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Abstract. In this paper we prove necessary and sufficient conditions for the ex-
istence of a solution in a H,o—control problem for infinite dimensional systems with
unbounded observation. These conditions are derived in terms of an algebraic Riccati
equation.

1. Introduction. Let A be an infinitesimal generator of a Cy—
semigroup e on a real Hilbert space X, B; € L(W, X), B, € L(U,X),C €
L(D(A)),Z) and D € L(U, Z), where U, W, Z are also real Hilbert spaces.

We consider the input—output system given by

(1.1) {i((t)) :::iw(t) + Biw(t) + Bau(t), t € R = [0,00)

(1.2) 2(t) = Cz(t) + Du(t), t € RY

where z(t) € X is the state of the system, u(t) € U is the control input,
w(t) € W is the disturbance input and z(t) € Z is the to-be—controlled
output.

We shall denote by |.|x,|.|z,|-|u,|.Jw the norms of X, Z U, W and by
(), (, )z, (,)u, (-, .)w, the corresponding scalar products. We denote by
A* the adjoint of A, and by D(A)’ the dual of D(A). We shall denote by
(.,.) the pairing between D(A) and D(A)".

The following assumptions will be in effect throughout the paper:



374 GH. ANICULAESEI and S. ANITA 2

i) For every T' > 0 the operator e tC* admits a continuous extension
form Z to L?(0,T; X) i.e., there exists C7 > 0 such that

T
(1.3) / €At C* 2|3 dt < Crlz|%, Vz € Z.
0

ii) There exists K € L(Z, D(A)") such that Ax = A+ KC generates an

exponenetially stable semigroup on X and for all 7" > 0 there exists Cr > 0
such that

T
/ |K*eAite|%dt < Cplzl%, Vie X.
0

iii) D*[C D]=1[0 I].

Remark 1.1. Optimal control problems of L@ type with finite horizon
and unbounded observation (with C' and D satisfying (i)—(iii)) have been
cosidered in [7] and [12].

Without any loss of generality for the problem considered, we take
0 € p(A) where p(A) is the resolvent of A.

Denote by F the set of feedback operators F' € L(X,U) such that
Ap = A+ ByF generates an exponentially stable semigroup on X.

This means (see [8],[14]) that for every zo € X and f € L>(R"; X) the
Cauchy problem

o' =Ax + ByFz+ f in RT
z(0) = g

has a solution z € C(R"; X) N L2(R™; X).

Our aim is to find such a state—feedback that exponentially stabilizes
the system (1.1)—(1.2) and ensures that the influence of w(.) on z(.) is ”small”
in a sense specified below.

For every T' > 0,29 € X and inputs u € L?(0,T;U),w € L*(0,T; W)
the system (1.1) has a mild solution = € C(]0,77]; X) given by

t
z(t) = eMag + / eA=3)(Byw(s) + Byu(s))ds, t € [0,T)]
0

Let us denote by Sp(zo,w) the solution of (1.2) where v = Fz (hence
Sr(xg,w) = Cx 4+ DFz) and x is the mild solution of the problem

¥ = Apz+ Biwin RT
z(0) = xo.
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Now we can formulate the H,—control problem as follows: given v > 0, >
0 find F' € F such that

(1.4) 1Sp(z0, W2, vy < APlI0I2, gyt oy + ool

for a 0 < p <7, and Voo € X,w € L2(RT;W).

2. The main result.

Theorem 2.1. Suppose v,« > 0 and assumptions (i), (ii), (iii) hold. If
there exists an operator F' € L(X,U) such that (1.4) is fulfilled then F' € F
and there exists P € L(X),P = P* > 0,||P|| < « satisfying

(Az, Py) 4 (Pz, Ay) — (P(ByB; — v *B1B})Px,y)+

(2.1) +(Cz,Cy)z =0, Ya,y € D(A)

and such that A — (BeBj — vy~ 2B1B;)P gerarates an exponentially stable
semigroup on X.

Conversely, if there exists P as above and A — (BaBj — v 2B B})P
generates an exponentially stable semigroup on X then F' = — B3 P stabilizes
the system (1.1)—(1.2) and guarantees inequality (1.4) with p = .

