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1. Introduction. In this paper we shall investigate the existence
of periodic solutions and almost-periodic solutions of the hyperbolic partial
differential system:

(S)

{ ∂ik
∂t + ∂vk

∂x + αk(x, ik) = 0
∂vk
∂t + ∂ik

∂x + βk(x, vk) = 0

0 < x < 1, t > 0, k = 1, n

with the boundary condition:(
col(i1(t, 0),−i1(t, 1), . . . , in(t, 0),−in(t, 1))

S
(
col
(

dw1
dt (t), . . . , dwm

dt (t)
)) )

∈

(BC) ∈ −G

(
col(v1(t, 0), v1(t, 1), . . . , vn(t, 0), vn(t, 1))

col(w1(t), . . . , wm(t))

)
+

+
(

col(b1(t), b2(t), . . . , b2n−1(t), b2n(t))
col(b2n+1(t), . . . , b2n+m(t))

)
, t > 0.

This problem occurs in integrated circuits modelling. The existence,
uniqueness and asymptotic behaviour of strong or weak solutions of the
problem (S), (BC) with the initial data:
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(IC)
{

ik(0, x) = ik0(x), vk(0, x) = vk0(x), 0 < x < 1, k = 1, n
wj(0) = wj0, j = 1,m.

have been investigated in [7,8]. Other nonlinear systems with boundary
conditions of this type and different examples have been studied in [5,6].

2. Preliminary results. In all which follows we denote by (A1),
(A2), (A3) the following assumptions:

(A1)



(a) The functions x → αk(x, p) and x → βk(x, p) are in
L2(0, 1), for any fixed p ∈ IR. Besides the functions
p → αk(x, p) and p → βk(x, p) are continuous
on IR, for a.e. x ∈ (0, 1), k ∈ 1, n.

(b) The functions p → αk(x, p) and p → βk(x, p) are
nondecreasing from IR into IR , for a.e. x ∈ (0, 1), k ∈ 1, n.

(c) There exist a1 and a2 > 0 such that:
(αk(x, p1)− αk(x, p2))(p1 − p2) ≥ a1(p1 − p2)2,
(βk(x, p1)− βk(x, p2))(p1 − p2) ≥ a2(p1 − p2)2,

for a.e. x ∈ (0, 1), ∀p1, p2 ∈ IR, k = 1, n.

(A2)

(a) G:D(G) ⊂ IR2n+m → IR2n+m is a maximal monotone mapping
(possibly multivalued), D(G) 6= ∅. Moreover, G can be split in:

G =
[

G11 G12

G21 G22

]
where G11:D(G11) ⊂ IR2n → IR2n, G12:D(G12) ⊂ IRm → IR2n,

G21:D(G21) ⊂ IR2n → IRm, G22:D(G22) ⊂ IRm → IRm.

(b) There exist K0 > 0 such that for all x, y ∈ D(G),
and all w1 ∈ G(x), w2 ∈ G(y) :

< w1 − w2, x− y >IR2n+m≥ K0‖x− y‖2
IR2n+m .

(A3) S = diag(s1, . . . , sm) with sj > 0, j = 1,m.

We present some existence and uniqueness results for the solutions of
the problem (S), (BC), (IC), obtained in [7]. We consider the following
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spaces: X = (L2(0, 1))2n, IRm and Y = X × IRm with the corresponding
scalar products:

< f, g >X=
2n∑

k=1

1∫
0

fk(x)gk(x)dx, f = col(f1, .., f2n), g = col(g1, .., g2n) ∈ X,

< x, y >s=
m∑

i=1

sixiyi, x, y ∈ IRm

<
(
f
x

)
,
(
g
y

)
>Y =< f, g >X + < x, y >s,

(
f
x

)
,
(
g
y

)
∈ Y.

