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Tomul XLII, s.I.a, Matematică, 1996, f2.

PRIMARY AND SEMIPRIMARY Γ–SEMIGROUP

BY

NARAYAN CHANDRA ADHIKARI

Abstract. In this paper we introduce the notions of primary and semiprimary ide-

als is S where (S, Γ) is a Γ–semigroup and study it via operator semigroup of (S, Γ). We

also introduce primary and semiprimary Γ–semigroup. We prove that in a Γ–semigroup

(S, Γ) in which S is weakly regular the notions of prime, (left, right) primary and semipri-

mary ideals coincide.

1. Introduction. Let S and Γ be two nonempty sets. S is called a Γ–
semigroup [8] if there exists mapping S×Γ×S → S written as (a, α, b) → aαb
and Γ × S × Γ → Γ written as (α, a, β) → αaβ, satisfying the following
identities (aαb)βc = a(αbβ)c = aα(bβc) for all a, b, c,∈ S and αβ ∈ Γ.
We call a Γ–semigroup S both sided if it further satisfies the identities:
αa(βbγ) = (αaβ)bγ = α(aβb)γ for all α, β, γ ∈ Γ and a, b ∈ S. Throughout
this paper we consider only both sided Γ–semigroup and call it simply Γ–
semigroup. Some earlier work on both sided Γ–semigroup viz. embedding a
Γ–semigroup in a semigroup with zero, on Γ–semigroup with the right and
left unites, on prime radical, on Noetherian Γ–semigroup and the radicals
of Γ–semigroup may be found respectively [3], [4], [5], [6] and [7]. We shall
denote a both sided Γ–semigroup S by (S, Γ).

In this paper we introduce the notations of (left, right) primary and
semiprimary ideal in S where (S, Γ) is a Γ–semigroup. We show that if an
ideal I is semiprime then the notions of prime, primary and semiprimary
on I coincide. We also introduce the notion of primary and semiprimary
Γ–semigroup. We obtain some necessary and sufficient conditions for (S, Γ)
to be primary or semiprimary.

2. Preliminaries. Let (S, Γ) be a Γ–semigroup. A nonempty subset
I is called a left (right) ideal of S if SΓI ⊆ I (IΓS ⊆ I). A nonempty subset
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I of S is called a two sided ideal or simply an ideal of S if it is a left ideal
as well as a right ideal of S. The ideals of Γ are defined analogously.

Let (S, Γ) be a Γ–semigroup. We define a relation l on S×Γ as follows:
(x, α)l(y, β) if and only if xαs = yβs for all s ∈ S and γxα = γyβ for
all γ ∈ Γ. Obviously l is an equivalence relation. Let [x, α] denote the
equivalence class containing (x, α).

Let M = {[x, α] : x ∈ S and α ∈ Γ}. We define a multiplication
in M as follows: [x, α][y, β] = [xαy, β] = [x, αyβ]. M is a semigroup with
respect to this multiplication. This semigroup M is called the left operator
semigroup of the Γ–semigroup (S, Γ). Dually we can define the right operator
semigroup N = {[α, a] : α ∈ Γ and a ∈ S} of the Γ–semigroup (S, Γ) where
the multiplication in N is defined by [α, a][β, b] = [αaβ, b] = [α, aβb] [4].

For P ⊆ M we define P+ = {x ∈ S : [x, α] ∈ P for all α ∈ Γ}, +P =
= {γ ∈ Γ : [x, γ] ∈ P for all x ∈ S}. It follows that if P is an ideal or a
right ideal of M then P+ is an ideal or a right ideal of S. If P is an ideal
or a left ideal of M then +P is an ideal or a left ideal of Γ [4]. Similarly
for Q ⊆ S(Γ) we define Q+′

= {[x, α] ∈ M : xαs ∈ Q for all s ∈ S} (resp.
+′

Q = {[x, α] ∈ M : γxα ∈ Q for all γ ∈ Γ}). It follows that if Q is an ideal
or a right ideal of S (ideal or a left ideal of Γ) then Q+′

is an ideal or a right
ideal of M (+

′
Q is an ideal or a left ideal of M) [4].

