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MINIMUM PRINCIPLE SOME CLASSES OF
NONCONVEX DIFFERENTIAL INCLUSIONS

BY

AURELIAN CERNEA AND STEFAN MIRICA

1. Introduction. The aim of this paper is twofold: to extend the
method od Mirici [15] to the case of differential inclusions and nonsmooth
control svstems and, on the other hand to obtain in this way some refine-
ments and unifying results in the theory of necessary conditions in optimal
control.

In contrast with most of the existing approaces (e.g., Berkovitz (3],
Boltyanskii [4], Cesari (7], Clarke 8], Fleming and Rishel {9), Frankowska
[0, {113, [12], Hestenes (13], etc.}, the method in [15] seems to be conceptu-
ally very simple, relying only on 2-3 clear~cut steps and using a minimum
of auxiliary results, mainly from finitedimensional analysis,

The general idea of the proof is to reduce the (infnite dimcusional)
optimal control problem to the finite dimensional problem of minimizing
the terminal payofl on the intersection of the {(known) target set with the
(unknown) reachable set, provided a derived cone to the reachable set may
be characterized in terms of the data of the probiem.

The first stepof the proof is to use “intersection lemma” of Mirici
[15], according to which the intersection of two inseparable derived cones at
a common point of two given sets is contained in the quasitangent cone of
their intersection.

The second step relyes on authors’ recent, result in [5], identifying de-
rived cones 1o reachable sets in terms of quasitangent variational inclusions.

Finally. the last step uses the Aubin Frankowska-Olech dulity resuss
in (1], [1], [12} that characterizes the positive dual of reachable sets of sirict
closed convex processes in terms of the adjoint differential inciusions.

Since this duality results is valid only for strict closed convex processes,
at the present stage our approach works only for the following two classes
of problems: the first one is that in which the quasitangeni derivative of the
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orientor vector field contains a strict closed convex process and the second
one is the class of “calm problems” in the sense of Clarke which may be
reduced to free right end-point problems.

In this way, we extend t5he results of Frankowska [10], {11] in two
directions: for problems with strict quasitangent variational inclusions the
terminal set is arbitrary so not asumed to have a nonempty cone of interior
directions {“Dubovitskii-Milyutin cone” in the terminology of Frankowskaj).
and, on the other hand, to problems that may not have strict quasitangent
variational inclusions but are calm (in particular for free right end-point
problems).

The paper is organized as follows: in Section 2 we present some no-
tations, definitions and results from Nonsmooth Analysis to be used in the
next sections. In Sections 3 we recall the results in [1}, [5]. [12] concerning
the derived cones to reachable sets and their positive duals and in Section 4
we prove the Minimum Principle for problems that have strict quasitangent
variational inclusions with arbitrary target sets.

Finally, in Section 5 we use the penalization procedure of Polovinkin
and Smirnov [17} to obtain a minimum principle for calm problems without
assuming the existence of a strict quasitangent variational inclusion.

2. Preliminaries from nonsmooth analysis. We recall that, ac-
cording to Hestenes [13] a subset M C R™ is said to be a derived set 1o
X C R™ at z € X if for any finite subset {v;...vx} C M, there exist so > 0
and a continuous mapping a(-):{0.50]* = X such that «(-) is differentiable
at § = 0 and satisfies:

k
a(0) =z, Da(0)-8=) 6,,v;, V8=(8,...,8) € Ry:=[0,00)"

i=1l

A subset ' ¢ R™is said to be a derived cone of X at zif it is a derived
set and also a convex cone.

For the basic properties of derived sets and cones we refer to M.

Hestenes [13]; we recall that if M is a derived set then M U {0} as well
as the convex cone generated by M, defined by:

k
cco(M) ={D_Ajus; A =0, v, €M, j=1,...k)

is also a derived set, hence a derived cone.
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Moreove{-, if X C R" is a differentiable manifold and 7.X is the
langent space in the sense of Differential Geometry to X at z.

ToX ={ve R" 3c(-s,5) = X, ofclass ¢', ¢(0) =g, ¢'(0) = v}

then TrX is erived cone; also, if X € R™ is a convex subset then the tangent
cone in the sense of Convex Analysis defined by:

TCHX =Cl{t{y—2); t>0, ye X)

is also a derived cone,

Since any convex subcon of a derived cone is also a derived cone. such
an object may not be uniquely associated to a point z € X; moreover, s‘imple
examples show that even a maximal with respect to set~ inclusion derived
cone may not be uniquely defined: if the set X C R? is defined by:

(21) X =CiuCy, C ={(z,2); >0}, C={(z, -z}, = <0}

then Cy and (7, are both maximal derived cones of X at the point (0,0} € X.
From the multitude of the intrinsic tangent cones in the literature

(e.g. [7], [6]), the contingent, the quasitangent and Clarke’s tangent cones,
defined, respectively, by:

K}X ={veR"; 3s,, & 0+, 7,, € X: ST LI|

(2.2) QF X ={v € R"; 3¢():]0,50) > X, e(0) = z, ¢(0) = v)
CIX = {v € RMV(wm, 5m) = (2,04),2m € X,
Fym € X: bn=Fm 5 y)

seern to be among the most oftenly used in the study of different problems
involving nonsmooth sets and mappings.