Remark 2.1. For related results concerning the H.,— control problem
with bounded and unbounded operators we refer to [1],[2],[5],[6],[10],[11],[13].

3. Proof of the sufficiency. Suppose that there exists P € L(X),
P = P* > 0,||P|| < «a satisfying (2.1) and such that A; := A — (B2B;—
—y72B1B})P generates an exponentially stable semigroup. We mention
that the proof of sufficiency is similar to that in [11] but, for reader conve-
nienc we shall sketch it.

Lemma 3.1. The state feedback u(.) = —B3Px(.), with P as in The-
orem 2.1, exponentially stabilizes the system and satisfies (1.4) with p = ~.

Proof. Firstly we show that Ay := A — By B3 P generates an exponen-
tially stable semigroup e2* on X. For this, following [6] it is sufficient to
show that e42()zy € L2(RT; X) for all 2o € X.

Since e4'* is an exponentially stable semigroup on X and for zo € X

t
eAtho = eAltxo —/ eAl(t_S)7_2BlBikPeA25xods
0
to conclude it suffices to show that Bie42()zy € L?(R*;X). For this,

having in mind (2.1), for g € D(A) = D(Az) we have

d
£(€A2t$’0, PeAtho) < -2 ]BfPeAﬁxo\%V.
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Integrating the last inequality on [0,7],T > 0 and tending with 7" to infinity
one obtains

(3.1) ||BTP6A2(‘);UO|]§2(R+;W) < ~*(xg.Pxg).

Now since D(A) is dense in X, from (3.1) follows our assertion. Taking
u(.) = —B3Px(.) the system (1.1)—(1.2) becomes

t
(3.2) z(t) = e*2'xg +/ eA2=9) Blw(s)ds, t € RT
0
(3.3) 2(t) = (C — DB3P)x(t), t € RT.
Let w(.) be continuously differentiable and z¢ € D(A). Taking into accout

)
(2.1), (3.2), (3.3) after differentiation we obtain

(3-4) %(ﬂf(t), Px(t)) = —|2(t)[Z + 7 lw(t) [l — 7w — 2By Pa(t) [y -

But since 42! is exponentially stable on X, it follows (see [11], pp.31) that
z(t) — 0 as t — oo.
Integrating (3.4) on (0,400) one gets

2

2
L2(R*w) + alzol%-

(35)  IS_m;p(a0, 0P, gy < Pl

Finally (3.5) can be extended to the general case w € L2(R"; W) and 2y € X
using the density of CCD(R™; W) in L?*(R"; W) and of D(A) in X. This
concludes the lemma.

4. Deriving necessary conditions. Suppose that there exists F' €
L(X,U) such that (1.4) holds. We shall prove that A + ByF' generates an
exponentially stable semigroup on X, in other words (cf.[8]) the solution of
the equation

(4.1) {x/ = (A+ ByF)z in R

z(0) = xg

isin L2(R*; X).
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For this we use the hypothesis (ii) and rewrite (4.1) as

v =(A+ KC)x — KCx + ByFx, t ¢ RT
z(0) = o

or equivalently

(4.2)

t t
z(t) = extag +/ e (=3 By F(s)ds —/ et KCu(s)ds, te R'.
0 0

Now if we write (1.4) as

[e.o]

o0
| cat + 1wy < [ fulvat +aleol
0 0
one obtains that

(4.3) Cr e L*(R";2)

(4.4) Fz e L*(RT;U)
where ¥ is the solution of the equation

T = (A + BQF):’E"‘ Biw in R
5(0) = X9

for w € L2(RT;W).

As Ak generates an exponentially stable semigroup it implies that the
first term in the right side in (4.2) is in L2(R™; X).

Also since By € L(U, X) and from (4.4) it follows that (see also [11],[14])
the second term in (4.2) is in L2(R"; X).

To finish our assertion, that F' is an exponentially stabilizing feedback,
it remains to prove that the last term in (4.2) is in L2(R™"; X). The difficulty
consists in that the operator K is unbounded.

