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ON THE UNIVALENCE OF AN INTEGRAL OPERATOR
OUTSIDE THE UNIT DISK

BY

VIRGIL PESCAR

We denote by U the unit disk {z € C:| z |[< 1} and by U~ the exterior
of the unit disk {z € C:| z |> 1}. In this paper we use the following criterion
of univalence.

Theorem A. [1] Let o be a complex number, Re o > 0, ¢ be a complex
number such that |¢| < 1,¢ # —1 and f(2) = z + a2z® + ... be a regular
function in U. If

) el =[P 41— |2 )20

<1
ofi ()| =t VzeU

then the function

(2) F,(z) = a/uo‘lf'(u)du

is regular and univalent in U.

In this paper we obtain a sufficient condition for regularity and univa-
lence of the functions of the form

-1/«
Q Ha(@) = |a [ursid
outside the unit disk, using Theorem A.

We denote ), be the class of functions h({) = (+bg+b1/(+... which
are regular in U, with simple pole at { = oo, h({) # 0, for all € U~.
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Theorem. Let o be a complex number, Re @ > 0, ¢ be a complex
number, | c|<1l,c# —landh € ) ,. If

(4)

c 4 (1_ ’ C |2a) <2+<h//(g) hl(C)) 1

- S C 2
G g ) a <) K
for all ( € U™, then the function H, defined by (3) is regular and univalent
inU~.
Proof. Since h € ), it results that h(1/z) is regular in U — {0} and

in U.

The function h has a simple pole at ( = co and hence it results that
the function f is regular in z = 0, where it has a simple zero, such that the
function f has the form

(5) f(z) = 1):Z+“'
From (5) we obtain

21"(2) [_2_1h“( ) 2l (i)] 1

af'(z)
Then
o ay2"(2) _
el 1= |2 P e -
B PO L L
o o 0 1P 2 €~ 25
where ( =1/z.
Then, from (4) it results that
a 22|
el 2 41— =P 2| =

o e S k)
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for all z € U and from Theorem A it follows that the function F, defined
by (2) is regular and univalent in U, hence

x 1/a

F,(z) = a/uo‘lf'(u)du =2+ a2+ ...
0

Replacing in (2) z = 1/¢ we obtain

N
(6) Fa<<>_ aO/u Zi

which is regular, univalent in U~. The function F,, is regular, univalent in
U and F,(0) = 0. Hence it results that F,(z) # 0 for all z € U — {0}, and
the function

1/a

, 1/¢ W (L) 1/
(7) Ha(0)= o ao/ua_3h2 o

is regular and univalent in U~.

Corollary. Let ¢ be a complex number, | ¢ |<1,c¢# —1 and h € ).
If

(8)

e+ (- 10 P) |24 et 2 D | <l

for all ( € U™, then the function h is univalent in U~.
Proof. Substituting o = 1 in the relation (6) we obtain

1/¢

0 () a
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(if h € >, then 1/h(oc0) = 0), such that the function

b
N

7 (3)

From Theorem it results that the function h is univalent in U .

H1(¢) = h(¢), where Hy(¢) =
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