The ra.t,hc_zr farge gap between Clarke’s tangent cone and the contingent
one may bediminished by several other types of tangent cones (e.g. {16], [17])

from which we mention the ‘asymptotic” variant of the quasitangent cone
defined as follows:

(2.3) AQYX = {ve R v+ Q@YX ¢ QIx)

We recall that, in contrast with K} X, QX the cones CrX, AQt X
are convex and are related as follows: ’ ’

(2.4) CIXCcAQIX cO*XxX kX
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From the properties of the quasitangent cones we recall only the fol-
lowing ([16]):

(2.5) Q1 X = QH(X N B(x)) Vr>0

where B.(z) = {y € R"; |y-=z| <r}. ’
We (recall that two cones Cy,Cy C R™ are said to be separable if there
exists ¢ € R"\{0} such that:

<qu><<quw> Yvely, we G,
We denote by Ct the positive dual cone of C € R”
Ct={g€eR" <qu>20, YveC}

The negative dual cone of C € R" is C~ = -C*. . o
The first preliminary result needed in the proof is the following inter-
section lemma for derived cones;

Lemma 2.1. ([15]) Let X;. X, C R* let x € X; N Xq, an'd let
C,,Ca be derived cones at = to Xy and X, respectively. If Cy and C are
not separable then one has:

CUC) NCy) = (CHC1)) N(CUCy)) C QE(X1N Xa)

(2.7) (CLNC)* =CF +Cf

where CI{(C) denotes the closure of the subset C C R™.

For a mapping ¢(-}: X C R® = R which is not differential_)ie, the C}as-
sical (Fréchet) derivative is replaced by some generalizefi dl'rectlonal deriva-
tives. We recall only the extreme right- contingent derivatives, defined by:

glztlw)=g(z) , KiX
9 1
g-i-w—(——l”g"é)—g Hve KX

Dieg(;v) = lim supg y) (o4 .0).040wex

2.8 s
( ) _D_-}—(Q(IE; U] = lim ]nf(ﬂ,w)—»(o-f-.v).z:-l-ﬂuex

and in the cse when g(-) is locally-Lipschitz at = € int(X) by Clarke’s
generalized directional derivative, defined by:

limsup  g{y+8v) —g(y) P
(29 Dog@v)= o oo 6 e
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The results in the next sections will be expresed in terms of the Fréchet
semidiferentials of g{-) at z defined by:

(2.10) Ik (z) = {q€ R™ < q,v>> Dy g(z,v) Yv € K}X)
Okg(z) = {g€ R™; < q,v >< Q}'{g(m;u) Yv e KF X}

and in the case where g(-) is locally-Lipschitz at z, in terms of the Clarke
generalized gradient, defined by:

dcg(z}) = {q € R"; < q,v>< Dig(x;v) Vv € R"}

In the case of locally-Lipschitz functions, we need the foliowing easy
corollary of the theorem on separation of two convex sets:

Lemma 2.2. ({15]) Let C C R™ be a convex cone, and let h(:): R® -
R be sublinear (i.e., positively homogeneous and subaditive). If h(-) satisfies
the condition h{v) > 0 Vv € C, then there exists g € C* such that < ¢,v ><
h{v) Vv € R"™.

Finaly, we recall that corresponding to each type of tangent cone, say
7z X, one may introduce a set— valued directional derivative of a multifunc-
tion G(-): X C R — P(R") (in particular of a single-valued mapping) at a
point (z,y) € Graph(G) as follows:

TGz, y) = {w € R"; (v,w) € 7(4,)Graph(G)}, v € 1. X

In particular, if G(-) is locally-Lipschitz at z then its set-valued quasitangent
directional derivative is given by:

1
+ — n, 1 - —
(2.11) Q,; G(x,v) = {w € R 8]_1}1;1)14_ gd(y+9w,G(3: + 6v)) = 0}

where, d(a, A) = d4(a) denotes the distance from the point a to the set A;
we shall use also the notation d(A, B) for the Hausdorff distance between
the subsets A, B C R™.