Lemma 4.1. If u € L>(R"; Z) then

t
h(t):/ A=) Ku(s)ds isin L*(RY; X).
0
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Proof. It is known (see [12],pp.657) that condition (ii) implies that
there exists a positive constant C such that

(4.5) B(t)|x < CllullL2(0.152), Yt € [0, 1],

Also, et being an exponenetially stable semigroup on X there exist (see
[8],[14]) positive constants M and w such that

(4.6) leAxtz|x < Me “Yz|x, forallt € RT and 2 € X.

For our purpose besides (4.5) and (4.6) we shall use systematically the fol-
lowing simple inequality

1
(a+0)* <1+ p)a® + <1+ ﬁ) v, VB,a,be R,3>0.
From (4.5) it follows

1
/O h(®)dt < Cllul 2017

Now using (4.6) for 1 <t < 2 we have

1 t
()% = | / e =) Ku(s)ds + / eAx(t=9) Ky (s)ds|%
0 1
1
<O [ AR (sl
0
1 t
+ (14 >)] / e (=9 [Cu(s)ds|%
BN
ot 1
<@+ 5)M202€ 2w 1)HUH%2(0,1;Z) +(1+ 5)02”““%2(1,2;2)-
Generally, forn <t <n+1

n t
|n(t)|% = ]/ eAK(t_S)Ku(s)ds +/ eAK(t_S)Ku(s)ds@(
0 n

n s 1
<1+ 5)|/0 A=) Ku(s)ds| + (1 + B)C2Hu||%2(n,n+l;2)
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Next .
|/ e =) Ku(s)ds|% =
0

n—1 n
= \/ eAK(tS)Ku(s)ds+/ eAx (=) gAx(n=9) fry(s)ds|%
0 —1

n—1
<(1+0) / A=) Ko (s)ds 3+
0

1 —2w(t—n
+(1+ B)MQC%’ 2w )||U|\%2(n—1,n;2)-
So, going throught an introductive process one obtains (for n <t < n + 1)
()5 < MPC*(1+ 8)"e UV |ul[F2(0,1,2)+

n—1
1
+M2C? <1 - ﬂ> Do+ 8)" P2 a1z +

k=1

1
+C?2 <1 + 5) lullF2 41,2

Integrating this it follows

n+1 2,12
M=C
[ o <

(1+ ﬁ)nﬁi?w(nil)HUH%2(0,1;Z)+

M2C? 1\ = ke
X <1+B) SO (1 + By ke 2k,
k=1

1
+02 (1 + ﬂ)) |’uH%2(n,n+1§Z)'

(1+5)

Now, choosing 3 > 0 such that ~——5 < 1 and summing we obtain
e

[e%°) oo n+1
| mwikae=3" [ ho <
0 n=0 n

M?2C? — (1+3\"
o o (1+ﬁ)2<62w>]

n=0

<
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1 o0
lllulliz(o,l;m T (1 n ﬁ) 3 |u||%2(n,n+1;2)]

n=1

which proves the lemma.

Thus we have proved that A + BoF' generates an exponentially stable
semigroup on X. Now, we associate with system (1.1)— (1.2) the differential
game

(4.7) sup inf K (u,w)
werL?(R*;w)weL2(R750)

where

(4.8) K(u,w) = /0 (ICz(6)[Z + [u(®)[F — 7 |w(t)[f)dt

x being the solution of (1.1)—(1.2). Firstly consider the problem
(4.9) Min {K(u,w);u € L*(RT; W)}

where w € L2(R™; W) is arbitrary but fixed.

It results in a standard way that there exists a unique optimal solution
of the problem (4.9), denoted by ©w = I'w. Also it can be proved that:
[':L*(RT; W) — L?*(R";U) may be represented as

I'w =Tow + fo, Yw € L*(RT; W)
where I'g € L(L>(RT; W), L>(R";U)) and fy € L>(R";U), (fo =
arg inf K(u,0)) (see [1]).
For this we denote by % the solution of (1.1) with v = @ = T'w and by

Z the solution of the equation

¥ =(A+ B F)7+ Byw, te RY

From the definition of I'w and from (1.4) follows

/ (107" % + [Twf?)dt < / (C(WA+B g ¢
0 0

t
+ [ A Byu(a)asly + [ BoFFE ) < 20l e + ool
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which implies 'y € L(L*(R*; W), L3(R™;U)).

