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1. Introduction. One of the most interesting problems arising in the
theory of integration is that of the existence of a Radon-Nikodym derivative.
We have introduced in [6] a set—valued integral for multifunctions with res-
pect to multimeasures. In this paper we obtain a Radon—Nikodym theorem
for the integration described in [6]. This is done under conditions of the clas-
sical Maynard—type. So, essential in the construction of Radon-Nikodym
derivatives is the idea of exhaustion, first identified by M a y nar d
[12], whereby the underlying set is partitioned into subsets having a certain
prescribed property.

2. Preliminaries and definitions. Let S be a nonempty set, let
A be an algebra of subsets of S and let X be a real commutative Banach
algebra. Pe(X) = Pk is the family of all nonempty compact convex subsets
of X and D is the usual Hausdorff metric defined on Pp..

We define || A||=D(A,0), A€ Py, where 0 is used in place of {0} € Py,.
If A,B C Pke, A € R,

(%) A+B={z+y|x€ A, yec B},

AB={zy|z € A,ye B}, \A={)z |z € A}.
Let K C Pk, be a semigroup with identity 0 under the operation (x),
satisfying the conditions:
1. AB is convex for every A, B € K.
2. A(BB+C)=AB+ AC, VA,B,C € K.

A multimeasure ¢ : A — Pk, is a finitely additive multifunction
(namely o(E; U Ey) = ¢(E1) + ¢(E2), whenever Ey, By € A, E1 N Ey = ().
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The total variation v(p,-) of a multimeasure ¢ is the non—negative
(possibly infinite) set function defined on A as follows:

v(p, A) = sup ZH@(E)H

where the supremum is taken over all finite partitions {E;}I" | of A € A,
with E; € Aforall i =1,...,n.

Let ¢ : A — Pk, be a multimeasure and let p : A — IRy be a
finitely additive measure. ¢ is said to be p—continuous, written ¢ < p, if
for each € > 0, there exists a § > 0 such that £ € A and p(F) < § implies
v(p, F) < e.

Let F,G : S — Pk, be multifunctions. We denote by E(F, G) the
function defined on S as (ﬁ(F, G))(s) = D(F(s),G(s)) and ||F|| = E(F, 0),
where 6 is the multifunction defined by 6(s) =0, Vs € S.

Definition 2.1.

a) A family C C Pk, is bounded if there exists L > 0 such that ||B|| < L,
VB e C.

b) A multifunction F' : .S — Py (resp. ¢ : A — Py.) is bounded if the
family {F(s) | s € S} (resp. {¢(A) | A € A}) is bounded.

Definition 2.2. Let p: A — IR be a finitely additive measure and
let || be the total variation of p. A finite or countable family of pairwise
disjoint sets (E;); C A will be called a p—exhaustion of S if for each € > 0

ng
there is ng € IN such that |u| | S — U EZ> <e.
i=1
Definition 2.3. Let M : A — Pi. be a bounded multimeasure, let
¢ : A—"Pk. be a multimeasure with its total variation v and assume v(S)<oo.
Let AT ={E € A|v(E) >0} and A> = {E € A|v(E) < 2|¢(E)||}. For
any ' € A and € > 0 we denote:
EFA={Ac A| ACE},
EAT ={Ae AT | AC E},
EA*={Ac A*| ACE}.
We introduce the following "ranges” of M:

A(EA?) = {%; B e EA?, v(B) > 0}

A(E,e) = {C € K; D(M(B),C -v(B)) < ¢-v(B), VB € EA}

A(E,e)={C e K; D(M(B),C-¢(B)) <e-v(B), VB € EA}
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that will be called average range, e-approximate range and e-approximate
m-range respectively.

Definition 2.4. Let i : A — IR be a finitely additive measure and
let || be its total variation.

a) A set property P is said to be u—exhaustive on a set E € A if there
exists a p—exhaustion (F;); C EA such that F; has P for every i.

b) A set property P is null difference if whenever A,Be A™, |u|(AAB) =0,
either A and B both have P or neither does.

Lema 2.5. Let M, and v be like in Definition 2.3. If M < v, then
the property A(E,e) # () is null difference.

Proof. The proof is analogous to that of Lemma 3.3 in [11].

Remark 2.6. From Lemma 3.3 [11] and Lemma 2.5 above it easily
results that the property A(F,e) N A(F,¢e) # 0 is null difference too.

Remark 2.7. Let p: A — IR be a finitely additive measure. It can
prove that if (S, A, x) is complete and P is a null difference set property
such that P is p—exhaustive on S, then it is always possible to obtain a
p—exhaustion of S, (E;);, such that each E; has P and UE; = S.

3

The following lemma will be needed.

Lema 2.8. If ¢ : A — Py is a multimeasure, v is the total variation
of p, v(S) < 0o and E € A" then either E € A? or there exists B C E
such that B € A2.

3. A Radon—Nikodym theorem. Throughout this section, ¢ :
A — K will be a multimeasure, v will be the total variation of ¢ and
assume v(5) < oo.

The theory of integration for multifunctions F' : S — Pk, with respect
to a multimeasure ¢ is that described in [6].

Lema 3.1. Let M : A — Py. be a bounded multimeasure such that:

(3.1.1) M<v
(3.1.2) A(SA?)is bounded )
(3.1.3) for every e > 0, the set property A(F,e) N A(E,e) # 0

is v — exhaustive on every E € AT
Then there exists a p—integrable multifunction F : S — P, such that F(S)
is bounded and/ Fdp = M(FE) for all E € A.
E
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Proof. Since a multifunction which satisfies the conclusion for the
completion of (S,.A4,r) will do so for (5,.A4,r) as well, it suffices to prove
the lemma for complete (S, A4, v).