3. Derived cones to reachable sets and their positive duals. In
this section we recall and summarize the background mathematical results
on wich the necessary optimality conditions in the next sections are based.

Namely, we recall first authors’ recent results in [5], [6] concerning
the characterizations of certain derived cones to the reachable sets, then we
use the duality theorem of Aubin-Frankowska and Olech in [1], extended to
the nonautonomus case by Frankowska in [111. [12]. to identifv the nositive
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duals of the derived cones to reachabie sets of certain “adjoint” differential
inclusions.

Everywhere in what follows, z(:):7 = [0,7] = R™ is an absolutely
continuous solution of the differential inclusion:

(3.1) 7' € F(t,z), z(0) € Xo
which is defined by a given set valued map F(-,-): D C r x R* - P(R") and
by a given set, Xo C K", of initial data. We shall denote by Sg{T,0, Xp)

the set of all absolutely continuous solution of (3.1) and we shall use the
following notations for the reachable set of (3.1)

(3.2) Rp(T,0,Xo) = {(T); =(-) € Sr(T,0, Xo)}
We also assume that z(-) satisfies the end-point constraints
(3.3) z(T) € X,

where X| C R™.
The basic class of problems to which our results apply is that satis{ying

the following:
Hypothesis 3.1.

(i} The orientor field F(-,-)D C Rx R™ — P(R") is a L(R) x B(R") mea-

surable multifunction whith closed values and such that there exists
r > 0 and an integrable function L(-) € L' (I, R™) such that F(t,-} is
L(t)-lipschitzean on B,(z(t})) in the sense that:

d(F(t,5), F{t.y)) < LW — ] Yo,y € Be(z(t))ae.(1);

B.(z) = B, (z)

(it} There exists a measurable multifunction A{-): — P(R") whosc values

are convex cones satisfying the condition:

(3.5) A1) C Qi F0) ace(I1 F(t) = graph(F(t, )

The multifunction A defines the family {A(t,-); t € I} of convex
proceses given by:

13.6) A(t,v) ={w € R"; {v,w) € A(t)}, v € D(t) = domA(L,")
which, tn turn, defines the “variational inclusion”:
(3.7) v' € At,v)

that generalizes the well known variational equations in the theory of ordi-
nary differential equations.

In the case of convex—valued differential inclusions, the Lipschitz pro-
perty in (3.4) may be relaxed to a similar property for ap arbitrary “trun-
cation” of the vector field:

(3.4)
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Hypothesis 3.2,

(i) The orientor field (-, in (3.1} is £{IR) x B(R®) weasurable with
closed convex values and there exist » > 0, a measurable function
pl):l = Ry = (0,00} and an integrable function L{-} ¢ L'(1, R")
such that the p-truncated multifunction defined by:

(3.8) ot ey =Fit,x)n Em-,-_,(:'(!;), r e Ba(z(t)ac )

has the Lipschitz property in (3.4).
(if}) Hypothesis 3.1 (i) is satisfied.

We note that if «(t) = min{r, p(t)} then we have:
(3.9)  graph(F(t,-)) N Bag(2(8), /() C Fpt) = graph{F,(t. Vo.e.{])

hence from the property in (2.5) of the quasitangent cone it follows that
(3.5} is equivalent with the condition:

(3.10) A() C Qo Folhae 1)

and therefore if Hypothesis 3.2 is satisfied then the truncated orientor Fol,9)
in (3.8) satisfies Hipothesis 3.1.

On the other hand, according to the prop. 2.4. in [14], if F(.,cot)
is convex valued and has certain sublipschitzainity properties (impliedby
the one in (3.4)) then there exists a function p(-) such 1hat .0t -) has the
property in {3.4).

The systems saisfying Hipothesis 3.2 may be reduced to continnousy
parametrized (“standard”) control systems {e.g. [12], il FP(-,-) has closed
convex values,

Hypothesis 3.3.
(i) The system (3.1} is continuoasly paramitrized in the <enc that there

exists a Hausdorfl topological space, U, and a continuous mappir

oo ) D x U = K7 such that:
FPlt.a) = ft,x,U) Y({t,z) € D= int{D)C R x K"

Further on, there exists a measurable mapping a():1 — 17 i a pre-
scribed class. U, of admjsible contrals. such that z(-) satisfying the
contraiuts (3.1), (3.3) is a solution of the differential equoation:

(3.11) |
(1) = flt z(8))ae(l), flt.x) = fo(1, 51 f{t.x, W), {t.2) & D
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(ii) For any admissible control, u(-) € U,, in particular for the refer-
ence one in (3.11) there exist r, > 0 and the integrable functions
m (-}, Lu(-) € LY(1, Ry) such that vector field f,(-,-} defined by:

