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Abstract. The paper is concerned with the linear theory of thermodynamics of

electromagnetic materials developed by C o l e m a n and H i l l [1,2]. First, a uniqueness

result is established. Then, we derive a spatial decay estimate of a measure of electric

intensity, magnetic intensity and temperature. Finally, the continuous dependence of

solutions upon initial data and heat supply is established.

1. Introduction. The equations of electromagnetic theory have been
the subject of many investigations. For an extensive review of the literature
the reader is referred to the papers [1–10]. In the present paper we consider
the theory of thermodynamics of elelctromagnetic materials developed by
C o l e m a n and H i l l in [1,2]. We study some properties of solutions in
the context of linear theory. In Section 3 we establish a uniqueness result for
the boundary–initial value problem. As in classical thermoelasticity [11], the
result is based on the entropy production inequality. We note that most of
the papers concerned with uniqueness theorems for eletromagnetic materials
are restricted to isothermal process. The result presented in [10] is a local
one. In Section 4 we establish a spatial decay estimate, similar to those
of Saint–Venant type. A comprehensive survey of the results concerning
Saint–Venant’s principle was given by H o r g a n [12]. The study of Saint–
Venant’s principle for dynamical problems is of relatively recent origin (see
e.g. E d e l s t e i n [13], K n o w l e s [14], F l a v i n and K n o p s [15],
F l a v i n, K n o p s and P a y n e [16], I e ş a n and Q u i n t a n i l l a
[17], A m e s, P a y n e and S c h a e f e r [18], C h i r i t a [19]). We
use the results of E d e l s t e i n [13], K n o w l e s [14] and C h i r i t a
[19] to establish a spatial decay estimate of a measure electric intensity,
magnetic intensity and temperature. First, we derive a balance equation for
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a region situated away from the subset of boundary which is loaded. Then,
we introduce a measure associated to an admissible process and establish a
first–order differential inequality governing the behaviour of this measure.
Integration of this inequality leads to a spatial decay estimate. Finally, in
Section 5 it is shown that the second law of thermodynamics induces the
continuous dependence of solutions upon initial data and heat supply.

2. Basic equations. We suppose that a properly regular region R
of three–dimensional Euclidean space E3 is occupied by a rigid body which
does not move. We let R denote the closure of R, call ∂R the boundary of
R, and designate by n the outward unit normal of ∂R. Letters in boldface
stand for tensors of an order p ≥ 1, and if v has the order p, we write vij..k (p
subscripts) for the components of v in the rectangular Cartesian coordinate
frame Oxi (i = 1, 2, 3). We shall employ the usual summation and differen-
tiation conventions: the subscripts are understood to range over the integers
(1,2,3); summation over repeated subscripts is implied; subscripts preceded
by a comma denote partial differentiation with respect to the correponding
Cartesian coordinate; a superposed dot denotes partial differentiation with
respect to time.

Faraday’s law, Ampére’s law and the first law of thermodynamics have,
respectively, the forms [1,2]

(2.1) curlE = −Ḃ,

(2.2) curlH = Ḋ + J,

(2.3) div(q−E×H) + S = ε̇.

Here, E is the electrict intensity, B is the magnetic induction, H is the
magnetic intensity, D is the electric induction, J is the electric current, q
is the heat flux, S is the heat supply per unit volume, and ε is the energy
density per unit volume.

We do not consider the equations

divD = 0, divB = 0,

since we regard these equations as consequences of (2.1), (2.2) and initial
conditions.
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The local form of the second law of thermodynamics is given by

(2.4) T η̇ − S − divq +
1
T

q · grad T ≥ 0,

where η is the entropy density per unit volume and T is the absolute tem-
perature. We assume that T > 0.

Clearly,

(2.5) div(E×H) = H · curlE−E · curlH.

In view of (2.1), (2.2) and (2.5), the equation of energy becomes

(2.6) ε̇ = H · Ḃ + E · Ḋ + E · J + S + divq.

We introduce the free enthalpy density ζ by

(2.7) ζ = ε− ηT −H ·B−E ·D.

With the help of (2.6) and (2.7), the inequality (2.4) becomes

(2.8) E · J− ζ̇ − ηṪ − Ḣ ·B− Ė ·D +
1
T

q · gradT ≥ 0.