From our assumptions system (1.1) is internally exponentially stabiliz-
able by a state feedback w = —Bj Py, where Py € L(X), Py = Py > 0 (see
9]).

Let us denote by Ap, = A — ByB5 Py and M;, w; positive such that

|leAPot|| < Mye~'t, for ¢ > 0.

Proposition 4.1. There is a unique p € C(R"; D(A)") N L*(R"; X)
satisfying

(4.10) {p/ = —(A— B2B3Ry)*p — PyBou+ C*CT in R

p(o0) =0

(4.11) Bip(t) =u(t) a.e. t>0

(Above T is the solution of (1.1) with u =u =Tw).
Proof. Let p € C(R"; D(A)") be the mild solution of (4.10). We show
that p € L2(R"; X). Writing the solution of (4.10) as

p(t) = —/ eA= BB P0)"(s=Y) [_ Py Boi(s) + C*CZ(s))ds
t
and making the scalar product with an arbitrary h € L?(R™; X) one obtains

412) | /O o) h(t)dt] < | /O h /O (4R =0 By Byti(s), h(t))dtds|+

+| / / (e2P =D CT(s), h(t))dtds|.
0 0

The evaluation of the first right side term in (4.12) (after the application of
Holder’s inequality) leads to the estimate below
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| / / (e270 57D Py Boti(s), h(t))dtds| x
0 0

< M, / / e~10-0| B, Byta(s) | x |h(8) | x dtds
0 0

o0 1/2 oo 2 1/2
< M </ | Po Bau(s Ide / —2‘“15 Mtyh(t)lxdt) ds

0 0 0

00 1/2
an ([ ([ ) ([ e mon) o)

0
<My ? </ / s gt (p) \thds>
— My ? < / / e”1t|h(t)|§<e_“’lsdsdt>

0 t

S‘]\4’2("}1_1|‘h’HLz(}zJF;X)

where M;,7 = 1,2, are different constants.

As regard the second right side term in (4.12), since of (1.3) and (4.3)
it follows in the same way as in Lemma 4.1 that it is majorized by a quantity
of the norm M3Hh||L2(R+;X) which together with the preceding one leads

to the conclusion.
In order to prove (4.11) we need the following

Lemma 4.2. Let Q € L(X,U). Then for every T > 0 there exists a
constant C'r > 0 such that

T
(4.13) / eATB2R 0512 4t < Crplz|%, V2 e Z
0

Proof. We shall use assumption (i).
Let h € L?(0,T; X) be arbitrary. Then we have

T T
/ (eA+Q B, h(1))dt = / (2, CeA+BaQt (1))
0 0
T t
= (z, / C(eh(t) + / eAt=9) By Qe AT B2y (1)ds)dt) 4
0 0

T T T
= / (e*'C"2, h(t))dt + / / (z,CeA=%) ByQe A B2Q)3 (1)) ydtds
0 0 S

M‘Z|ZHhHL2(O,T;X)-

IA
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The last inequality is obtained by Holder’s inequality and using (1.3). The
last inequality implies (4.13).
Let y be solution to the equation

(4.14) { y' = (A—ByB5Py)y+ Byt inR"

y(0) =0
where v € L>(R";U).
As Ap, = A — ByB;5 P, generates an exponentially stable semigroup it

follows y € L?(R™; X). Observing that the solution of (4.14) can be put in
the form

t
y(t) = / eAt=%) Byu(s)ds
0
where
(4.15) v="1v— BPy € L*(R";U)

assumptions (i) assures that Cy € L?(R™; Z).
If we denote w = I'w and choose v as in (4.15) it results

(4.16) / (1CF2 + [al2,)dt < / (ICT™ V2 + [a@ + co[2)dt
0 0
where
(4.17) (z7Fev) = Az 4 By(u + ev) + Byw, t € RY
. $u+ev(0) — 1'0
and
(4.18) 7 = AT+ Bou+ Biw, t € R

Since Cy € L?*(R";Z) from (4.17) and (4.18) follows Cz"t*V — CZz, for
e — 0in L?>(R"; Z) which together with (4.16) leads to