(3.12) fult.x) = f(t,z,u(t)), (t,2) e D
is of Carathéodory-Lipschitz type arround z{-) in the sense that:

|fu(8)] < my(t) Vo € B, z(8)) a.e.(])

B Latta) = Lty < Ll — ] Yoy € Be (s(0)ace.(1)

(iii) The multifunction I 3t = A(f) C R* x R" is ineasurable, whith
values that are convex cones satisfying the relation:

(3.14) At C Qliey.orey (9raph (L, ))ae.(1)
and defines the variational equation:
(3.15) o' = A(t,v), A(t.v) = {w € R™; (v.w) € A(t)}, v e Da(t)

Finally, the most particular class of systems we are considering is the
classical “smooth”™ one, satisfying:

Hypothesis 3.4.

(i) . Hipothesis (3.3) (i} is satisfied.

(i) . The vector field f(-,-) in (3.11) is of Carathéodory-C'! type in the
sense that the first property in (3.13) is satisfied and for almost all
t €1, f(t) is differentiable, its derivative being integrably-bounded in
the sense:

of

c’“_(L..T)| < L{t) Yo e B (z(t))a.c.il)

(3.16)

Therefore the family of linear mappings A(t,.) € L{R™. B") defined
by: )
of
de

ts measurable. satisfies (3.15) and defines the classical variational equation:

At v) = =(t, z(t))v Yve R we(l)

, y_
(3.17) V= o

(+, (1))
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Remark 3.5. As intrinsic families of convex cones Aty C R" x R
that satisfly condition (3.5) (resp. {3.14)) we may take the intrinsic convex
cones in (2.2). (2.3) to F(t) = graph(f(t),-))) i.e. we may take:

(3.18) Al) = AQT 1) oy F O D Ciy iy F Daen 1)

Sinee we are interested to use the largest convex cones satisfying (3.5), (3. 14)
example (2.1) shows that the choice in (3.18) may not be the best one unless
the quasitangent cone in (3.5), (3.14} is convex; from this point of view we
may assuine that the convex cones A(2), 1 € 1 are maximal whith respect to
the set inchision among those that salisfy (3.5) (resp. (3.14)).

In what follows, A(1, ).t € I, is a mesurable family of convex processes
in one of Hypothesis 3.1-3.4 and

Ralt,s,C) = {v(t); v(-) € S5406,5,C)}, 0<s<t<T, CCR®
denotes the reachable set of the corresponding variational inclusion in (3.5)
(resp. (3.14}).

The main result characterizing derived cone 1o the reachable set in
(3.2) is the following theorem:

Theorem 3.6.  ([5], [6]) Let Cy be a derived cone to Xo at z(0); if
one of the Hypothesis 3.1, 3.4 is satisfied then for any v € I there exist a
derived cone C'4(7) to Rp{r,0, Xg) at =(7) thai has the following properties:

(3.19) F(t.5(1)) = 2'(t) C CHCA()) ae(l), Ca(0) = C,

(3.20) Ra(m,t,Ca(l)) CCA(T) YO<t<T<T

Definition 3.7. ({1}, [12]) If A: R™ — P(R") is a set-valued map
then multifunction A*: R™ — P(R™) defined by:

A'(p) ={¢ e R"; <qv><<p1 > Y(v.v') € graphA(-)}
is aid to be the adjoint of A.
We obtain certain estimates of the positive duals of the derived cones
in Theorem 3.6, using Lenuna 3.5 in [11], according to which, if Alt, ) is a
stiet closed convex nrocesses whicl is k{t)- Lipschitz whith k() & L1, R}

then for any convex cone Q € B® one has:

(l?‘A(T:t?Q))-'- =R -.4'(T:f,Q+}

With the same proof as that of Theorem 4.1 in {11] we obtain the main result

characterizing the positive dual of the dericed cones obtained in Theorewn
3.6:
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Theorem 3.8. W assume that one of the Hypothesis 3.1--3.4 are
satisfied: let €4 (1) be the cones in Theorem 3.6 and in addition ¢ assume that
the there exists k(-) € L™ (1, ) such that the mapping A{t, ) is measurable
and for a.c. t € [, the mapping v — A(t, ) is a k(t)~lipschitzian strict
closed convex process. Then forall T € 1, one has:

{3.21)
(Calr))t C {g(r): q(-) € WE=(1.R™), ¢'(s) € — A (5, ¢(s))a.e.(]),
q(t) € (Ca())T V1 e [0,7)}

where WH™ (1, R™) denotes the space of Lipschitzian tappings.