In what follows we consider materials characterized by the following consti-
tutive equations

(2.9)
ζ = ζ̂(E,H, T, g), D = D̂(E,H, T, g),
B = B̂(E,H, T, g), η = η̂(E,H, T, g),
J = Ĵ(E,H, T, g), q = q̂(E,H, T, g),

where g = grad T . We assume that ζ̂, D̂, B̂, η̂, Ĵ and q̂ are smooth functions.
The inequality (2.8) places the following restrictions on the functions

ζ̂, D̂, B̂, η̂, Ĵ and q̂ [1]

(2.10) D̂ = − ∂ζ̂

∂E
, B̂ = − ∂ζ̂

∂H
, η̂ = − ∂ζ̂

∂T
,

(2.11) ζ = ζ̂(E,H, T )
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and

(2.12) E · Ĵ +
1
T

q̂ · g ≥ 0.

It follows from (2.12) that

(2.13) E · Ĵ(E,H, T,0) ≥ 0, g · q̂(0,H, T, g) ≥ 0.

The relations (2.13) yield [1]

(2.14) Ĵ(0,H, T,0) = 0, q̂(0,H, T,0) = 0.

With the help of (2.7) and (2.10), the energy equation (2.6) reduces to

(2.15) T η̇ = S + divq.

We denote by T0 the constant temperature of the body in the natural
state and introduce the notation

(2.16) θ = T − T0.

In what follows we assume that only weak fields are involved. In the context
of linear theory we have
(2.17)

ζ = ζ0 − 1
2kijEiEj − 1

2µijHiHj − 1
2aθ2 − αijEiHj − τiEiθ − νiHiθ,

Ji = σijEi + βijθ,j , qi = kijθ,j + γijEi,

where ζ0, kij , µij , a, αij , τi, νi, σij , βij , γij and kij are constitutive coefficients.
We assume that the constitutive coefficients are constants. Clearly,

(2.18) kij = kji µij = µji.

We denote that the conditions (2.14) are satisfied. It follows from (2.13)
that

(2.19) σijEiEj ≥ 0, kijθ,jθ,i ≥ 0.

The inequality (2.12) can be written in the form

(2.20) T0σijEjEi + (γij + T0βji)Ejθ,i + kijθ,jθ,i ≥ 0.
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It follows from (2.10) and (2.17) that the constitutive equations of the
linear theory are

(2.21) Di = kijEj + αijHj + τiθ, Bi = αjiEj + µijHj + νiθ,

η = τiEi + νiHi + aθ, Ji = σijEj + βijθ,j , qi = kijθ,j + γijEj .

The equations (2.1) and (2.2) can be written in the form

(2.22) εijkEk,j = −Ḃi, εijkHk,j = Ḋi + Ji,

where εijk is the alternating symbol.
The energy equation (2.15) reduces to

(2.23) T0η̇ = qi,i + S.

To the system of field equations we adjoin the initial conditions

(2.24) B(x, 0) = B̂(x), D(x, 0) = D̂(x), η(x, 0) = η0(x), x ∈ R,

where B̂, D̂ and η0 are prescribed functions. We consider the following
boundary conditions

(2.25) E× n = 0 on S1 × I, H× n = 0 on S2 × I,
θ = θ̃ on S3 × I, q · n = q̃ on S4 × I,

where Sj(j = 1, 2, 3, 4) are subsets of ∂R such that S1 ∪ S2 = S3 ∪ S4 =
∂R, S1∩S2 = S3∩S4 = ∅, n is the outward unit normal at ∂R, I = (0,+∞)
and θ̃ and q̃ are prescribed functions.

We assume that: (i) B̂, D̂ and η0 are continuous on R and divB̂ =
0,divD̂ = 0; (ii) θ̃ is continuous on S3×I, and q̃ is piecewise regular on S4×I.
By an external data system we mean an ordered array L = (S, B̂, D̂, η0, θ̃, q̃)
with the properties (i) and (ii).

From (2.21)–(2.23) we obtain the field equations in terms of the fields
E,H and θ

(2.26)
εijkEk,j + µijḢj + αijĖj + νiθ̇ = 0,
εijkHk,j − kijĖj − αijḢj − τiθ̇ = σijEj + βijθ,j ,

kijθ,ij + γijEj,i − T0(τiĖi + νiḢi + aθ̇) = −S.

