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1. Introduction. In this paper we shall investigate the existence

of periodic solutions and almost-periodic solutions of the hyperbolic partial
differential system:

(S) Ok 1+ 9% 4 oy (a,ix) = 0
% + % + ﬁ — 0
ot D k(@ vk) =

0<z<1l,t>0, k=1n
with the boundary condition:

(col(il(t,o),—il(t,l),...,in(t,O),—z’n(t, 1))> .
S (col (dwl (t),... d“’—m(t)))

dt

e
col(v1(t,0),v1(t,1),...,0,(t,0),v,(¢, 1))
(BC) €-G < col(wy(t), ..., wn(t)) >

1(by(t),b2(t), ..., ban—_1(t), ban(t

+(CO(1()2() 2 1()2())>,t>0.
COl(b2n+1(t), ey b2n+m (t))

This problem occurs in integrated circuits modelling. The existence,

uniqueness and asymptotic behaviour of strong or weak solutions of the
problem (S), (BC) with the initial data:
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r<l1, k=1,n
1,m.

A

w;(0) = wjo,

(1C) {ik(o,l‘) = iro(), vk(0,7) = vro(x), 2

have been investigated in [7,8]. Other nonlinear systems with boundary
conditions of this type and different examples have been studied in [5,6].

2. Preliminary results. In all which follows we denote by (A1),
(A2), (A3) the following assumptions:

(a) The functions z — ay(z,p) and x — S (z,p) are in
L?(0,1), for any fixed p € IR. Besides the functions
p — ag(z,p) and p — B (z,p) are continuous
on IR, for a.e. z € (0,1), k€ 1,n.

(b) The functions p — ay(z,p) and p — Bk (z,p) are

(A1) nondecreasing from IR into IR , for a.e. z € (0,1), k € 1,n.
(c¢) There exist a; and ay > 0 such that:
(an(@,p1) = an(@,p2))(p1 — p2) > a1(p1 — p2)?,
(Bre(2,p1) = Br(2,p2)) (1 — p2) = az(p1 — p2)*,
\ for a.e. x € (0,1), Vp1,p2 € R, k=1,n.
(A2)

(a) G:D(G) C R*™*t™ — JR*"*™ is a maximal monotone mapping

(possibly multivalued), D(G) # (). Moreover, G can be split in:

G111 G2
¢ = [G21 G22]

G112D(G11) C B2n — Rzn, G122 D(Glg) Cc R™ — Rzn,
G21:D(G21) Cc R — R™, Gog: D(Ggg) C IR™ — IR™.
(b) There exist Ky > 0 such that for all z,y € D(G),

and all wy € G(z), we € G(y) :
L < W] — W2, T — Y > p2ntm> Ko”ﬂ? - yH?szm.

where

(A3) S =diag(s1,...,8m) withs; >0, j=1,m.

We present some existence and uniqueness results for the solutions of
the problem (S), (BC), (IC), obtained in [7]. We consider the following
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spaces: X = (L2(0,1))?",IR™ and Y = X x IR™ with the corresponding
scalar products:

n 1
< f?g >x= :Zlffk(x)gk(m)dx7f - COl(f17 "7f2n)7g = COl(.gla ”7927’1,) S X7
—10

<X, Y >Sg= i $ixiyi, x,y € IR™
i=1
< (£)7 (Z) >y =< fv.g >x + <,y >4, (£)7 (Z) ey.

We define the operators: A1: D(A;) CY — Y with

)
D(-A): { (U) DS ik,vkEHl(O,l), k=1,n,

w

(W’> € D(G) and v1i € —G11(y0v) — Gia(w)

w

H/_/

where i = col(iy,...,in),v = col(vi,...,vp),w = col(wy,... W), Y1i =
col(i1(0), —i1(1),...,1,(0), =i, (1)), vov = col(v1(0),v1(1),...,v,(0),v,(1)),

i col(vy,vh, ... vl) i
A [ v | = col (i, iy, ... i) , v | € D(Ay)
w Silel(’}/@’U) +S*1G22(w) w
and Ay: D(Az) CY — Y with D(Ay) = { (12)) eyY; A, (111) EY},
i col(aq(+,41), ..., an(in)) i
As | v | = col(ﬂl(-,vl),(.)..,ﬂn(~,vn)) , v | € D(Ay).