4. Minimum principle for problems with strict variational
inclusions. We consider the following Mayer problem:

(4.1) mindmize{g(x(T)): "1y F@ a())ae(d). 2(0) € Xo. #(T) € X}

where Xy, Xy C K" are given subsets, and g(-): 17" -3 I is a given function.
In this section we shall assume the following hypothesis:

Hypothesis 4.1. Hipothests 3.1 is stisfied and, in sddition, the
measirable closed convex processes AL ) R" — P(R™) are strict [i.c.
domA(l,- = K™ a.c. in 1} and there exists k(:) € L™([. RT) such that
v —= A(f,v) is k(8)-Lipschitz for ae. L e |

The main resnlt of this section is the following:

Theorem 4.2.  Let 2(-) be an optional solution for problem (4.])
such that Hypothesis 1.1 is satisfied: let. Xo, N'| C 127 be given subsets and
let g(:): R™ — R be a locally Lipschitz function.

Then for any derived cones Cy of Xy at z(0) and ' of X, at z{T)
there exist A € {0, 1} and an absolutely continnous function p(-)p(-): f - R
such that:

{4.2) Py e =4t p{)) ac(l)
(4.3) PTY € Xog(=(T)) = CT. pl0) € f
(1.4) < (). plt) > min - < pt), v > a.e(l)

vEF(1.2(1])

(4.5) AdtpC)e > 00 Ip()e:= il [pity)
e
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Proof. One has: g(z(T)} = min{g{x):z € X, N ACY A CE
Rp(T,0, Xp) and from definitions it follows:
(1.6)

DEg(2(T)vy = Diegl(=(T):0) > DEg(=(T);v) > 0 Vo € K (X1 NXy)

From Theorem 3.6 it follows that there exists a derived cone 40T} vo
Fr{T.0, Xo) at =(T) such that {3.19)~(3.20) holds.
In the case ("4 (7°) and Cy are separable there exists g € 171{0} such
that :
<qu><0L< g w> Vo€ Cyme CalT),

hence ¢ € (7 = =CF and ¢ € (Ca(T)*F. Applying Theorem 3.8 e find
an absolutely continnous solution p{-):7 = 17 of the adjoint differential
inclusion (4.2) such that : ¢ = p(T), p{0) € CF , p(t) € (Ca(t)t, v € (0.7).
In particular, from (3.19) it follows that p(t) € (F(t, z(0)) - 2'(¢))" a.e. in
I Therefore, if we take A = 0 then (4.2)-(4.5) are verified and Theorem 4.2
is proved in this case.

ln the case when Cu(T) and C) are not separable, according to a
wellknown result of convex analysis (c.g. [2] one has: (CalTynCHT =
(Ca(T)* + CF. From Lemma 2.1 it follows that Ca(TYNC) C Qf'(ﬂ

(Re(T,0, Xo)NX ). Applying Lemma 2.2 with h(-) = f)_(ty(z(T), yand C =
CHC4(TYNCy) we obtain the existence of g € Jeg(z(THN{CA(THT+CH)
hence there exist qp € (Cy (TH*, g2 € CF such that g = 71 + ¢2. As in
the first case, applying again Theorem 3.8 we obtain a Lipschitzian solution
p(:): 1 = R™ of (1.2) such that ¢, = p{T). p(t) € (Calt))*t Ve € (0.7],p(0) €
CE. From (3.20) it follows as in the first case (4.4). We take in this case
A =1 and note that (4.2)-(4.5) are verified and the theorem is proved. =
Remark 4.3. We note that under different hypothesis on g¢(-}, the
transversality conditions (4.3) may be replaced as follows - e.g. [15]:
[ {i}. if g1 (-) = 4{-)|x, is such that On g, (2(T)) # 8 then (4.3) is replaced
hv:
(4.7) PT) € M, (2(T)) = CF . p0) € CF

(it). il g(-) is locally-Lipschitz at 2(T) and if v — DFg(=(T),v) is
convex then (4.3) is replaced by:

(4.8) PT) € Adpg(=(T)) ~ CT p(0) e CF

tn particular, if ¢(.} is differentiable at z(7) then condition (4.7}, (4.8) may
be more satisfactory than (4.3) since Arg(z(T))y = Oyeg(z(T) C deg(z(T)),
and the inclusion may be strict.
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Remark 4.4. The same type of resuits may be obtained in the case
when Hypothesis 3.1 in Theorem 1.2 is replaced by similar type of assuinp-
tions using Hypothesis 3.2, or Hyvpothesis 3.4 instead of Hypothesis 3.1.

In particular, if one uses Hypothesis 3.4 then Theoremn 1.2 coincides
with the classical form of the Minimum Principle (e.g. [3], [1]).