We define the operators: A1:D(A1) ⊂ Y → Y with

D(A) =


 i

v
w

 ∈ Y ; ik, vk ∈ H1(0, 1), k = 1, n,

(
γ0v

w

)
∈ D(G) and γ1i ∈ −G11(γ0v)−G12(w)

}
where i = col(i1, . . . , in), v = col(v1, . . . , vn), w = col(w1, . . . wm), γ1i =
col(i1(0),−i1(1), . . . , in(0),−in(1)), γ0v = col(v1(0), v1(1), . . . , vn(0), vn(1)),

A1

 i
v
w

 =

 col(v′1, v
′
2, . . . , v

′
n)

col(i′1, i
′
2, . . . , i

′
n)

S−1G21(γ0v) + S−1G22(w)

 ,

 i
v
w

 ∈ D(A1)

and A2:D(A2) ⊂ Y → Y with D(A2) =


 i

v
w

 ∈ Y ; A2

 i
v
w

 ∈ Y

 ,

A2

 i
v
w

 =

 col(α1(·, i1), . . . , αn(·, in))
col(β1(·, v1), . . . , βn(·, vn))

0

 ,

 i
v
w

 ∈ D(A2).

Remark. Under the assumptions (A1)ab, (A2)a and (A3), D(A1) 6=
∅ and D(A1) ⊂ D(A2).

Lemma 1. If (A1)ab, (A2)a and (A3) hold, then the operator A1 +
A2 is maximal monotone.



408 RODICA LUCA 4

With the change of functions ik = ι̃k + ˜̃ιk, where ˜̃ιk(t, x) = (1 −
x)b2k−1(t) − xb2k(t), k = 1, n, the problem (S), (BC), (IC) can be writ-
ten as:

(S̃)

{ ∂ι̃k
∂t + ∂vk

∂x + αk(x, ι̃k +˜̃ιk(t, x)) = f̃k(t, x)
∂vk
∂t + ∂ι̃k

∂x + βk(x, vk) = g̃k(t, x),

0 < x < 1, t > 0, k = 1, n

with the boundary value condition:(
col(ι̃1(t, 0),−ι̃1(t, 1), . . . , ι̃n(t, 0),−ι̃n(t, 1))

S
(
col
(

dw1
dt (t), . . . , dwm

dt (t)
)) )

∈

(B̃C) ∈ −G

(
col(v1(t, 0), v1(t, 1), . . . , vn(t, 0), vn(t, 1))

col(w1(t), . . . , wm(t))

)
+

+
(

0
col(b2n+1(t), . . . , b2n+m(t))

)
, t > 0

and the initial data:

(ĨC)
{

ι̃k(0, x) = ι̃k0(x), vk(0, x) = vk0(x), 0 < x < 1, k = 1, n
wj(0) = wj0, j = 1,m,

where

 f̃k(t, x) = −(1− x)b′2k−1(t) + xb′2k(t),
g̃k(t, x) = b2k−1(t) + b2k(t), 0 < x < 1, t > 0,
ι̃k0(x) = ik0(x)− (1− x)b2k−1(0) + xb2k(0), 0 < x < 1, k = 1, n.

Using the operators A1 and A2 , the problem (S̃), (B̃C), (ĨC) leads us
to consider in the space Y the following time dependent Cauchy problem:

(P)



d

dt

 ι̃
v
w

+A1

 ι̃
v
w

+A2

 ι̃ +˜̃ι(t)
v
w

 =

 f̃(t, ·)
g̃(t, ·)

S−1B2(t)

 , t > 0

 ι̃(0)
v(0)
w(0)

 =

 ι̃0

v0

w0

 ,

where f̃ = col(f̃1, . . . , f̃n), g̃ = col(g̃1, · · · g̃n), ι̃0 = col(ι̃10, . . . , ι̃n0), B2(t) =
= col(b2n+1(t), . . . , b2n+m(t)).
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Theorem 1. Assume that (A1)ab, (A2)ab and (A3) hold. If bk ∈
W 1,2(0, T ), k = 1, 2n + m (T > 0 fixed ), ik0, vk0 ∈ H1(0, 1), k = 1, n, w0 ∈
IRm,

