corollary 8. If 1,92 € G such that 3 lim 9:(R) < oo and
R0 [

3 lim -g—z-(—}}l < oo then A is (g1, 0)—porous at z if and only if A is
R—0 R

(g2, 0) —porous at .
Corollary 8. A is (g, ¢) —porous at = if and only if cl A is (g, ¢} -
porous at x .

Corollary 10. A is (g, c) —porous at = if and only if there exists
r >0 such that ANU(z, r) is (g, ¢) —porous at x.

Corollary 11. If A is (g, c) —porous at = then zo+ A is (g,¢) -
porous at xg+ x foreach zo € X .

Corollary 12. If g satisfies the condition Ag(t) < g(At),¥A, t > 0
such that At € [0, h) and A is (g, c)-porous at = then AA is (g,¢)-
porous at Az foreach A > 0.

Corollary 13. If A€ 7 then A is not (g, c) — porous at z, for each
zEeA.

Definition 12. We say that A is a (g, ¢) —porous set if and only if
A is (g, c) -porous at each x € A.

Definition 13. We say that A isa o — (g, ¢) —porous set if A is a
countable union of (g, c) —porous sets.

Denote by S, . the family of & - (g, ¢) ~porous subsets of X .

Proposition 12. .

I. S, . is a o—ideal of subsets of X which satisfies the conditions (iz),
(15) and 2+ Dy, CFy,c, V2 € X

2. If g satisfies the condition Ag(t) < g(At), YA, t > 0 such that At €
{0, h) then T, . satisfies (i3).

Proposition 13. If A is a (g, c¢) —porous set then A is nowhere
dense.

15 DENSITY-TYPE TOPOLOGIES 283

Corollary 14. S, . CG,.
Theorem VI [10}). If (X, ||-||) is a Banach space then Sz,0 £ Sy

~ Proposition 14. Let {U(z:, ri)}ies such that Uz, 1) NU(z;, r;)
=o, Yi,jel, i#j. Then Fr (L'JU(-'Ei; ri)) is a (g, ¢) -porous set.

Proof: l*‘r(l;.U(.r:,, r)) C d(UFtU(z, r)). If z € UFrU(z;, ry)

then there exists 19 € I such that z € Fr Ulziy, riy) . Let (Rn) be a de-

creasing sequence of positive real numbers such that lim R, = 0, R, < 2)|z—
. a " .
riolls Vo, and let ¢ < ¢ < 7‘: . Since g € GG, for each n there exists r, <

1,
) such that g(r,} > 'Ry . Let y, =2, 4+ (1— ———R"—) (2~ z,).
2ljz — i || °

It results that U(yn, r.) C U(z, Ra)\ {z} and U(yn, ra) C U(zig, rig) ;
hence Uf(y,, rn) N (71 FrU{z;, r,)) = ¢. Consequently UFrU(z;, r;) is a

(g. ¢) ~porous set. By Corollary 9, cl( UFrU(x;, ri}) is (g, ¢} —porous set
1
and hence Fr (.Léj;['r(m" 7)) is a (g, ¢} -porous set.

Corollary 15. FrU({z, r) isa (g, c) —porous set, Yz € X, ¥r > 0.

Corollary 18. If X = R then FrD isa {9, ¢) —porous s'et for each
open subset D C R.

Theorem 10. {f X = R and g satisfies the property Ag(t) <

g(At), YA, t > 0 such that At € [0, h) then S, . i = =i
ey fo, A) 9,¢ IS a 7 —complete o —ideal

In a gener.a.l separable normed space, we don’t know if the boundary of
each open set is a ¢ - (g, ¢) —porous set, but the following is true:

Propesition 15. Let U = {U(zn, ¢,)} a countabie famil
st U = {U(zn, an y of open
halls and W = {V C U | V is disjoint and is not finite Y. MW =¢ or

W # ¢ and there exists (Vu) C W such that for each V € W there exists
ng € N such that VNV, is not finite, then Friul/(ry, a,)) € Syc -

Proof: let U, = U(z,, a,), D = E{'U" and I = {z, | n € N}.
FrD CAUBUC, where A=FrD\cdINFrD, B =cll\(UclUy,) and
C = EFrU,,. By Corollary 15, C € ;... We show that A4 is a (g, c)-

porous set. If € A then there exists an increasing sequence of natural
numbers' {ng) such that lim a,, = 0, where p, =z —2p 4l —n,, . If
there exists ko such that lim o.. = 0. where .. = llz — »_ Il — » W
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there exists ko such that an, = 0 then A is (g, ¢} — porous al (H;‘ S;zc
the proof of Proposition 14). Consequently we suppose Ll:\:;t érnk ]>,L’(R )
Since z ¢ ¢/ there exists M > 0 such that ||z — 24| ?_h l,' nR f \ m:,d
be a decreasing sequence of positive real numbers such that lim H, =

& ~ g .
R, < M, ¥ge N. Let ¢ < ¢ < =2, For each ¢ there exists ry > 0

i i i = () there exists
such that r, < -2-iand g(ry) > 'Ry Since lim a,, 0
an increasing sequence of natural numbers (kg) such that 2rg + ap, <