An admissible process on R× I is an ordered array p = (Ei,Hi, θ) with
the properties: (i) Ei and Hi are of class C1 on R× I; (ii) Ei and Hi are of
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class C0 on R × [0,+∞); (iii) θ is of class C2,1 on R × I; (iv) θ is of class
C1,0 on R × [0,+∞). A solution of the boundary–initial–value problem is
an admissible process on R× I that satifies the equations (2.21)–(2.23), the
initial conditions (2.24) and the boundary conditions (2.25).

3. Uniqueness theorem. We introduce the function U on R× I by

(3.1) U =
1
2
kijEiEj +

1
2
µijHiHj +

1
2
aθ2 + αijEiHj + τiEiθ + νiHiθ.

Theorem 3.1. Suppose that U is a positive definite quadratic form.
Then the boundary–initial–value problem has at most one solution.

Proof. With the help of (2.21) and (3.1) we obtain

(3.2) E · Ḋ + H · Ḃ + θη̇ = U̇ .

On the other hand, from (2.5) , (2.22) and (2.23)

(3.3) E · Ḋ + H · Ḃ + θη̇ = E · (curlH− J)−H · curlE +
1
T0

θ(S + divq) =

= −E · J− div(E×H) +
1
T0

Sθ +
1
T0

div(θq)− 1
T0

q · grad θ.

It follows from (3.2) and (3.3) that

(3.4) U̇ = div
(

1
T0

θq−E×H

)
+

1
T0

Sθ −E · J− 1
T0

q · grad θ.

By the divergence theorem and (3.4),

(3.5) Ẇ =
∫

∂R

[
1
T0

θq · n− (E×H) · n
]

da+

+
∫

R

[
1
T0

Sθ −E · J− 1
T0

q · grad θ

]
dv,

where

(3.6) W =
∫

R

Udv.
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From (2.21) and (2.20) we obtain

(3.7) E · J +
1
T0

q · grad θ ≥ 0.

Thus, from (3.5) we conclude that

(3.8) Ẇ −
∫

∂R

[
1
T0

θq · n− (E×H) · n
]

da−
∫

R

1
T0

Sθdv ≤ 0.

Suppose that there are two solutions (E(α),H(α), θ(α)), (α = 1, 2). Then
their difference p = (E = E(1) − E(2), H = H(1) − H(2), θ = θ(1) − θ(2))
corresponds to null data. We introduce the notations

U =
1
2
kijEiEj +

1
2
µijHiHj +

1
2
aθ

2
+ αijEiHj + τiEiθ + νiHiθ,

W =
∫

R

Udv.

Then, from (3.8), (2.23), (2.25) we obtain Ẇ ≤ 0 on I. Thus,

(3.9) W (t) ≤ W (0), t ≥ 0.

Since U is a positive quadratic form, the first three equations from
(2.21) can be written in the form

Ei = aijDj + bijBj + aiη, Hi = bijDj + cijBj + biη, θ = aiEi + biHi + dη.

Thus, the initial conditions imply that E(x, 0) = H(x, 0) = θ(x, 0) = 0. We
conclude that W (0) = 0. By hypothesis we find W (t) = 0, 0 ≤ t < ∞.
Hence E = 0,H = 0, θ = 0 on R× I. The proof is complete.

4.Spatial decay of solutions. In [13], [14], [19], the authors have
studied the spatial decay of solutions of parabolic partial differential equa-
tions. Spatial decay of solutions in dynamical problems of elasticity and
thermoelasticity have been studied in [15], [17], [19]. In this section we use
the results of E d e l s t e i n [13], K n o w l e s [14] and C h i r i t a [19] to
derive a spatial decay estimate of a measure of electric intensity, magnetic
intensity and temperature. We denote the norm of the tensor T by

|T| = (T ·T)1/2.



336 M. CIARLETTA 8

Throughout this section we assume that the function U defined by (3.1)
is a positive definite quadratic form. Then there exist the positive constants
m1 and m2 such that

(4.1) m1(|E|2 + |H|2 + θ2) ≤ U ≤ m2(|E|2 + |H|2 + θ2).

We introduce the notation

(4.2) V = kijθ,iθ,j + (γij + T0βji)Ejθ,i + T0σijEjEi.

It follows form (2.20) that V is positive semidefinite. We assume for the rest
of this paper that V is a positive definite quadratic form in the variables
E and g = grad θ. Since V is positive definite, there exist the positive
constants d1 and d2 such that

(4.3) d1(|E|2 + |g|2) ≤ V ≤ d2(|E|2 + |g|2).