It also follows that in a Γ–semigroup (S, Γ) with (P+)+
′

= P and
(Q+′

)+ = Q.

Definition (Definition 3.1 [4]). Let (S, Γ) be a Γ–semigroup and M
and N be the left operator semigroup and the right operator semigroup of
(S, Γ). If there exists an element [e, δ] ∈ M ([(δ, e] ∈ N) such that eδx = x
(xδe = x) for all x ∈ S then S is said to have the left unity [e, δ] (right unity
[δ, e]). Similarly we can define the left and right unity of Γ. A Γ–semigroup
(S, Γ) is said to be a Γ–semigroup with unity if S has left unity and right
unity which are also right unity and left unity of Γ respectively.

Definition (Definition 3.1 [5]). Let (S, Γ) be a Γ–semigroup. An
ideal P of S is said to be prime if, for any two ideals A and B of S, AΓB ⊆ P
implies that either A ⊆ P or B ⊆ P . The prime ideal of Γ is defined
analogously.

Definition (Definition 4.3 [3]). Let (S, Γ) be a Γ–semigroup. An
ideal Q of S is semiprime if for any ideal A of S, AΓA ⊆ Q implies that
A ⊆ Q.

Definition. An ideal B of S where (S, Γ) is a Γ–semigroup is said to
be a maximal ideal of S, if B 6= S and there exists no ideal I of S such that
B ⊂ I ⊂ S.



3 PRIMARY AND SEMIPRIMARY Γ–SEMIGROUP 3

Definition (Definition 3.7 [5]). Let (S, Γ) be a Γ–semigroup. A
subset H of S is said to be an m–system of S if and only if c ∈ H, d ∈ H
imply that exist elements p ∈ S and α1, α2 ∈ Γ such that cα1pα2d ∈ H.
The empty set is to be considered as an m–system of S.

Theorem (Theorem 4.7 [4]). Let (S, Γ) be a Γ–semigroup with unity.
Then there is an inclusion preserving bijection between the set of all ideals
of S and the set of all ideals of M via the mapping Q → Q+′

where is an
ideal of S.

Theorem (Theorem 3.13 [5]). Let (S, Γ) be a Γ–semigroup. Then

there exists an inclusion preserving bijection Q → Q+′
between the set of

all prime ideal of S and the set of all prime ideals of M .
Throughout this paper we consider a Γ–semigroup (S, Γ) such that S

has left unity and right unity which are also right unity and left unity of Γ
respectively and viceversa.

3. Primary and semiprimary ideal.

Definition 3.1. Let (S, Γ) be a Γ–semigroup. An ideal P of S is said
to be left (right) primary if it satisfies the following conditions.

(i) If A and B are ideals of S such that AΓB ⊆ P and B 6⊆ P (A 6⊆ P ),
then A ⊆ r(P ) (B ⊆ r(P )), where r(P ) is the intersection of all prime ideals
of S containing P .

(ii) r(P ) is a prime ideal of S.
It is easy to pove that an ideal P in S satisfies (i) of Definition 3.1

if and only if (i) < a > Γ < b >⊆ P and b /∈ P (a /∈ P ) imply that
a ∈ r(P )(b ∈ r(P )). (< a >= SΓa ∪ aΓS ∪ SΓaΓS ∪ {a} is the principal
ideal of S generated by a).

Definition 3.2. Let (S, Γ) be a Γ–semigroup. An ideal P of S is said
to be semiprimary if r(P ) is a prime ideal of S.

It is clear that every left (right) primary ideal of S is a semiprimary
ideal.

Definition 3.3. An ideal P of S where (S, Γ) is a Γ–semigroup is said
to be primary provided it is left primary as well as right primary.