Remark. Under the assumptions (Al)ab, (A2)a and (A3), D(A;) #
() and D(A1) C D(.Az)

Lemma 1. If (Al)ab, (A2)a and (A3) hold, then the operator A; +

Ay is maximal monotone.

~
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With the change of functions i, = i + iz, where fk(t,az) = (1-
x)bag—1(t) — xbay(t), k = 1,n, the problem (S), (BC), (IC) can be writ-
ten as:

& { aLk 4 avk + o, i + ik (t, ) = fr(t, )
aUk; + abk —|—5k(1‘7’0k) = gk(t,fﬁ),

O<z<1,t>0, k=1,n
with the boundary value condition:
<col(L1(t ,0), —i1(t, 1), ..., 0n(t,0), —0n(t, 1))) .
S (co ( (), T (t )))

B col(v1(t,0),v1(t,1),...,v,(t,0),v,(¢, 1))
< G( col(wy(t), ..., wn(t)) ) +

(BC)

0
+
<COl(b2n+1(t), e

and the initial data:

t>0

s b2ngm (1)) > ’

x) =lgo(x), vp(0,2) =vko(z), O0<z <1, k=1,n

. { fu(t,z) = ( )by, (1) + by (1),

W;o,

k(¢ a:) bok—1(t) + bor(t), 0<x <1, t>0,
Lko( ) ( ) (1—$)b2k 1( )—f—l’bgk(O), O<ax<l, k=1,n.

Using the operators A; and As , the problem (S), (ﬁ()), (f(j) leads us
to consider in the space Y the following time dependent Cauchy problem:

e ()2 () ()

v | + A + As v = g(t,") , t>0
w w S™1By(t)

)

)

)
where f - COl(f17 R fn)a g = COl(glv T gn)v ZO = 001(5107 ceey ZnU)a BQ(t) =
- COl(an-H(t) b2n+m(t>)
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Theorem 1. Assume that (Al)ab, (A2)ab and (A3) hold. If by €
W12(0,T), k=1,2n+m (T > 0 fixed ), iro,vro € H'(0,1), k =1,n, w’ €
R™, (73}%0) € D(G) and B1(0) € y1i°+G11(70v°) +G12(w?), then the prob-
lem (S), (BC), (IC) has a unique strong solution col(i,v,w) €
Wb (0,T;Y). Moreover, iy,v, € L*(0,T;H'(0,1)), hence ij,vy €
L>((0,T) x (0,1)), k=1,n, (B1(t) = col(by(t), ..., ban(t))).

Theorem 2. Assume that (Al)ab, (A2)ab and (A3) hold. If by €
L*(0,T), k = 1,2n+m (with T > 0 fixed), iro,vr0 € L*(0,1), k =
1,n, w® € D(G12) N D(Ga2), then the problem (S), (BC), (IC) has a
unique weak solution col(i,v,w) € C([0,T];Y).

3. Periodic solutions. In this section we shall investigate the exis-
tence of the periodic solutions of the problem (S), (BC).

Theorem 3. Assume that (Al)ac, (A2)ab, (A3) hold and by €
L>(IR,), k =1,2n + m. Then every weak solution of the problem (S),
(BC) is bounded on R.