(4.19) /0 T (T, Cy)z + (@, 0)0 )t > 0
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Multiplying the solution of (4.10) by B2v and integrating one obtains
| o). Baa0)a -
0

= — / (/ C(A—BQB;PO)*(S—t)(—POB2ﬂ(S) + C*CE(S))dS’ B2;l\),(t)> dt
0

t

= [T (FRubants) + onCats), [ AP Bt as
0

0
_ / (C(s), Cy(s)) zds + / (a(s), B3 Poy(s))uds,
0 0
which together with (4.15) and (4.19) gives

/Oo(u(t) — Bip(t),o(t)ydt >0, Yo € L*(R*;U)
0

Hence u(t) = B3p(t) a.e. t > 0 and Proposition 4.1 is proved.
Define the function

(4.20) Y : L*(RT; W) — R, by ¢¥(w) = —K(Tw,w)

where I'w = @ is the solution of (4.9) corresponding to w and zy. Then
o
K(Cw,w) = K(Cow-+ fo,w) = [ (Cal} +[alf — +2lwfhy)de
0

- / (ICT% + [Cow + folz, — +2lwl2 )dt

where T satisfies

7 = AT + Ba(Tow + fo) + Biw, in RT

We write T = T + Tp wherre T satisfies the system

¥ = AT 4+ byTow + Byw in R
#(0) = 0

(hence z(t) = fg eAt=9)(ByTgw(s) + Byw(s))ds and CT = Hw with H €
L(L*(R™;W); L*(R*; Z))) and

{$6=A.To+fo, te RT
fo(()) = Xg.
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Thus

oo

KTw,w)= | (|Hw+CZ% + |[Tow + fol? — +2|wl3y)dt

S~

o0

(Hwl + Lowly —+lwld)dt + (Fr0)) o gy +9

0
(H*H + FSFO - 72I)w’w))L2(R+;W) + ((?a w))LQ(R+;W) +0

—~

(We have denoted by ((.,.))
If we denote

L(RE W) the scalar product of L?(R™;W)).

T =~ — H*H —T{T,

it follows

(((H*H +TgTo = v Dw,w)) 1, g yyy =
2

(4.21) _ ~ 2 _ 2
= (“Tw,w) o gy < —(7 = PIWlIT, gr gy

So, T is monotone, everywhere defined, single valued, linear hemicontinuous
operator from W to W hence (cf.[3],pp.40), maximal monotone.
As T is sefl-adjoint it follows (cf.[4],pp.114) that T is cyclically mono-

tone so

= —|T"wl|?

((_Tw7w)) Lz(RJf;W)

L2(R*w)
and

(122) K (Tw,w) = —(Dw, Dw)) o gy, + (T 0)) o Ry +0

where D € L(L*(R";W),L2(R*;W)) and 6 € R. From (4.20)—(4.22) it
follows that 1 is a lower—semicontinous, proper strictly—convex function on
L*(R™;W) so it attains its infimum on L?(R™*; W) in a unique point w*,
ie.,

w* = arg inf{y(w);w € L*(RT; W)}
Lemma 4.3. We have

w*(t) = =y ?Bip(t) a.e. t>0
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Proof. As w* is a minimum point for (4.20) we have
(4.23) / (V2(w*, w)w — (T5(Tow” + fo), w)w — (C*Cx*,7))dt = 0
0

for all w € L>(R™; W) where

¥ = AT + BoTl'gow + Byw, t € R
#(0) = 0.

Multiplying the solution of (4.10) by BsIl'gw + Bijw and integrating over
[0,T] one obtains

T
/0 (p(t), BoTow(t) + Bruw(t))dt =
=(p(t),2(T)) —/0 (/t eA*(S_t)C*C:L‘*(S)dS,BQFOU}(t) + Byw(t))dt

T
—(p(T),H(T)) — / (Cx*(3), CT(s)) pds.

Hence

(4.24) /O (C*Ca™(s),2(s))ds = (p(T), (T))—

T T
_/ (w,rg(row*+fo))wdt—/ (B p, w)wdt
0 0

where x* is a solution to (1.1) corresponding to w*,T'w* and xg.
Choosing w € LQ(RJr; W) a function with compact support we get

(p(T),z(T)) — 0 for T — oc.