5. Minimum Principle for calm problems. The main short-
coming of the result in Theorem 4.2 is Hypothesis 1.1 which requires the
existence of a measurable family of strict closed convex processes satisfying
(3.5): though this hvpothesis is verified by standard control systems defined
by differentiable parametrized vector fields, simple examples show that there
are locally— Lipschitz orientor fields that may not satis{v I[fvpothesis 4.1.

In this section we consider the class of “calm™ problems for which
Hypothesis 4.1 nced not be satisfied:

Definition 5.1. ({8]) For a given r > 0. lot V(-):13,(0) = R be the
function defined by:

(5.1) Vin) = in [lg(a(T)ia(-) € Sp(T.0. Xo).2(T) € X| + u}

and fet z(-} € AC(I, ™) be an optimal 1rajectory of the problem (4.1). The
problem (4.1) is said to be calm at z(0) if the following condition is satisfied:

(5.2) liminl ¥ (u) - V/(0) 5. o
w — () ||
We note that according to the results in [8]. a free right end problem(i.e.
for which X} = R"™) is caln in the sense above: for other propertics and
comments on the significance of calin problems we refer to [8].
We prove now the following result showing that a calin problem mav
be reducedto a free right end-point. problem (sce also [8]):

Proposition 5.2. Let Hypothesis 3.2 (i) be satisfied. let X, © R"
be closed, let ¢(-): Xy = R be locally- Lipschitz and let =(-) be an optimal
trajectory of the problem (d4.1).

If the problem (4.1) is calm at z(-} then there exist M.z = 0 such that:
(5.3)

g(z(T)) < g(y(Tyy 4+ Mdly(T), X1)¥yl(-) € Sp(T.0.X), (1) = (T < ¢

Proof. We assume that problem (1.1) is caln at =(-}. Then there
exist, M > 0,2; > 0 such that, :

(5.4) V() = Mlu| > V(0) = g(z(1)) Vue B. (0)

13 MINIMUM PRINCIPLE FOR DIFFERENTIAL INCLUSIONS 319

We assume that £50 is small enough such that that there exists L = AM.
which verifies: |g(z(T)) — g(2)] < L{z(T) - z| Vo € By (2(T)). .

By contradiction, we assume that (5.3) is not true. Then for r > @
and € = L there exist a solution y(-) of (3.1) such that:

(5:5)  g{y(T)) + rd(y(T), X2) < g(=(T)); [w(T) — +(T)| < ¢

}lf v € Xy is such that o — y(1)] = d(y(1). Xy), and « = y(T) — v then one
1a5:

(5.6) g(y(T)) + r[y(T) - v

< g(=(T})
Since y(T') = v + u € X, + v, from {5.6) it follows that:
(57)  rlul = rly(T) — o] < g((T)) = ¢(y(T)) < LI2(T) — y(T)| < Le

Thus |u] <&, hence for » = M the inequality in (3.6} contradicts (5.4). m

Remark 5.3. The statesmient in Propositon 5.2 is equivalent with
the following one: if the problem (4.1} is calin at the optimal trajectory
z(-), then z(-) is a local solution of the free right end-point problem defined

by the differential inclusion in (3.1) and by the ‘penalized” terminal payofl
ga () defined by:

{(5.8) gm() = g(z) + Md(z, X)),z € R"

On the other hand, for free right—end problems one may use the penalization
procedure of Polovinkin and Smirnov [17] for which a measurable family of
strict closed convex processes satisfying (3.5) always exists. ‘

In what follows we shall usc the following notations:

(i(t) =a(l+ L), 0 = LT + m(T))exp(m(T)). m(T) = [0[ L(s)ds
(5.9) E{t,z,20) = {{v,u0) € R™ x R;v9 > a(t)d((x, v}, F(6))},

Xo=Xo x {0} C R" x R,

gm(z 20) = g(2) + xo + Md(x, X,):7 = {x,20) € R" x R

where L is the Lipschitz constant of g(-) at z(T).

Wa rarall nate n owecalé cneen drlorae1 v '
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Proposition 5.4. ([16]) Let =(-) be an optimal sohution for problem
(4.1) such that Hypothesis (3.1} (i} is satisfied; let Xg € B™ be a given set,
and g(-}: R* = It be a locally-Lipschitz given function.