We assume that the thermal conductivity tensor kij is symmetric. Since
kij is positive definite, there exist the positive constants k1 and k2 such that

(4.4) k1|g|2 ≤ kijθ,iθ,j ≤ k2|g|2.

For every second order tensors A and B, we have

|A + B|2 ≤ 2(|A|2 + |B|2).

Thus, from (2.21) we have

|q|2 ≤ 2(kiskirθ,sθ,r + γimγinEmEn).

The characteristic values of the matrix A2 are the square of the characteristic
values of A. We can write

(4.5) |q|2 ≤ 2(k2
2|g|2 + m3|E|2) ≤ k(|g|2 + |E|2)

where m3 = max(γim, γin) and k = max(2k2
2, 2m3). It follows from (4.3)

and (4.5) that

(4.6) |q|2 ≤ ξV,

where ξ = k/d1.
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Let R be a bounded regular region whose boundary ∂R includes a plane
portion S0 (see [13], [14]). Choose cartesian coordinates so that S0 lies in
the plane x3 = 0, and suppose that R lies in the half–space x3 > 0.

We assume that the heat supply is zero. Moreover, we consider the
boundary conditions

(4.7) θq · n = 0, (E×H) · n = 0 on (∂R\S0)× I,

and the initial conditions

(4.8) E(x, 0) = 0, H(x, 0) = 0, θ(x, 0) = 0, x ∈ R.

We denote by Rz the domain defined by

(4.9) Rz = {x ∈ R, z < x3 < l},

where l is the maximum of x3 on R.
By a dynamical process we mean an admissible process which satisfies

the equations

(4.10) curlE = −Ḃ, crulH = Ḋ + J, T0η̇ = divq,

on R× I, the boundary conditions (4.7) and the initial conditions (4.8).

Theorem 4.1. Let p = (E,H, θ) be a dynamical process. For any
z ∈ [0, l] and t ∈ [0,∞], let Fp(z, t) be defined by

(4.11) Fp(z, t) =
∫ t

0

∫
Rz

(
U +

1
To

∫ s

0

V dτ

)
dads,

where U and V are given by (3.1) and (4.2), respectively. Then

(4.12) Fp(z, t) ≤ Fp(0, t)exp

(
− z

h(t)

)
, z ∈ [0, l], t ∈ [0,∞),

where

(4.13) h(t) = max

{
t

2m1
,

ξ

2T0

}
.
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Proof. If we integrate the equation (3.4) over Rz and use the diver-
gence theorem and boundary conditions (4.7) then we obtain

(4.14)
..

F p (z, t) =
∫

Sz

(
ε3jkEjHk −

1
T0

θq3

)
da,

where Sz is the subset of ∂Rz, located at x3 = z. In view of (4.8), from
(4.14) we find that

(4.15) Fp(z, t) =
∫ t

0

∫ s

0

∫
Sz

(
ε3jkEjHk −

1
T0

θq3

)
dadτds.

By means of Schwarz’s inequality

(4.16) Fz(z, t) ≤
(∫ t

0

∫ s

0

∫
Sz

ε3jkε3jsHkHsdadτds

)1/2

·

·
(∫ t

0

∫ s

0

∫
Sz

|E|2dadτds

)1/2

+
(∫ t

0

∫ s

0

∫
Sz

θ2dadτds

)1/2

·

·
(

1
T 2

0

∫ t

0

∫ s

0

∫
Sz

|q|2dadτds

)1/2

.

If we apply the geometric–arithmetic mean inequality to (4.16) we arrive at

(4.17) Fp(z, t) ≤ 1
2

∫ t

0

∫ s

0

∫
Sz

(
|E|2 + |H|2 + θ2 +

1
T 2

0

|q|2
)

dadτds.

Clearly,

(4.18)
∫ t

0

∫ s

0

(
|E|2 + |H|2 + θ2

)
dτds ≤ t

∫ t

0

(|E|2 + |H|2 + θ2)ds.

With the help of (4.1), (4.6), (4.18) the relations (4.17) becomes

(4.19) Fp(z, t) ≤ 1
2

∫ t

0

∫
Sz

(
t

m1
U +

1
T 2

0

ξ

∫ s

0

V dτ

)
dads.