Proof. We assume, without loss of generality that G is single-valued.
From the assumptions of the theorem we deduce that the operator A; + .45 is
strongly monotone. Then it is a coercive operator, cosequently R(A;+.42) =
Y. So, the stationary problem:

7 7 0
(1) A1l v |+ Al v ] =]0
w w 0

has a unique solution, say col(p, q,r) € D(A;).
First, we shall prove that if b, € W 2(IRy) N L>®°(IRy) , then ev-

ery strong solution of the problem (S), (]g)é) is bounded on IR,. For,
let T > 0 be arbitrary, but fixed for the moment, b, € W12(0,7) N
L®(Ry), k=T1,2n+m, iro,vk0 € H'(0,1), k=T1,n, w® € R™, (°%) €
D(G) and B;(0) € 7117° + G11(70v”) + G12(w?). Then the strong solution
col(i(t),v(t),w(t)) of the problem (S), (BC), (IC) corresponding to above
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data, satisfies:

We subtract from the equation (2); the equation (1) and we multiply

i(t)—p
the obtained relation by | v(t) —¢ |, in Y. We obtain:
w(t) —r
. 2
1d (Z((tt))p) .\
“ 2 wi) — g
2dt
w(t) =71 ) ||y

e () o (7). (P40) e
- Z / o0, 2)) — o, pe()] (1, 2) — ()t

+3° [ el vnlt, ) = fulesan(o)fon(t, ) — uo))ds =
k=170

—< Bi(t), (00)(H) =700 > e + < Ba(t),w(t) =1 >gm, 0t < T.

Therefore:

i(t) —p
( v(t) —q )
w(t) —r

+Kol (700)(t) = Y0all T2 + Kollw(t) = 7l Tzm < C1l| By (t)l|F2n +

2

+arlfi(t) = pliFrzo,1y)n + a2llv(t) = qllfzzo,)n+
Y

+C2||(30v)(t) = Y0dllTzn + Csll B2(t) [T + Callw(t) —rl[gm, 0 <t <T
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(we choose the constant C; > 0, i = 1,4 such that Cy < Ky and Cy < Kj).
From the above inequality we deduce:

2

PNRIORS? i(t) —p
Sl ew—a || +cs||{ v©) —q < G| B(t)||zn-+m
w(t) —r v w(t) —r v

C5,Cg =const. >0, 0<t<T,

(B(t) = col(Bi(t), Ba(t)).
Integrating over [0, ] the obtained inequality, we get:

2 2

i(t) —p i©—p
o) —q || <eo|[w0—q || +
(3) w(t) — v w’—7r /|y

+Cg [ et B(5)[|Zonpmds, 0<t<T.

Because b, € L>*(IR;), k = 1,2n+m, we deduce that there exist
My, M5 > 0 independent of T such that:

Jo eI B(8) [Fgansmds < My fy e=O(=)ds =

(4) :
— M 1—’;:5‘ <M, 0<t<T.

Now, using (3) and (4) we obtain:

i(t)
t <const.,, 0<t<T,
t
where const. is a positive constant independent of T'. Because T is arbitrary
we conclude that the solution col(i, v, w) is bounded on IR .

With the observation that the inequality (3) remains true also for the
weak solutions, we deduce the conclusion of the theorem. =

Theorem 4. Suppose the assumptions (Al)ab, (A2)ab, (A3) hold and
let by, € L} (Ry), k = 1,2n+ m be T-periodic functions (T > 0). If the
problem (S), (BC) has at least one bounded solution on IR , then it has
also a T-periodic (weak) solution.
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Proof. Let col(i,v,w) a bounded solution on IR of the problem (S),
(BC). Then, using the inequality:

ol

(t) i(0) £(0)
(t) 0 7
® /) ly w(0) w(0)

S| S|
IN
=

|

(%
w

i(t)
t) | -
(t) v

we deduce that all the solutions of the problem (S), (BC) are bounded on
R..
Now , we define the operator Q: D(A;) — D(A;),

i0 i i0 i i°
Ql W | = v T: | v , where [ v A , t >0 is the
w’ w w’ w w’

weak solution of the problem (S), (BC) with the initial data col(i®,v°, w?).
0
i
This operator is nonexpansive and if | v | € D(A;), then the se-
0

w
) )
quence { Q" | v° ) is bounded, because Q" [ v° | =
w’ n>1 w’
7 i0
=\l v nT; | v°
w w’

Using a fixed point theorem, due to F. Br o w d e r and W.V.
Petryshyn [3]Jwe deduce that the operator ) has at least one fixed
point. Therefore, the problem (S), (BC) has at least one T-periodic (weak)
solution. m

By Theorem 3 and Theorem 4 we obtain sufficient conditions for the
existence of T-periodic solutions of the problem (S), (BC).