Then 2(-} = (z(+),0) is a local solution of the following problem:
(5.10)  minimize{Gar(x(T), o (1)) T() = (a(-), 2o(+)) € SH(T.0, Xo}}

If Hypothests 3.1 i satisfied, we associate to the family A(t,),t € 1
of convex processesthe following family of cones:
{5.11) A(t) = {{x, xo, v va) € B* X R x R™ x Ryvg > a(t)d((x.v), A1)}

In order to characterize the positive dual of j(f.) we need the following
general result:

Lemma 5.5. [f 4 T R™ is a closed convex cone and a > U then one

(5.12) {(p€ R™ < pyv>+ad{u, A) >0 Yo & R} = AY N B, (0)

Proof. Let p € AT ﬂﬁu(() }, let ¢ € R be arbitrary and let o' € A
be such that d(e, A) = |v — a|. Then sience < p,a’ >> 0 we may write
succesively: < p,v > +ad{u, Aj _.< pu—a’ >+ < pa’ > tale—a| > {a

v —a'l+ < p,a’ >20 honcc » belongs to the set in the left hand--side 0f

{5.12). We consider now p € R* such that < p,v > +ad(s,a) > 0 Vv € R™;
in particular, taking v € 4 we obtain that p € A%, Since 0 € A one has:
< —p,v><ad(v, 4) < alv] vv € " and < —p, —v >< ad(-v. A) < a| - v|
and thus | € —p, v > | < aju|. Therefore |pl = | — p| = sup oy | < =p, 0 >
| <« and Lemma 5.5 is proved. m

The positive dual of the convex cone ./Z(t) in (5.11) is given by:
.E(f.)"" = {{p,po.q,q0) € R* x Rx R" x Ky < p.v >+

(5.13) Fpoqot < g, v > +gove > 0 Yug 2 a{t)d{{w. v} F(t)),
Yizg, z, ) € R x R* x R"}

If we take & = v =10,19 = 0in (5.13) we oblain pp = . qp > 0 and therefore

one has:

A(f}+ {{p.0,g.4g0) ER" x Rx K" x Bj<p,e >+ <q,v>+
+gpa{tyd((r,v), A(H)) > 0 V{x, v) € R" x B}

From (5.11) and (5.13) we obtain:

«E T={(p.0 g q) € R” x DX R" < It; (mg) e AT
(p.4) € Beyuni0y € R* x K"}

Gl MU ES A s R Y L abhle mnntimn e bbin Fallagie -

(5.14)

(5.15)

15 T MINIMUM PRINCIPLE FOR DIFFERENTIAL INCLUSIONS 321

Theorem 5.6. Let z(-) be optimal for problem (4.1), let Hypothesis
3.1 be satisfied such that L(-) in {3.4) is essenuially bounded (i.e.L(} €
L=, R)). Let a(v) be asin (5.9), let X\ C R® be a closed set, X C R™
and let ¢(-): R — R be a locally-Lipschitz functions.

If the problem (4.1) is calm at z(-}. then for any derived cones, Cy
to Xo at £{0) and Cy to Xy at z(T) there exist an absolutely continuous
solution p(-}: I — R” of the adjoint inclusion (4.2) and py > 0 such that:

(5.16) PTY € deg((1)) - CF p(0) € C}
(5.17) < Z'(8), plt) >= nennn[< P v > dpoalt)d((=(t), v), F(t))]

Proof. According te Proposition 5.2, there exists M > 0 such that
} is a local solution for the free right end-point problem:

z(:
(5.18)
minimize{g(x(T)) + Md(x(t), X1);2'(t) € (¢, x(t))ae. (1), 2(0) € Xo}

From Proposition 5.4 it follows that (-} = {2(-),0) is a local solution for the
problem (5.10) and, trherefore one has:

{5.19) DEGn(3(T);5) > 0 V8 = (v.uy) € 1\';(,‘} R=(T,0, Xo)

As in the Proof of Theorem 1.2, we apply Theorem 3.8 for I'( ) and .Z(‘
in (5.9}, (5.11) and (3.20).

Since Co(T) C 1"5("‘. RA(T,0, _-:{';,) from (5.19) we obtain that for any

U= (v.19) € Co(T) the following inequalitics hold:
(5.20) 0 < DRGar(3(T);5) < Deg(z)i)iv) + MDEdy, (2(1): 0) + v

Let Cy =) x [0 o0} and note that since, KT X = {v & R™; Dhdy(x.v) =
0} and 'y ¢ R'Y om0 from {5.207 it follows:

v - -t i B i ITE o
(5.21) 05 Deg(2(T)v) + oo Yiw,m) € CH{TYOC
We shall prove first that CH(T) and (?', are not separable. Assuining thit

there exixts {(p,po) € {CT)F N (A',)\{(G.O)} it follows that < p.o =

4 nana < N Yin vl 267 I naritenlar avco indor that me 0 Min tha ot hoe
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hand from (p, po} € C;(T)*‘ using (3.21) it follows that (p,pg) = ¢(T) =
(q(T), qo(T)) with §'(t) € ~A=(1, (1)) ae. in I. Hence (¢'(t). qb (1) ¢(t), q +
0(t)) € (JT(L))‘*. From (5.14} we deduce that ¢4{t) = 0 a.e. in [ and thus
40(t) = po 2 0, hence pg = 0; but in this case from (5.15) we obtain ¢{t) = 0
and thus p = 0, which contradicts the fact that (p, pg) # (0,0). -