Lemma 3.4. Let (S, Γ) be a Γ–semigroup. Let A be an ideal of S
disjoint form H = {a, aγa, (aγ)2a, . . .} where a ∈ S and γ ∈ Γ. Then there
exists an ideal P ⊇ A which is maximal in the class of ideals of S containing
A and disjoint from H. Moreover, P is prime.

Proof. It is clear that H is an m–system of S. So the proof follows
form the Proposition 3.10 [5].
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Lemma 3.5. Let (S, Γ) be a Γ–semigroup and P be an ideal of S. If
x ∈ r(P ) then (xγ)n−1x ∈ P (where (xγ)◦x = x) for all γ ∈ Γ and for some
positive integer n.

Proof. Let x ∈ r(P ). If possible, let for some γ ∈ Γ, (xγ)n−1x 6∈ P
for all positive integers n. Then the m–system

H = {x, xγx, (xγ)2x, . . . , (xγ)nx, . . .}

is disjoint from P . So there exists a prime ideal Q ⊇ P s.t. Q∩H = ∅. This
implies that x 6∈ Q. So x 6∈ r(P ), a contradiction. So (xγ)n−1x ∈ P for all
γ ∈ Γ and for some positive integer n.

Lemma 3.6. Let M be the left operator semigroup of a Γ–semigroup
(S, Γ). If P and Q are ideals of M and S respectively then r(P+) = r(P )+

and r(Q)+
′
= r(Q+′

).
Proof. Let a ∈ r(P )+. Then [a, α] ∈ r(P ) for all α ∈ Γ. Let Q

be any prime ideal of S containing P+. Then Q+′
is a prime ideal of M

containing (P+)+
′

= P [4]. So [a, α] ∈ r(P ) ⊆ Q+′
for all α ∈ Γ. Hence

a ∈ (Q+′
)+ = Q. Thus r(P )+ ⊆ r(P+). Again, let b ∈ r(P+). Let Q be

any prime ideal of M containig P . Then Q+ is a prime ideal of S containing
P+. So b ∈ r(P+) ⊆ Q+. Hence [b, β] ∈ Q for all β ∈ Γ. So [b, β] ∈ r(P ) for
all β ∈ Γ. Hence b ∈ r(P )+. Thus r(P+) ⊆ r(P )+. Hence r(P )+ = r(P+).
Similarly we can prove that r(Q)+

′
= r(Q+′

).

Proposition 3.7. Let (S, Γ) be a Γ–semigroup. If P is a left (right,
semi) primary ideal of the left operator semigroup M of (S, Γ) then P+ is a
left (right, semi) primary ideal of S.

Proof. Since P is an ideal of M,P+ is an ideal of S [4]. Let AΓB ⊆ P+

and B 6⊆ P+ where A and B are ideals of S. Then [A,Γ][B,Γ] = [AΓB,Γ] ⊆
P and [B,Γ] 6⊆ P . Now since A and B are ideals of S, [A,Γ] and [B,Γ] are
ideals of M . Since P is left primary, [A,Γ] ⊆ r(P ). Hence A ⊆ r(P )+ =
r(P+). Thus A ⊆ r(P+). Also r(P+) = r(P )+ is a prime ideal of S [5]. So
P+ is a left primary ideal of S.

Proposition 3.8. Let (S, Γ) be a Γ–semigroup. If Q is a left (right,

semi) primary ideal of S then Q+′
is a left (right, semi) primary ideal of M

where M is the left operator semigroup of the Γ–semigroup (S, Γ).
Proof. Since Q is an ideal of S, then Q+′

is an ideal of M [4]. Let
AB ⊆ Q+′

, B 6⊆ Q+′
where A and B are ideals of M . Then AMB ⊆ AB ⊆

Q+′
i.e., ASΓBS ⊆ Q+′

S ⊆ Q. Since Q is left primary and BS 6⊆ Q,
AS ⊆ r(Q). So A ⊆ r(Q)+

′
= r(Q+′

). Also r(Q+′
) is prime. Hence Q+′

is
left primary.