(
γ0v0

w0

)
∈ D(G) and B1(0) ∈ γ1i

0+G11(γ0v
0)+G12(w0), then the prob-

lem (S), (BC), (IC) has a unique strong solution col(i, v, w) ∈
W 1,∞(0, T ;Y ). Moreover, ik, vk ∈ L∞(0, T ;H1(0, 1)), hence ik, vk ∈
L∞((0, T )× (0, 1)), k = 1, n, (B1(t) = col(b1(t), . . . , b2n(t))).

Theorem 2. Assume that (A1)ab, (A2)ab and (A3) hold. If bk ∈
L2(0, T ), k = 1, 2n + m (with T > 0 fixed), ik0, vk0 ∈ L2(0, 1), k =
1, n, w0 ∈ D(G12) ∩D(G22), then the problem (S), (BC), (IC) has a
unique weak solution col(i, v, w) ∈ C([0, T ];Y ).

3. Periodic solutions. In this section we shall investigate the exis-
tence of the periodic solutions of the problem (S), (BC).

Theorem 3. Assume that (A1)ac, (A2)ab, (A3) hold and bk ∈
L∞(IR+), k = 1, 2n + m. Then every weak solution of the problem (S),
(BC) is bounded on IR+.

Proof. We assume, without loss of generality that G is single-valued.
From the assumptions of the theorem we deduce that the operator A1+A2 is
strongly monotone. Then it is a coercive operator, cosequently R(A1+A2) =
Y . So, the stationary problem:

(1) A1

 i
v
w

+A2

 i
v
w

 =

 0
0
0



has a unique solution, say col(p, q, r) ∈ D(A1).

First, we shall prove that if bk ∈ W 1,2
loc (IR+) ∩ L∞(IR+) , then ev-

ery strong solution of the problem (S), (BC) is bounded on IR+. For,
let T > 0 be arbitrary, but fixed for the moment, bk ∈ W 1,2(0, T ) ∩
L∞(IR+), k = 1, 2n + m, ik0, vk0 ∈ H1(0, 1), k = 1, n, w0 ∈ IRm,

(
γ0v0

w0

)
∈

D(G) and B1(0) ∈ γ1i
0 + G11(γ0v

0) + G12(w0). Then the strong solution
col(i(t), v(t), w(t)) of the problem (S), (BC), (IC) corresponding to above
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data, satisfies:

(2)



d
dt

 i(t)
v(t)
w(t)

+A1

 i(t)
v(t)
w(t)

+A2

 i(t)
v(t)
w(t)

 =

 0
0

S−1B2(t)

 ,

(γ1i)(t) = −G11((γ0v)(t))−G12(w(t)) + B1(t), 0 ≤ t < T i(0)
v(0)
w(0)

 =

 i0

v0

w0

 .

We subtract from the equation (2)1 the equation (1) and we multiply

the obtained relation by

 i(t)− p
v(t)− q
w(t)− r

, in Y . We obtain:

1
2

d

dt

∥∥∥∥∥∥
 i(t)− p

v(t)− q
w(t)− r

∥∥∥∥∥∥
2

Y

+

+ < G

(
(γ0v)(t)

w(t)

)
−G

(
γ0q
r

)
,

(
γ0(v(t)− q)

w(t)− r

)
>IR2n+m +

+
n∑

k=1

∫ 1

0

[αk(x, ik(t, x))− αk(x, pk(x))][ik(t, x)− pk(x)]dx+

+
n∑

k=1

∫ 1

0

[βk(x, vk(t, x))− βk(x, qk(x))][vk(t, x)− qk(x)]dx =

=< B1(t), (γ0v)(t)− γ0q >IR2n + < B2(t), w(t)− r >IRm , 0 ≤ t < T.