Then (4.24) gives (letting 7' — o0)
/ (C*Ca* 7t = — / (Tow, Tw* )y dt — / (B p, w)wdt
0 0 0
which along with (4.23) leads to

(o]
/ (Bip+ 7w, w)wdt = 0
0
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and the lemma is proved.
Thus, up to now we have proved tht the problem

(4.25) sup inf K (u,w)
werL?(R*;w)wel2(R50)

has a unique solution (u*,w™*) charaterized by Euler— Lagrange system

(4.26) (z*) = Ax* + Byw* + Bou*, t € RT,2*(0) = 2
(4.27) p'=—A'p+C*Cz*, p(oo) =0, pe L*(R"; X)
(4.28) u*(t) = Bip(t),w*(t) = —y 2Bip(t), a.e. t>0

For xp € X we set
Py, = —p(0) € D(A)

where p is solutioon to (4.27), hence
oo *
P, = —/ eV 50 Cx* (s)ds.
0
Since, for every t > 0, (u*,w™*) is the solution to problem

sup inf {/ |Cx + Du|%ds,
wer2 (R} swyuveL2(RT;0) Ht

' = Az + Biw + Bau,x(t) = w*(t)}
in R = (t,00); we infer that
(4.29) Pz*(t) = —p(t), for allt >0
If we denote by e47? : X — X the family of operators
(4.30) erlyy = x*(t), ¥t >0

where z* is defined by (4.26) (i.e., z* is the optimal state in (4.25)), it is
readily seen that e“”? is a Cy— semigroup on X.
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Because of (4.28) and (4.29) we may write (4.30) as
t
erlyy = ety + /o A=) [~ By B3 Pa*(s) + v 2B, B} Px*(s)]ds.
Let xo, 20 € D(A). Then
(4.31) (Pxo,20) = /Ooo(eA*sC*C'x*(s),zo)ds

—/OOO(C’eAPsxO,C’eASzO)st = /OOO(CeAPSxO,CeAPSzo)st
+/000(C6AP5:1:0,C'/OS eATT)(By B Pe P 2y — v 2By B PP 2y)dr) zds
:/OOO(CeAPsxO, Ce?%2) zds
+/Ooo(/OO(B;‘eA*(S_T)C*CeAPS:UO,B;‘PeA}TzO)UdS)dT
—~72 /OOO(/OO(BTC’*C’eAPSxO,BTPeA;TZO)st)dT
:/OOO(CI*(S),CZ*(S))ZdS + /Ooo(u*(s,:vo),u*(s,zo))(]ds
—? /Ooo(w*(s,mo),w*(s,zo))wds = (x9, Pzp).

Now the later implies

O S (P(SED — Zo),xo — Zo)
= (P.Z‘o,.%‘o) + (PZ(],Z(]) — Q(P.Z‘o,Z()), Vo, 2o € D(A)

and since
(Pxo,x0) < a]a:0|§(

from (4.31) follows
(Pzo,20) < o, Vo, 20 € D(A), [zo|x = |20[x =1

hence, P can be extended by linearity and continuity as a bounded operator
in X.
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Thus, we have proved that P € L(X, X), P = P* and ||P|| < a. Next,
by (4.29) and for x € D(A) we have

[e.o]
(4.32) Pac:/ AP OO 1
t

Multiplying (4.32) by y € D(A) and differentiating with respect to t one
obtains

0= (Cx,Cy)y +/ (CeA8 Az, CeP =Dy 4ds
t

+/ (CeAt= g, CApetr5=y) 4ds

t

= (Cz,Cy)z + (Az, Py)

+ / ((A= ByB3P +~ 2B, B P)ePs=0C*CeA= 1, 1) ds
t

which proves (2.1). Now, from Proposition 4.1 and Lemma 4.3 (see also
[5],[9]) it follows that Ap := A — (BaBj — vy 2B B})P generates an expo-
nentially stable semigroup on X, thus concluding the proof of the only if
part.

Remark 4.1. Our result can be easily extended to the case of com-
plex Hilbert spaces. This analogus result can be applied to the Schrédinger
equation.
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