Rq+aﬂkq
Ry, Vg. Let y, = ‘T’+m

Ulyg, rq} CU{(z, R\{=z}, Ulyy, 1) C U(‘nnkq: ﬂ'-”-kq) and U(y,, T;E)HA Tf
. Hence A is (g, c) -porous at r. We now shoiw that,. B e \sg,;é o
z € B,j|z — zu|| > an, ¥n, and there exisls an increasing sequin, o
na,tura.l,numbers {(ng) such that lim ||z, —z|| =0 a.nf‘l Un, nUnf[ -;{ib_oqb
each k # i. Consequently V = {U, } € W and z € Fr (%EJUM). =

, ) . st
then B = ¢ € §,,.. We suppose that W # ¢ . By hypothesis there exists

ng € N such that YNV, is not finite. It results that = € Fr(VELi!)nDV)

(zn, —2), Vg € N. It follows that

iti Fr{ U V) isa
and hence B C L#Fr (VEL{J,,OV)' By Proposition 14, r(vevnn )
(g, c) —porous set. Hence B € G ..
Theorem 11. S, € P,

Proof: Let T C X such that (S, .).(/)N] =¢ & Vz € [, _EIU ::}
neighborhood of z such that U.NT € .. Let U be the COIECW)))H (?q
all open balls U C X such that Un/ € S, ., let W= ‘{V C 1 | T |.r
a disjoint subcollection of #} and let V € W be a maximal element o
(W, C). Denote by Vp = vtévv .

If z€ ! and 7 ¢ clVy then there exists U € U such that UnVy =¢.
But this contradicts the maximality of V. Ile‘nce I C dVy ?Ll.ld helg:c
I c (INVy)UFrVy. By Proposition 14, FrVg is a (g, ¢) ~porous set. On

( > T, .. It results that
the other hand, IN¥; = VLer(I NV), where INV € Gy ¢ re

;o ‘
there exists (I»V)i a sequence of (g, ¢) —porous sets such that /NV = :_Jll .

i

oy = . 5 518 1’ SU(,h t;h;”
[ft, 1 e 1Y d 1 U i L

r € 1Y . Since 1Y is (g, ¢)—porous set at . by Proposition ll,ht:a}e:}"e;
exists'c' > ¢ and the sequence of balis {U(x, R,)}. {U{yn. rn)}_l suc h:i
lim Rn = 0, Ry > Rugr, g(ra) > ¢/Ha, Ulyn, ma) C Uz, Ra) \ {2} and
Mia rANIY =d Y. By x € 1Y @ V and lim R. = 0. there exists
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no € N such that Uz, R,) C V, Vn > ng . Since V is a disjoint family it
results that U(y,. r,) NI = ¢, ¥n 2 ng . Hence [; is a (g, ¢} -porous set
and hence TNV, =UL €9, .. It follows that | € Fgiptt

REFERENCES

Vhan, A - Moeasurable outer kernels of sets, Publ. Inst. Math. Beograd 31(45)
[OR2, 5-%

layashi [ -Topologies defined by local properties, Malh. Apnalen 156 {1964),
205-215.

3. Kelar V. - Topologies generated by porosity and strong porosity, Real. Anal,
Exch. 16 (1990-91), 255-267.

4 Kunratoewski
Warszawa 1961,

v Lazarow, B, ~The coarsest topology for & approximately continuous functions,
Comment. Math. Univ. Carclinae 37 (1986} §95-704.

6. Lukés, J.Moly, J and 7 ajicék, L. — Fine topoiogy Methods in Real Analysis
and Potential Theory, Lect. Notes in Math. 1189 (1986).

7. Miller H —Baire outer kernels of sets, Publ. Inst. Math. Beograd 30(1981},
117-122.

8. Oxtohy LC
Berlin, 1971.

Poreda W, Wagner Bojakowska, EandWilczynski, W.— A
category analogue of the density topology, Fund, Math. 125(1985), 167~173.
10. Preiss, D, and ajica k, L. —— Frechet differentiation of convex functions is a
Banach space with a separable dual, Proc. Amer. Math. Soc. 91(1984), 102-204.

1. Wagner, E. — Sequences of measurable functions, Fund. Math. 112(1981),
89-102.

12. Wilcaynski, W
8(1982-33), 16-20.

13 Wilceynski, W, A category analogue of density topology, approximate

continuity and the approximate derivative, Real. Anal. Exch. 10(1984-85), 241-
265.

4. Zajicék L — Sets of &
Math. 102(i976), 350-359.

15. Zajice k, L. — Parosity, 3 -densit
Anal. Exch. 1(1986-87) 313-327.

16. Zajicék, L. — Alternative definitions of
Math. Phys. 28(1987), 57-61.

—Topoiogie, vul.1.4 the end Monografie Matematyczne,

—Measure and category, Springer-Verlag, New York-Heidelberg

9.

—A generalization of density topology, Real. Anal. Exch.

porosity and sets of o porosity (q) , Casopis Pest.
¥ topology and abstract density topology, Real.
~density topology, Acta Univ. Carolin.

Received:22.X11.1994 Faculty of Mathematics

University “ALI Cuza”
6600-1agi
ROMANIA



