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CONVERGENCE OF A
FINITE-DIFFERENCE SCHEME FOR A
WEAKLY ELLIPTICAL EQUATION WITH
CONSTANT COEFFICIENTS

BY
ARIADNA-LUCIA PLETEA, MARIA BECEANU

In this paper we study the convergence of a finite difference-scheme
approximating a boundary value problem for a weakly elliptical equation of
third order with constant coefficients.

Let  C R? be a bounded and open subset with a continuous Lipschitz
boundary T'. We consider the equation:

(1) Lu= fin Q.
where
1 2
: 0 8 du  Ou
9 Lu= ,. . Su,bu = L 4 9%
@ Lu ; k}::oa kax}"@ré (Bmf"kam.f) adwdu go; Oz,

We impose the following conditions:

(3) aix = const, 2 =0,1;k =0,1,2;a; = const. > 0.

If we note by

e Aok if 1=0

(4) bik = ¢ a1 of i=2
Gi-tetay if i=1

we suppose that

) 2
(5) bix&ikr > p® (Z C;Ek) V€ = (&o,61,&) € R

2
i,k=0
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We consider the problem:

{L’u.—:finﬂ

u=0, & =0,i=120nT

(6)

We assume that the generalized sofution of the problem {6) belongs to
the Soholev space W3 (2),s > 1.

Let be & the uniform mesh in §& with step h and ¥ = [(}&. Finite
differences are defined as usual:

where vt' = v(x £ he;) and ¢; is the unit vector on the z;— axis. On the set
of the functions defined on @ we can define the inner scalar

(v, W)L2(w) = i z v(z)w(z)

TEw

and the norm

1/2
ollLzquw) = h (Z ”2(”)

rEw 7

Let be anthoter form of equation (1)

32 au au 82 071, 8’!!.
ago 5 — + (a0t + @) 5= | — 59 (a0 + ) g+ dzgm )+

T 5.7
P oz, T3

Ou du
a vo (gt 5 ) =

We approximate the problem (6} by the following finite-difference scheme:

-—(aggﬁxl + {ag, + am)'ﬁxg):‘c}xl - ((002 + an)ﬁxl + a]Zﬁrz)E'lm?""

(8) +ay (Er, + ﬁxg) = f

We must couple this scheme with the boundary conditions:
i=0on7y

) {ﬁ;lz{)on'y.i:l,?,?:l—‘ﬂﬁ.

The equations {8) + (9) form a linear algebraic system. This system has
a unique solution. This unique solvability of this systemn, as well as the
etahility af tha erheme follow from a priori bounds for .
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Theorem 1. Let @ be a solution of the problem (8) + (9). Then
the following estimate

(10) Cr*lliliva < Iflluze
holds.

Proof. We multiply relation (8) hy 4., + %z, and by summation by
parts the condition (5) we obtain:

2 2
(11} CR*Y W <A (r, +8x,) <A (gcgaﬁ_kx;) <

rEw rEw T€w

2
< T omini Wy, 4T fi o
- :1;::'%::0 bukll2—rziUpr-rgy + ar{tay + Uay) < [ llegen iz
and
- -
Cullalluzw) < 1 fllLzqw -
It follows from the definition of fand Cauchy’s inequality that

1 ) =A% Y F(@) < ik

TrEw

We introduce the Steklov smoothing operators

1
Tu(e) = [ (1= le)utan + th, )it

H

and
1
Siu(z) =/ u(z) + th, zq)dl
0

and, on the same way, Tou(2) and Syu(z). We know that

8*u Ju

T A=) = = N il RT3 3
' (Jrf) uz,z; and T (amj) = (Sjulz))z,, z€w, j=1,2

We apply the operators Ty and T3 to equation (7) and we obtain:

Ju Ju
12 T Fu Su du
(12) 2 (ﬂoo i + (ao1 + a0 632)511, -1 ((ao-z + an)ém—lf
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Ju ( du du )
—_— a T\ =—+— | =TTf
+ayg 973 )sz +ayi)is 9z, | 9z,

Let be u the solution of boundary problem (6) and % the solution of ﬁnite:
difference scheme (8)4(9). For 5 > 1u is continuous and the error z = u — %
" is defined at the nodes of the mesh &. So,

o L\
(13) Lpz = —apo (Tza - Um)ilxl — {ao1 + ar) (Tz 922 "rz)flxl

Ju du
toton) (B —ea),_ = (B -ea),_ 4
+a1 T2 ((S1u(z))z, — uzy) + T ((S2u(z)z,) — us,)

and z2=0, 2z, =0o0n~v,i=1,2.
Using the notation:

Ju du

oo = Ggo (Tzﬁ - ua:l) o1 = (@o1 + @10) (Tzﬂ - 'ﬂx;)
du Ou

(14) Mo = (a2 + a11) (TIE?T uzl) M1 = ap (T‘a_xz - urz)

m = a2((S1u(z))z, — uz,) m = aTi((S2u(z))z, — vs,)
" =1m0+m1 7 =mo+m
the right-hand-side terms of (13) can be written as

2
(15) Lpz= —Z((ﬂ')f.-z. = 1)
Lemma. The following a :ozr;on' estimate
1
(16) lizlluagw) <€ (Z I lleage + IImllm(u})
1=0
holds.

Proof. Using the energy method it follows that
2

(17) (Lhzy 2z, + 245120y = Z("i' Zzy + Zz )12 (w) + (Tis 2oy + 22, L2(n) -
i=1

Using the formula summation by parts, Cauchy’s inequality and the relation

1 2 1-112
= (llzz, 13 w) F 222l E2¢0)) < l2llLeg
4 (

we obtain the inequality (16).
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Theorem. If conditions (6) are satisfied, then the finite-difference
scheme (8) and (9) converges and the estimate

(18) llu — &||L2qy < Ch*" 1'!u]|w;(m, 1<s<?2

holds.

Proof. In order to obtain the convergence rate estimate for the scheme
for the finite-difference scheme (8) + (9) it is sufficient to estimate the terms
in the sum on the right-hand-side of the inequality (16).

As usual, we introduce the cell ¢ = {¢ € w,|¢; - z,| < h,i = 1,2}.
Using the linear transformation ¢; = z; + hzi,(2 = x3 + hz] we map the
cell e(z) on standard cell E(z): E(z) = {z*; jz7| < 1,i=1,2}.

The Jacobian of this linear transformation is J = A%, We use the folloeing
regularity hypothesis: if v € W3(e) and the diamater of the element € is A
then if follows that there exists constant C such that

(19) olwsey < CJ—1/2h3|v|w;(e)-

We estimate 7go at the node = € w. We take

1 -1 a *
mo(e) = aong | [ (1~ 123022 0, 231005 - ur(1,0) 4 w0

oo is bounded linear functional of u* ¢ W3 (E) and gy vanishes if u* a first
degree-polynomial. Using Bramble~-Hilbert Lemma [1], we obtain:

C, .
[moo] < —lu*lwssy, s < 2.

By the regularity hypothesis we have: |ngo| < Ch*~ullws (o).
Summating over the nodes of the mesh w one obtain

1/2
(20) ImooliLzguy = h [Z(ﬂoo)z] < CR*Mullwsa), 1 < 5 < 2.
LEw

Similar estimates hold for each term from 7' and ;,i=1,2.
Thus we proved the Theorem.
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Observation. We obtained a better convergence rate e.?timatc than
the one we obtained for the same problem with variable coefficients [4].
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ON PARA-KAHLERIAN MANIFOLDS
HAVING THE SYMMETRIC KILLING PROPERTY

BY
F. ETAYO and R. ROSCA

Para-complex manifolds and in particular para~Kihlerian manifolds

have been for the first time studied by [11], [13] and [18]. In the last two
decades, several authors have dealt with such type of manifolds, as for in-
stance, [2], [3], {6}, [7], [8], (9], [18], [19], {22] etc. Roughly speaking, a
para-Kahlerian manifold is a neutral-Riemannian manifold endowed with a
Kahlerian structure.

On the other hand, Killing vector fields (on Riemannian manifold or
pscudo-Riemannian manifolds) play in many aspects an important role in
Differential Geometry. We recall for instance, that the Killing property is
conserved by A —lifts(A = 0,1....) on the tangent bundie manifold TrM of
order r [25].

A vector field X whose covariant differential VX ( V is supposed to
be symmetric satisfies:

(0.1) VX =XAUU e X(M)

(A wedge product) has been recently defined by R. Rosca [20] as a skew
symmetric Killing (abbr. $.8.K} vector ficld and I/ is called the generator
of X.

Let then M(J, 2,g) be a 2m dimensional para-Kihlerian manifold,
having J (resp. 1) as (1,1)-structure tensor (resp. structure symplectic
form}, that is: J? = id; d2 = 0: (VNZ =0;7 € X (M). Following [11] the
tangent space Th(M) at pe M to M may be split as

(0.2) To(M)=S. & S