It follows from (4.13) and (4.19) that

(4.20) Fp(z, t) ≤ h(t)
∫ t

0

∫
Sz

(
U +

1
T0

∫ s

0

V dτ

)
dads.
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We note that from (4.11) we obtain

(4.21)
∂Fp(z, t)

∂z
= −

∫ t

0

∫
Sz

(
U +

1
T0

∫ s

0

V dτ

)
dads.

It follows from (4.20) and (4.21) that

h(t)
∂Fp(z, t)

∂z
+ Fp(z, t) ≤ 0.

Thus,
∂

∂z

{
Fp(z, t) exp

(
z

h(t)

)}
≤ 0.

This inequality implies the desired result.
The result established in this section is in some respects analogous to

the estimate derived, in connection with Saint– Venant’s principle in the
framework of elasticity, by T o u p i n [20].

5. A continuous dependence result. In this section we examine
the continuous dependence of solutions of the boundary–initial–value prob-
lem (2.21)–(2.25) upon initial data and heat supply. Let (E(1),H(1), θ(1))
and (E(2),H(2), θ(2)) be solutions corresponding to the external data systems

L(1) = {S(1), B̂
(1)

, D̂
(1)

, η
(1)
0 , θ̃, q̃} and L(2) = {S(2), B̂

(2)
, D̂

(2)
, η

(2)
0 , θ̃, q̃}, re-

spectively. If we define E = E(1) − E(2),H = H(1) −H(2), θ = θ(1) − θ(2),
then (E,H, θ) is a solution of the boundary–initial–value problem corre-
sponding to the external data system L = {S, B̂0, D̂0, η0, 0, 0} where S =

S(1) − S(2), B̂0 = B̂
(1)

− B̂
(2)

, D̂0 = D̂
(1)

− D̂
(2)

, η0 = η
(1)
0 − η

(2)
0 . We

denote this problem by (P ). We define the ”distance” between the solutions
(E(1),H(1), θ(1)) and (E(2),H(2), θ(2)) by

(5.1) y =
1
2

∫
R

(kijEiEj +µijHiHj +aθ2 +2αijEiHj +2τiEiθ+2νiHiθ)dv.

In what follows we study the behaviour of the body on the finite interval
[0, t1] We assume that

(i) U is positive definite in the sense that there exist the positive con-
stants c1 and c2 such that

c1

∫
R

(θ2 + EiEi + HiHi)dv ≤
∫

R

Udv ≤ c2

∫
R

(θ2 + EiEi + HiHi)dv,
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for all functions Ei,Hi and θ and any t ∈ [0, t1].
(ii) V is a positive semidefinite quadratic form.
The assumption (ii) is a direct consequence of the second law of ther-

modynamics (2.12).
The following proposition is an immediate consequence of (3.5) and the

boundary data from the problem (P ).

Lemma 5.1. Let (E,H, θ) be a solution of the problem (P ). Then

(5.2) ẏ =
1
T0

∫
R

(Sθ − V )dv.

This lemma gives the evolution in time of the ”distance” defined by
(5.1).

Let Y and F be the functions on [0, t1] defined by

(5.3) Y =
(∫

R

(EiEi + HiHi + θ2)dv

)1/2

, F =
(∫

R

S2dv

)1/2

.

Theorem 5.1. Let (E,H, θ) be a solution of the problem (P ). Then
there exist the positive constants M and N such that

Y (t) ≤ MY (0) + N

∫ t

0

F (s)ds.

Proof. By (5.2) and (ii), we obtain

ẏ ≤ 1
T0

∫
R

Sθdv.

Using the Schwarz inequality and (5.3) we get

(5.4) ẏ ≤ 1
T0

F

(∫
R

θ2dv

)1/2

≤ 1
T0

FY.

It follows from (5.4) that

(5.5) y(t) ≤ y(0) +
1
T0

∫ t

0

F (s)Y (s)ds.
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On the basis of the hypothesis (i) we can write

y(t) ≥ c1Y
2(t), y(0) ≤ c2Y

2(0),

so that (5.5) implies that

(5.6) Y 2(t) ≤ M2Y 2(0) + 2N

∫ t

0

F (s)Y (s)ds,

where

M =
(

c2

c1

)1/2

, N =
1

2c1T
.

By using Gronwall inequality, from (5.6) we obtain the desired result.
Other continuous dependence results have been established in [10].
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