Similarly we can prove the above proposition in case of Γ and M .
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Lemma 3.9. Let (S, Γ) be a Γ–semigroup. If S contains a proper ideal,
then S contains a unique maximal ideal.

Proof. The proof follows from [P.137, 1] and Theorem 4.7 [4].

Lemma 3.10. Let (S, Γ) be a Γ–semigroup and P be an ideal of S. If
r(P ) is the unique maximal ideal of S then P is a primary ideal of S.

Proof. The proof follows from Lemma 3.1 [1] and Theorem 4.7 [4].

Definition 3.11. Let (S, Γ) be a Γ–semigroup and P be a prime ideal
of S. A primary ideal A of S is said to be P–primary or a primary ideal
belonging to P if r(A) = P .

Proposition 3.12. Let (S, Γ) be a Γ–semigroup and P be any prime

ideal of S. If A is a P–primary ideal of S, then A+′
is a P+′

–primary ideal
of M .

Proposition 3.13. Let (S, Γ) be a Γ–semigroup and Q be any prime
ideal of the left operator semigroup M of (S, Γ). If B is a Q–primary ideal
of M , then B+ is a Q+– primary ideal of S.

Theorem 3.14. If A1, A2, . . . , An are P -primary ideals in S where

(S, Γ) is a Γ– semigroup, then
n
∩

i=1
Ai is also a P–primary ideal.

Proof. Let A =
n
∩

i=1
Ai. Now using Lemma 3.5. we can show that

r(A) =
(

n
∩

i=1
Ai

)
=

n
∩

i=1
r(Ai) = P . So r(A) is a prime ideal. Suppose

< a > Γ < b >⊆ A and b 6∈ A. Since b 6∈ A, b 6∈ Ai for some i. Now < a > Γ
< b >⊆ Ai and b 6∈ Ai. Since Ai is primary, we have a ∈ r(Ai) = P = r(A).
So A is left primary. Similarly we can show that A is right primary.

Lemma 3.15. Let (S, Γ) be a Γ–semigroup (not necessary with unity)
and let P be any ideal in S such that r(P ) is a maximal ideal in S. Then P
is semiprimary.

Proof. Obviously P ⊆ r(P ) ⊆ P1 where P1 is a prime ideal containing
P . Since r(P ) is maximal, we have r(P ) = P1. Therefore r(P ) is prime and
hence P is a semiprimary ideal.

Lemma 3.16. Let (S, Γ) be a Γ–semigroup and let Q be a semiprime
ideal in S. Then r(Q) = Q.

Theorem 3.17. Let (S, Γ) be a Γ–semigroup. If P is a semiprime ideal
in S, then the following condition are equivalent.

(1) P is prime, (4) P is right primary,
(2) P is primary, (5) P is semiprimary.
(3) P is left primary,
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Proof. Since P is semiprime, from the Lemma 3.16, we have r(P ) =
= P . Now (1)=⇒ (2)=⇒ (3)=⇒ (5) and (2)=⇒ (4)=⇒ (5) are clear. Since
r(P ) = P it follows from the definition of semiprimary ideal that P is prime.
So (5)=⇒ (1).

4. Primary and semiprimary Γ–semigroup.

Definition 4.1. Let (S, Γ) be a Γ–semigroup. S is said to be (left,
right, semi) primary if each ideal of S is (left, right, semi) primary.

Theorem 4.2. Let (S, Γ) be a Γ–semigroup. Then S is (left, right,
semi) primary if and only if the left operator semigroup M of S is (left,
right, semi) primary.

Proof. The proof follows from Proposition 3.7 and Proposition 3.8 and
Theorem 4.7 [4].

Theorem 4.3. Let (S, Γ) be a Γ–semigroup. Then Γ is (left, right,
semi) primary if and only if the left operator semigroup M is (left, right,
semi) primary.