Corollary. Assume that (Al)ac, (A2)ab, (A3) hold and let by, €
L>*(IR.), k = 1,2n +m be T-periodic functions. Then, the problem (S),
(BC) has a (unique) T-periodic weak solution.

4. Almost-periodic solutions. We begin this section with a version
of Theorem 1, Lecture 34 [4] for our problem (S), (BC).

Theorem 5.Let b, be almost-periodic real functions (by, € AP(IR)),
k =1,2n+ m. If the problem (S),(BC) has a solution col(i,v,w) which is
uniformly continuous on IRy with a precompact range, then there exists an
almost-periodic (weak) solution of the problem (S), (BC).
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Theorem 6. Assume that (Al)ac, (A2)ab, (A3) hold,
b € WHo(IRy), k = 1,2n+m and col(i®,v°,w®) € D(A;). Then the
unique strong solution col(i,v,w) of the problem (S), (BC), (IC) is in the
space WH°°(IR,;Y). Moreover, iy, v, € L= (IRy; H*(0,1)), k = 1,n.

Proof. Because by, € W1>°(IR,), it follows that by, € Wlt)’f(RJr), hence
the strong solution col(i, v, w) of the problem (S), (BC), (IC), according to
Theorem 1, is in the space I/VllocOO (R+;Y). Moreover, applying Theorem 3,
we deduce that col(i,v,w) is bounded on IR .

Using a similar argument as in the proof of Theorem 3, we obtain the
inequality:

2 2

i(t+ h) —i(t)
— v(t+h) —o(t) +Cs v(t+h) —ov(t) <

v w(t+h) —w(t) ) ||,

< Cs||B(t+ h) — B(t)|onsm, 0<t<t+h, Cs,Cs=const. >0.

Integrating over [0, ¢] the above inequality, we have:

2 2

i(t+h) —i(t) i(h) —i°
v(t + h) —v(t) <e Gt w(h) =0 +
t +h)—wt) /|, w(h) —w® ) ||,

+Cs/ ~C5(t=9)| B(s + h) — B(5)||252nsmds, t > 0.
0

We divide the above relation by h? and, by letting h — 0 , we get:
2 . 2
i
| <e | 0
o) seotg o) -

Y Y

t
+C6/ —Cs(t—s) || 4B
0
7

dS ( ) 1R2n+’m,
d
Because b} € L>°(IR;) we obtain i (t)|| < const., ¥Vt >0.

Therefore col(i,v,w) € WH>(IR;Y).

qa
dt




414 RODICA LUCA 10

By some computations , we can prove, like in the proof of Theorem 1
(see [7]), that:

1)

k=1

3vk
%(tv )

: 1
%(t, x)‘ dx —|—/ dx] < const., Yt > 0.
ox 0

Therefore 0iy/0z, Ovy/0x € L*°(IRy;L'(0,1)). This conclusion, com-
bined with iy, vy € L®(IRy;L*(0,1)) C L>®(IRy;LY(0,1)) yields ix,vp €
L (IR, ; WH1(0,1)), hence i, v € L®(IR4; L>(0,1)) C L (R4 x (0,1)),
k=1n.

Using once again the assumptions of the theorem we deduce that
ar(+ir), Be(-,ve) € L (IR4; L?(0,1)), k = 1,n . From the equations of the
system (S) we obtain that iy /dz, Ovi,/0x € L*(IRy;L*(0,1)), therefore
ir, vy € L®°(IRy; HY(0,1)), k =1,n, as claimed. =

Lemma 2. If col(i,v,w) is a solution of the problem (S), (BC) with
the properties:

col(i,v,w) € WH*(IRy;Y); ig,vp € L°(Ry; H(0,1)), k=1,n,

then it is uniformly continuous on IRy with precompact range in Y .
Proof. Because col(i,v,w) € W (IR;Y), we have:

Y Y

t d )
</ el I (T)|| dr| < MJt—s|, Vt,s € Ry, M = const > 0.
-
8 w

Y

Therefore col(i,v,w) is uniformly continuous on IR .