Therefore:

1
2

d

dt

∥∥∥∥∥∥
 i(t)− p

v(t)− q
w(t)− r

∥∥∥∥∥∥
2

Y

+ a1‖i(t)− p‖2
(L2(0,1))n + a2‖v(t)− q‖2

(L2(0,1))n+

+K0‖(γ0v)(t)− γ0q‖2
IR2n + K0‖w(t)− r‖2

IRm ≤ C1‖B1(t)‖2
IR2n+

+C2‖(γ0v)(t)− γ0q‖2
IR2n + C3‖B2(t)‖2

IRm + C4‖w(t)− r‖2
IRm , 0 ≤ t < T
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(we choose the constant Ci > 0, i = 1, 4 such that C2 < K0 and C4 < K0).
From the above inequality we deduce:

d

dt

∥∥∥∥∥∥
 i(t)− p

v(t)− q
w(t)− r

∥∥∥∥∥∥
2

Y

+ C5

∥∥∥∥∥∥
 i(t)− p

v(t)− q
w(t)− r

∥∥∥∥∥∥
2

Y

≤ C6‖B(t)‖2
IR2n+m ,

C5, C6 = const. > 0, 0 ≤ t < T,

(B(t) = col(B1(t), B2(t)).
Integrating over [0, t] the obtained inequality, we get:

(3)

∥∥∥∥∥∥
 i(t)− p

v(t)− q
w(t)− r

∥∥∥∥∥∥
2

Y

≤ e−C5t

∥∥∥∥∥∥
 i0 − p

v0 − q
w0 − r

∥∥∥∥∥∥
2

Y

+

+C6

∫ t

0
e−C5(t−s)‖B(s)‖2

IR2n+mds, 0 ≤ t ≤ T.

Because bk ∈ L∞(IR+), k = 1, 2n + m, we deduce that there exist
M1,M2 > 0 independent of T such that:

(4)

∫ t

0
e−C5(t−s)‖B(s)‖2

IR2n+mds ≤ M1

∫ t

0
e−C5(t−s)ds =

= M1
1−e−C5t

C5
≤ M2, 0 ≤ t ≤ T.

Now, using (3) and (4) we obtain:∥∥∥∥∥∥
 i(t)

v(t)
w(t)

∥∥∥∥∥∥
Y

≤ const., 0 ≤ t ≤ T,

where const. is a positive constant independent of T . Because T is arbitrary
we conclude that the solution col(i, v, w) is bounded on IR+.

With the observation that the inequality (3) remains true also for the
weak solutions, we deduce the conclusion of the theorem.

Theorem 4. Suppose the assumptions (A1)ab, (A2)ab, (A3) hold and
let bk ∈ L2

loc(IR+), k = 1, 2n + m be T -periodic functions (T > 0). If the
problem (S), (BC) has at least one bounded solution on IR+ , then it has
also a T -periodic (weak) solution.
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Proof. Let col(i, v, w) a bounded solution on IR+ of the problem (S),
(BC). Then, using the inequality:

∥∥∥∥∥∥
 i(t)

v(t)
w(t)

−

 ῑ(t)
v̄(t)
w̄(t)

∥∥∥∥∥∥
Y

≤

∥∥∥∥∥∥
 i(0)

v(0)
w(0)

−

 ῑ(0)
v̄(0)
w̄(0)

∥∥∥∥∥∥
Y

, t ≥ 0,

we deduce that all the solutions of the problem (S), (BC) are bounded on
IR+.

Now , we define the operator Q:D(A1) → D(A1),

Q

 i0

v0

w0

 =

 i
v
w

T ;

 i0

v0

w0

, where

 i
v
w

t;

 i0

v0

w0

 , t ≥ 0 is the

weak solution of the problem (S), (BC) with the initial data col(i0, v0, w0).

