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A FIXED POINT THEOREM FOR MAPPINGS WITH
CONTRACTIVE ITERATE IN PM-SPACES!
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The notions which we use in this paper follow the book [13]
(SchweizerandSklar, 1983). In the following two definitions
(S,F) is a PSM-space and (by,),en is a strictly increasing sequence of

positive numbers with lim b, = 1.
n—oo

Definition 1.1. ([10]) We say that (S, F) is a probabilistic (b,,)-struc-
ture if

(n € IN, Fyy(s) > by,  Fop(t) > by) = Fpp(s+1) > by,

Definition 1.2. The t-norm T is called a (b,,)—t norm if T'(b,,, b,) = by,
for every n € IN.

For example, every t-—norm of Ha d 7 i ¢ type (see [5] or [12]) is a (b, )t
norm for some sequence (b,). We also remark that Min is a (b,)-t norm
for every sequence (by,).

Example 1.3. Every Menger space (S,F,T) under the (b,)-t norm
T is a probabilistic (b, )-structure.

Proposition 1.4. If (S, F) is a probabilistic (b, )-structure, then, for
every n € IN, the mapping r, defined on S? by

Tn(py @) = Inf{t [ Fpq(t) > bn}
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is a pseudometric on S. Moreover, the uniformity generated by the family
(rn)nemv is the F—uniformity.

The mapping r, first appears in [11] (Radu,1992) and the proof of
Proposition 1.4. in the case of Menger spaces (S,F,T) under the (b,)-t
norm 7" appears in [12] (Radu,1994).

The following proof of Proposition 1.4. is similar to that of Theorem
2.3.18 from [12]. We give it here just for the sake of completness.

Proof of Proposition 1.4. Since F,,(t) = 1 for each ¢ > 0, then
m(p,p) = 0.

On the other hand, let us remark that r,(p,q) = 0 iff Fj4(t) > b, for
all £ > 0. Since lim b, = 1, then we see that r,,(p,q) = 0 Vn iff F),,(0+) =1

ie. iff p=gq. e

By the symmetry of F it follows that r,, is symmetric.

For the triangle inequality, if we suppose that r,(p,q) < a and
rn(p,q) < b, then Fy.(a) > by, Fr.q(b) > b,. Therefore we have F,,(a + b) >
b, and so r,(p,q) < a+b.

It is clear that r, < r,41 so that (r,)nenv is an augmented family of
ecarts. Obviously we have

(P, q) < a = Fpe(a) > by

and
Fpg(e) > 1= A2 by = 10(p,q) <,

for which the second part of the proposition easily follows.
In the second part of this note we will use a fixed point theorem in
uniform spaces from [2] (Cain Jr., 1985).

Definition 2.1. [2] Let X be a set, D be a separating family of pseudo—
metrics and d € D. A self map f of X is said to have a d—contractive iterate
at x € X if there exists a constant kg € (0,1) and a positive integer n(x,d)
such that

d(fn(zvd) (x)’ fn(l‘,d) (y)) S kdd($7 y)
for ally € X.

Lemma 2.2. ([2], Theorem 1) If (X, D) is sequentially complete and
f is a continuous mapping on X having for each d € D a d— contractive
iterate at every x € X, then f has exactly one fixed point u and f™(x) — u
for every x € X.
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Definition 2.3. Let (S,F) be a PSM-space and (b,,) be a strictly

increasing sequence of positive numbers with lim b, = 1. We say that the
n—oo

mapping A: S — S have a (b,)— contractive iterate at p € S if
Vn € IN 3k, € (0,1) Jv =v(p,n) € IN: (t > 0,q € S, Fpy(t) > by)

= FAvavq(knt) 2 bn

Theorem 2.4. Let (S,F) be a complete probabilistic (b,,)— structure
and suppose that A:S — S is a continuous mapping which has a (b,)—
contractive iterate at every p € S. Then A has a unique fixed point which
can be obtained by the successive approximation method, starting from an
arbitrary point of S.

Proof. We will show that for every n € IN and p € S we have
rn(A%p, Aq) < kyprn(p,q) for every g€ S.

Indeed, let n € IN and p € S be fixed. Then, for every ¢ > 0 and every
qes,
€ €

T = Fpq <kn> > b, =

Favpavg(e) > by = 1 (A%p, A%q) <e.
Therefore k7, (p,q) > r,(A"p, AYq) and we can apply Lemma 2.2.

knrn(p,q) <e=1n(p,q) <

Particular cases.

Corollary 3.5. ([1],Theorem 3) Let (S, F, Min) be a complete Menger
space and f be a continuous map of S into it self. Suppose that there exists
d € (0,1) such that for each o € (0,0) there is a ko € (0,1) with the

property that to each x € S there coresponds a positive integer n(z, o) for
which, letting u = f®) (z),v = fr@)(y),

Fup(kat) > Fyy(t)  for all t>0.

Then f has a unique fixed point w and f"(x) — w for all x € X.

Corollary 3.6. ([7]) If (S,F, Min) is a complete Menger space and A
is a continuous map with the property that there is a k € (0,1) such that
for each x € S there exists a n(x) € IN such that

Fuy(kt) > Fpy(t) for all t>0

where u = A"(®)(z),v = A"(®)(y), then A has a unique fixed point u* and
A"(x) — u*  for each x€S.
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Corollary 3.7. ([6]) Let (S,F,T) be a complete Menger space under
a (by)—t—norm T. If f: S — S is a continuous mapping with the property
that for every p € S there exists a n(p) € IN such that, for every q € S and
every t > 0,

Fpnw) (p) e (q) (k) = Fpq(2),
with k € (0,1), then f has a unique fixed point s € S and, for any r € S,
lim f"(r) =s.

n—oo
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