Combining Theorem 4.2 and Theorem 4.3 we have

Theorem 4.4. Let (S, Γ) be a Γ–semigroup. Then S is (left, right,
semi) primary if and only if Γ is (left, right, semi) primary.

Definition 4.5. A Γ–semigroup is said to be (left, right, semi) primary
if S or equivalently Γ is (left, right, semi) primary.

Theorem 4.6. Let (S, Γ) be a Γ–semigroup. (S, Γ) is left primary if
and only if every ideal Q of S satisfies the following condition. AΓB ⊆ Q
and B 6⊆ Q then A ⊆ r(Q) for any ideals A,B of S.

Proof. Suppose that (S, Γ) is left primary. Then from the definition
it follows that S satisfies the given condition.

Conversely suppose that S satisfies the condition. Then we have to
show that r(Q) is prime. It is easy to prove that r(r(Q)) = r(Q). Suppose
that < a > Γ < b >⊆ r(Q) and b 6∈ r(Q). Then, by our assumption,
a ∈< a >⊆ r(r(Q)) = r(Q). So r(Q) is prime (Theorem 3.4 [5]). So Q is
left primary.

Theorem 4.7. Let (S, Γ) be a Γ–semigroup. If all prime ideals of S
are maximal, then (S, Γ) is primary.

Proof. Let P be a prime ideal of M . Then P+ is a prime ideal of S.
Since every prime ideal of S is maximal, so P+ is maximal in S and hence
(P+)+

′
= P is maximal in M . Thus M is primary [1] which implies that S

is primary.
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Theorem 4.8. A Γ–semigroup (S, Γ) is semiprimary if and only if
prime ideals in S form a chain.

Proof. The proof follows from the Theorem 4.4 [1] and Theorem 3.13
[5].

Definition 4.9. Let (S, Γ) be a Γ–semigroup. S is said to be weakly
regular if IΓI = I for every ideal I of S.

Lemma 4.10. Let (S, Γ) be a Γ–semigroup. If S is weakly regular then
every ideal of S is semi prime.

Lemma 4.11. Let (S, Γ) be a Γ–semigroup. Then the following con-
ditions are equivalent.

(i) Principal ideals in S form a chain,
(ii) Ideals in S form a chain.

Theorem 4.12. Let (S, Γ) be a Γ–semigroup with S weakly regular.
Then the following conditions are equivalent

(1) Every ideal in S is prime,
(2) S is primary,
(3) S is left primary,
(4) S is right primary,
(5) S is semi primary,
(6) Prime ideals in S form a chain,
(7) Principal ideals in S form a chain,
(8) Ideals in S form a chain.
Proof. Since S is weakly regular, it follows from the Lemma 4.10 that

every ideal of S is semi prime. So by the Theorem 3.17, (1) to (5) are
equivalent. By Theorem 4.8 (5) and (6) are equivalent. Assume (6). Let
< a > and < b > be two principal ideals in S. Since prime ideals in S form
a chain and (6) implies (1), either < a >⊆< b > or < b >⊆< a >. Thus (6)
implies (7). (7) implies (8) follows form Lemma 4.11. (8) =⇒ (6) is obvious.
Thus (6) ⇐⇒ (7) ⇐⇒ (8).

Corollary 4.13. Let (S, Γ) be a Γ–semigroup. Every ideal of S is
prime if and only if S is weakly regular (semi) primary.

Proof. If S is weakly regular (semi) primary, then from the Theorem
4.12 every ideal in S is prime. Conversely assume that every ideal in S is
prime. Let A be an ideal of S. Now AΓA ⊆ AΓA and since every ideal of
S is prime, we have A ⊆ AΓA. Again AΓA ⊆ AΓS ⊆ A. Hence A = AΓA.
Therefore S is weakly regular (semi) primary.

Corollary 4.14. Every ideal in S where (S, Γ) is a Γ–semigroup, is
prime if and only if S is weakly regular and the ideals in S form a chain.
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Proof. The proof follows from Theorem 4.12 and Corollary 4.13.
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