This operator is nonexpansive and if

 i0

v0

w0

 ∈ D(A1), then the se-

quence

Qn

 i0

v0

w0


n≥1

is bounded, because Qn

 i0

v0

w0

 =

=

 i
v
w

nT ;

 i0

v0

w0

.

Using a fixed point theorem, due to F. B r o w d e r and W.V.
P e t r y s h y n [3]we deduce that the operator Q has at least one fixed
point. Therefore, the problem (S), (BC) has at least one T -periodic (weak)
solution.

By Theorem 3 and Theorem 4 we obtain sufficient conditions for the
existence of T -periodic solutions of the problem (S), (BC).

Corollary. Assume that (A1)ac, (A2)ab, (A3) hold and let bk ∈
L∞(IR+), k = 1, 2n + m be T -periodic functions. Then, the problem (S),
(BC) has a (unique) T -periodic weak solution.

4. Almost-periodic solutions. We begin this section with a version
of Theorem 1, Lecture 34 [4] for our problem (S), (BC).

Theorem 5.Let bk be almost-periodic real functions (bk ∈ AP (IR)),
k = 1, 2n + m. If the problem (S),(BC) has a solution col(i, v, w) which is
uniformly continuous on IR+ with a precompact range, then there exists an
almost-periodic (weak) solution of the problem (S), (BC).
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Theorem 6. Assume that (A1)ac, (A2)ab, (A3) hold,
bk ∈ W 1,∞(IR+), k = 1, 2n + m and col(i0, v0, w0) ∈ D(A1). Then the
unique strong solution col(i, v, w) of the problem (S), (BC), (IC) is in the
space W 1,∞(IR+;Y ). Moreover, ik, vk ∈ L∞(IR+;H1(0, 1)), k = 1, n.

Proof. Because bk ∈ W 1,∞(IR+), it follows that bk ∈ W 1,2
loc (IR+), hence

the strong solution col(i, v, w) of the problem (S), (BC), (IC), according to
Theorem 1, is in the space W 1,∞

loc (IR+;Y ). Moreover, applying Theorem 3,
we deduce that col(i, v, w) is bounded on IR+.

Using a similar argument as in the proof of Theorem 3, we obtain the
inequality:

d

dt

∥∥∥∥∥∥
 i(t + h)− i(t)

v(t + h)− v(t)
w(t + h)− w(t)

∥∥∥∥∥∥
2

Y

+ C5

∥∥∥∥∥∥
 i(t + h)− i(t)

v(t + h)− v(t)
w(t + h)− w(t)

∥∥∥∥∥∥
2

Y

≤

≤ C6‖B(t + h)−B(t)‖2
IR2n+m , 0 ≤ t < t + h, C5, C6 = const. > 0.

Integrating over [0, t] the above inequality, we have:∥∥∥∥∥∥
 i(t + h)− i(t)

v(t + h)− v(t)
w(t + h)− w(t)

∥∥∥∥∥∥
2

Y

≤ e−C5t

∥∥∥∥∥∥
 i(h)− i0

v(h)− v0

w(h)− w0

∥∥∥∥∥∥
2

Y

+

+C6

∫ t

0

e−C5(t−s)‖B(s + h)−B(s)‖2
IR2n+mds, t ≥ 0.

We divide the above relation by h2 and, by letting h → 0 , we get:∥∥∥∥∥∥ d

dt

 i
v
w

 (t)

∥∥∥∥∥∥
2

Y

≤ e−C5t

∥∥∥∥∥∥ d

dt

 i
v
w

 (0)

∥∥∥∥∥∥
2

Y

+

+C6

∫ t

0

e−C5(t−s)

∥∥∥∥dB

ds
(s)
∥∥∥∥2

IR2n+m

ds, t ≥ 0.

Because b′k ∈ L∞(IR+) we obtain

∥∥∥∥∥∥ d

dt

 i
v
w

 (t)

∥∥∥∥∥∥
Y

≤ const., ∀t ≥ 0.