From (5.21), applying Lemma 2.2 we find (¢, q) € (C'2(TYNCy ) such
that :

< (4,90, (v.v0) >< Dig(2(T);0) + vo ¥, mp) € A"

In particular, for v = 0, we obtain that ¢ = L. Hence ¢ € d¢¢(z(T)) and
(¢,.1) € (CR(T)N 6’1)"'. Since C'o(T') and C; are not separable, according
to a well known result of convex analysis (e.g. [2]) one has: (C;(T)Aﬂ
6*1)+ = CA(T)* +6';F; hence there exist {(p, p) € Co(T)Yt and {r,rg) € ct
such that (¢, 1} = (p,po) + (r,70). From (r, ro) € 6‘1 we infer that r €
CT. Appplying again Theorem 3.8 we find that (pypo) = (p(T), po(T) with
PO € —A(6,B(0) ae. in I, j(t) € C3(0)*, where B(-) = (p(-}. pol(-)).
From (5.14) we deduce that py(t) = po > 0, and fron (5.15) we obtain that
p(-) verifies the adjoint inclusion (4.2).

It remains to verify the minimum condition (5.17). Since p(t) €
(Ca(th*, from (3.19) it follows that 5(t) € (F(£,3(t)) = 2(1))* ae. in
I, which is equivalent with:

<Ap(1), po), (w = 2'(t), 20) >> 0,Vag > a(t)d((z(2), 2), F(1)),z € R" a.e.(1)
hence
< plt), x> +poa(t)d((2(t), 2}, F(1)) >< p(t),2'(t) > Vx € R*, a.e.(I)

and (3.17) is verified.

Remark 5.7. We note that the “usual” minimum condition (1.4) is,
obviously, a consequence of the minimum condition (5.17) which apparently
is much stronger. On the other hand, the optimal trajectory z(+} is normal
as the multiplier A in (4.3) is 1; this normality condition is a consequence of
the calinness hypothesis as in other cases (Clarke [8]).

Remark 5.8.

(i). If g() is such that Jxg(z(T)) # @, then the transversality condi-
tion {5.16) mav be renlaced bv the followine nne-
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(5.22) PT) € Dug(=(T)) — CF. p(0) € CF
Indeed. from (5.19) it follows:

0 < Dhgl=(T)v) + MDLdy, ((T),v) + vo Vi, vo) € C(T)

=N

and it g € d,-9(2(T)), then:
-0 <<q v > 4uV(n, 1) € (’E(T) B ﬁi

hence (¢.1) € (CHT)NCh)F, and the proof continues in the same way as
in Theorem 5.6.

(ii). If g(-) is locally~Lipschitz at ATyandif v - D+ KYg(z(T);v)is
convex, with the same proof as that in Theorem 5.6, we obtain the Minimum
Principle with the following transervality condition:

(5-23) P(T) € Qig(=(T)) - '} p(0) € CF

Remark 5.9. The same type of results may be obtained in the case
when Hipothesis 3.1 in Theorem 5.6 is replaced sy Hypotlesis 3.2, which
requires the Lipschitz property for an arbitrary truncation F.{-,-) of r{-.-)
which is assunied to have convex values.
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R.ELATIV_I.:STIC MODEL FOR A MATERIJIAL
PARTICILE IN A NON-INERTIAL FRAME

BY
C.I.BORS

In some short papers [2,3,1] two body problen in
was studied and connexions betw
were remarked.,

in this paper we will study the motion of a material pariicle with
resbect to a non-inertial frame Sy; we suppose that, relative to an -inerf' ]
frame, S| has a rotation described by the vector E‘J(tj @) E’C1 | o
. In the following mass, position vector app .
ing the material particle will be denoted bv,
The equation of motion in 5. for the

a non-irertial frame
een our results and the theory of relativity

velocity, applied force concern-
m, T, U, F, respectively.
material particle, is given by
(1) m.F:F—m[EJ-“xF+EJ><(5xF)+2c‘Jx5}.

In what follows it is convenient to usc the notations

= i€y,

]

L ; €,
F= 1€i, W= w;iE;,
(3,’(3J' - Oij! (Elr‘:?agli) = ]1

W 3 5 the W selogs s - 1
he‘ro &5 is t.]u.. Kronecker delta; here and in the following we use the sum-
mation convention over repeated tndex.