Because the solution col(i, v, w) is bounded in Y = (L?(0,1))?" x IR™,
to prove that the set {col(i(t),v(t),w(t)); t € IR} } is precompact it is suf-
ficient to prove that the sets:

Ar = {ir(t);t € Ry} C L?(0,1) and By = {w(t);t € Ry} C
L?(0,1), k= 1,n are precompact in L?(0,1).
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First, we consider the set A;. According to Theorem 2.21 [1] we shall
prove that A; satisfies the condition:

Ve > 0,35 > 0 and G cC (0,1), (G is compact, G C (0,1)), G =
(e',1=¢"), € > 0, such that V¢t € IRy and Vh € IR, |h| < §, the inequalities:

(a) Jy ot + h) — ia(x, 1) %dx < €2

and

(b) [5 lir(t,@)Pde + [ lia (¢, @) Pdz < €2
i1(t,x) ,x € (0,1)

0 , in rest.

From the properties of the solution col(i, v, w) it follows that

are satisfied, where 71 (¢, ) =

sup{|i1(¢t,z)|; t € Ry, x € (0,1)} < M,

sup{[|0i1/0x(t, ) r2(0,1); t € Ry} < M.

(M, My = const. > 0).
The above condition (b) is satisfied. Indeed, we have:

e’ 1
/ i1 (¢, ) 2da +/ i1 (¢, )2 < 2¢' - M2 < 2,
0 1

—e!

whenever ¢’ < g2 /2M3.
For the condition (a) we first consider the case h > 0. We get:

1 1—-h
/ |Zl(t,:v+h)—£1(t,:v)]2dx:/ i1 (£, 2+ h) — in (£, )Pt
0 0

1 1-h
+/ |i1(t,x)|2dx:/
1—h 0

$+h all 2 1
[ Ghtes) dor [t
T €T —h

But:
2
z+h o z+h z+h . 2
011 0iq
hht 3 < hd 3 —
/x o (t,p)dp| < ( /I 1d<P> ( /x pe (t, ) ds@)
z+h . 2 1 . 2
0iq i1 2
= — < — < .
h/m 5, (LP)| do<h (/O 5 (1 ?) dw) < hM;
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Then:

2
1=h| peth a;
811
/0 /x 8?(757 p)dyp

This yields:

1-h 1
dx < / hMZdx < / hMZdx = hM2Z.
0 0

1
/ li(t,z + h) — i1 (t, 2)|>de < hMZ + hM? < §(M? 4+ M2) < €2,
0

whenever § < 2/(M? + M3).

In the same manner we treat the case h < 0. So, the condition (a) is
also satisfied, hence A; is a precompact set. Similarly, the sets Ax, k =2,n
and By, k= 1,n are precompact sets. Therefore, the set {col(i(t),v(t),
w(t)); te€ IRy} is a precompact set in the space Y. =

Theorem 7. Assume that (Al)ac, (A2)ab, (A3) hold, by €
AP(R), b, € L*(IRy), k=1,2n+ m . Then the problem (S), (BC) has
at least one almost-periodic (weak) solution.

Proof. Because b, € AP(IR), it follows that by € L*(/R4). Then,
by the assumption b} € L*°(IR;), we deduce that by € WH>(IRy), k =
1,2n +m. Using Theorem 6 we obtain that the problem (S), (BC) has at
least one solution col(i,v,w) € W1 (IR, ;Y) wiyh the properties iy, vy €
L>®(IR,; H'(0,1)), k =1,n. Therefore, by Lemma 2 , the solution col(i, v,
w) is uniformly continuous on IR, with precompact range in the space
Y. Consequently, with Theorem 5, we deduce that there exists an almost-
periodic (weak) solution of the problem (S), (BC). =
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