Therefore col(i, v, w) ∈ W 1,∞(IR+;Y ).
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By some computations , we can prove, like in the proof of Theorem 1
(see [7]), that:

n∑
k=1

[∫ 1

0

∣∣∣∣∂ik
∂x

(t, x)
∣∣∣∣ dx +

∫ 1

0

∣∣∣∣∂vk

∂x
(t, x)

∣∣∣∣ dx

]
≤ const., ∀t ≥ 0.

Therefore ∂ik/∂x, ∂vk/∂x ∈ L∞(IR+;L1(0, 1)). This conclusion, com-
bined with ik, vk ∈ L∞(IR+;L2(0, 1)) ⊂ L∞(IR+;L1(0, 1)) yields ik, vk ∈
L∞(IR+;W 1,1(0, 1)), hence ik, vk ∈ L∞(IR+;L∞(0, 1)) ⊂ L∞(IR+ × (0, 1)),
k = 1, n.

Using once again the assumptions of the theorem we deduce that
αk(·, ik), βk(·, vk) ∈ L∞(IR+;L2(0, 1)), k = 1, n . From the equations of the
system (S) we obtain that ∂ik/∂x, ∂vk/∂x ∈ L∞(IR+;L2(0, 1)), therefore
ik, vk ∈ L∞(IR+;H1(0, 1)), k = 1, n, as claimed.

Lemma 2. If col(i, v, w) is a solution of the problem (S), (BC) with
the properties:

col(i, v, w) ∈ W 1,∞(IR+;Y ); ik, vk ∈ L∞(IR+;H1(0, 1)), k = 1, n,

then it is uniformly continuous on IR+ with precompact range in Y .
Proof. Because col(i, v, w) ∈ W 1,∞(IR+;Y ), we have:∥∥∥∥∥∥

 i
v
w

 (t)−

 i
v
w

 (s)

∥∥∥∥∥∥
Y

=

∥∥∥∥∥∥
∫ t

s

d

dτ

 i
v
w

 (τ)dτ

∥∥∥∥∥∥
Y

≤

≤

∣∣∣∣∣∣
∫ t

s

∥∥∥∥∥∥ d

dτ

 i
v
w

 (τ)

∥∥∥∥∥∥
Y

dτ

∣∣∣∣∣∣ ≤ M |t− s|, ∀t, s ∈ IR+, M = const > 0.

Therefore col(i, v, w) is uniformly continuous on IR+.
Because the solution col(i, v, w) is bounded in Y = (L2(0, 1))2n × IRm,

to prove that the set {col(i(t), v(t), w(t)) ; t ∈ IR+} is precompact it is suf-
ficient to prove that the sets:

Ak = {ik(t); t ∈ IR+} ⊂ L2(0, 1) and Bk = {vk(t); t ∈ IR+} ⊂
L2(0, 1), k = 1, n are precompact in L2(0, 1).
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First, we consider the set A1. According to Theorem 2.21 [1] we shall
prove that A1 satisfies the condition:

∀ε > 0,∃δ > 0 and G ⊂⊂ (0, 1), (G is compact, G ⊂ (0, 1)), G =
(ε′, 1−ε′), ε′ > 0, such that ∀t ∈ IR+ and ∀h ∈ IR+, |h| < δ, the inequalities:

(a)
∫ 1

0
|ι̃1(t, x + h)− ι̃1(x, t)|2dx < ε2

and
(b)

∫ ε′

0
|i1(t, x)|2dx +

∫ 1

1−ε′
|i1(t, x)|2dx < ε2

are satisfied, where ι̃1(t, x) =
{

i1(t, x) , x ∈ (0, 1)
0 , in rest.

From the properties of the solution col(i, v, w) it follows that

sup{|i1(t, x)|; t ∈ IR+, x ∈ (0, 1)} ≤ M1,

sup{‖∂i1/∂x(t, ·)‖L2(0,1); t ∈ IR+} ≤ M2.

(M1,M2 = const. > 0).
The above condition (b) is satisfied. Indeed, we have:∫ ε′

0

|i1(t, x)|2dx +
∫ 1

1−ε′
|i1(t, x)|2dx ≤ 2ε′ ·M2

1 < ε2,

whenever ε′ < ε2/2M2
1 .

For the condition (a) we first consider the case h > 0. We get:

∫ 1

0

|ι̃1(t, x + h)− ι̃1(t, x)|2dx =
∫ 1−h

0

|i1(t, x + h)− i1(t, x)|2dx+

+
∫ 1

1−h

|i1(t, x)|2dx =
∫ 1−h

0

∣∣∣∣∣
∫ x+h

x

∂i1
∂x

(t, ϕ)dϕ

∣∣∣∣∣
2

dx +
∫ 1

1−h

|i1(t, x)|2dx.

But: ∣∣∣∣∣
∫ x+h

x

∂i1
∂x

(t, ϕ)dϕ

∣∣∣∣∣
2

≤

(∫ x+h

x

1dϕ

)(∫ x+h

x

∣∣∣∣∂i1
∂x

(t, ϕ)
∣∣∣∣2 dϕ

)
=

= h

∫ x+h

x

∣∣∣∣∂i1
∂x

(t, ϕ)
∣∣∣∣2 dϕ ≤ h

(∫ 1

0

∣∣∣∣∂i1
∂x

(t, ϕ)
∣∣∣∣2 dϕ

)
≤ hM2

2 .
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Then:

∫ 1−h

0

∣∣∣∣∣
∫ x+h

x

∂i1
∂x

(t, ϕ)dϕ

∣∣∣∣∣
2

dx ≤
∫ 1−h

0

hM2
2 dx ≤

∫ 1

0

hM2
2 dx = hM2

2 .

This yields:

∫ 1

0

|ι̃(t, x + h)− ι̃1(t, x)|2dx ≤ hM2
2 + hM2

1 < δ(M2
1 + M2

2 ) < ε2,

whenever δ < ε2/(M2
1 + M2

2 ).
In the same manner we treat the case h < 0. So, the condition (a) is

also satisfied, hence A1 is a precompact set. Similarly, the sets Ak, k = 2, n
and Bk, k = 1, n are precompact sets. Therefore, the set {col(i(t), v(t),
w(t)); t ∈ IR+} is a precompact set in the space Y .

Theorem 7. Assume that (A1)ac, (A2)ab, (A3) hold, bk ∈
AP (IR), b′k ∈ L∞(IR+), k = 1, 2n + m . Then the problem (S), (BC) has
at least one almost-periodic (weak) solution.

Proof. Because bk ∈ AP (IR), it follows that bk ∈ L∞(IR+). Then,
by the assumption b′k ∈ L∞(IR+), we deduce that bk ∈ W 1,∞(IR+), k =
1, 2n + m. Using Theorem 6 we obtain that the problem (S), (BC) has at
least one solution col(i, v, w) ∈ W 1,∞(IR+;Y ) wiyh the properties ik, vk ∈
L∞(IR+;H1(0, 1)), k = 1, n. Therefore, by Lemma 2 , the solution col(i, v,
w) is uniformly continuous on IR+ with precompact range in the space
Y . Consequently, with Theorem 5, we deduce that there exists an almost-
periodic (weak) solution of the problem (S), (BC).
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8. L u c a, R. and M o r o ş a n u, G. – Nonlinear boundary value problems for a class of

hyperbolic systems, in ”Evolution Equations, control theory and biomathematics”,

Lecture Notes in Pure and Applied Mathematics, vol. 155, New York – Basel –

Hong Kong, 1994, 327–336.

9. M a r i n o v, C.A. and N e i t t a a n m a k i, P. – Mathematical Models in Electrical

Circuits: Theory and Applications, Kluwer Academic Publishers, Dordrecht, 1991.
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