Analogously to what is done in [9] we can obtain a sequence of v—
exhaustions of S, (E}),, a € IN" such that:

(3.1.4) A(E? 27") N A(E",27™) # () for every n € N and o € IN"

(3.1.5) El = L'JEZTZI, where (ngl)Z is a v — exhaustion of E7
for every n € IN and oo € IN"

(3.1.6) for every fixed n € IN and a € N", S = UE"

and (E7), is a v — exhaustion of S.
Now, let C" € A(E™,2=") N A(E",2~") for each n and « and define
Fo=) Cl-lgy.

«
Using Lemma 2.8 it can prove that |CZ| < 1+ L for every v € IN",

n € IN, where L= sup || B||. From Proposition 19 [6] it results that F),
BEA(S.A2)
is (p-integrable.
For m,n€IN, m <n, a e N"™, BeIN"™™, CT*, C]} ;€ A(E]'5,27™) N
ﬂfl(ngB, 27™) and using Lemma 2.8 it follows that D(C3,C% 5)<2' ™
This implies that

(1) D(F,,, F,) < 2™

Hence the sequence {F},(s)}, is Cauchy in Py, uniformly with respect to
seS.
Let F(s) = lim F,(s), Vs € S.

From (1) and the definition of F' it results that D(F(s),0) < 1+ L,
Vs € S. From Proposition 22 [6] it follows that F' is p—integrable and

lim D(/Fndgo,/ngo) =0, VEe A

Next we prove that

(2) D (M(E),/Engp) =0, VE € A.

Let >0 fixed; for every F €A and n € N fixed, the family { ENE] }oenr is
a v—exhaustion of . Let ¢€IN be such that for every a € IN", a<(q,...,q),

viE- |J (ENE}| <0

a<(q,--q)
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where ¢ is determined from the condition (3.1.1) written for <.
Let ny € IN such that

(3) D(/EFnd<p,/EFd¢><Z
(4) D| Y CZ-QO(EQEZ),/EFndgo <Z

a<(q,..-,q)

for every n > ny. Since C? € A(E?,27"),

D| Y MENEY, Y Cr-oENEY]|<

(5) a<(g;---,q) a<(q,.--,q)
< ) 2w(ENED< i.u(E).
< &) < 5
a<(q,...,q)

Since (3.1.1),

(6) D (M(E),M (U(ENED)) < 5

(0%

From (3), (4), (5) and (6) it follows that D (M(E),/ngo) <e,
E

Ve > 0. Thus (2) holds and the lemma follows.

Definition 3.2. A set property P is hereditary if A,B € AT, BC A

and A has P implies B has P.

Remark 3.3. It is easy to see that the properties A(F,e) # 0,

A(E,e) # 0 and A(E,e) N A(E, ¢) # 0 are hereditaries.
The following result will be used in the sequel.

Proposition 3.4. (Exhaustion principle) Let y : A — R be a
finitely additive measure of bounded variation, let || be the total variation of
u and let P be a hereditary set property. Then the following two statements

are equivalent:

(e1) P is pu—erhaustive on each element of AT.
(e2) for each & > 0, there exists C € AT and o € (0,1) such that:
(e5) |ul(S—C) <.
(e4) for all E € CAT, there exists K € EA"T such that
| (K) > a|p|(E) and K has P.
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Proof. See Proposition 3.2 [9].

Theorem 3.5. (Radon—Nikodym) Suppose M : A — Py is a
bounded multimeasure (let 0 < L = sup |[M(A)|| < +0), ¢ : A — K is a
AcA

multimeasure, v is the total variation of ¢ and v(S) < oo such that:

(3.5.1) M <.
(3.5.2) for all positive numbers ¢ and 9,
there exists C € AT and o € (0,1) satisfying
(3.5.2.a) v(S—-C) <
(3.5.2.b) A(CA?) is bounded
(3.5.2.c) for each E € CA™, there exists K € EA" such that
V(K) > av(E) and A(K,e) N A(K, &) # 0.

Then there exists a p—integrable multifunction F : S — Pk, such that:

(3.5.3) there is a v — exhaustion (E;); of S such that for every i,
F : E; — Py is the limit (uniformly with respect to s€ E;)
of ¢ —integrable multi functions

(3.5.4) for each i, 3r;>0 such that |F(s)||<r; for all s€ E;

(3.5.5) /EF do = M(E) for all E€A.

Proof. Let (§,), be a sequence of positive numbers decreasing to zero.

Since (3.5.2), for each n there exists C;,, € A" such that v(S — C,) < 6,
n—1

and A(C,.A?) is bounded. We take E; = C4, E,, = C,, — llei for n > 2,

possibly eliminating those sets F; of zero v—measure. The sequence thus
obtained is a v—exhaustion of S and A(FE,,.A?) is bounded for each n.

By Lemma 3.1 applied to each E,, one obtains a bounded p—integrable
multifunction F,, which is the limit (uniformly with respect to s € S) of p—
integrable multifunctions such that Fj, vanishes outside F,, and such that

M(EnﬂH):/Fndgo, VH e A HCS.
H

Since the support of F, is E,, and the sets (E,,),, are pairwise disjoint
[&.9]

by construction, it is possible to define the formal series F'(s) = ZFn(s)
n=1

Next, we prove that F'is p—integrable.
Let Bl = {s eS; D (F(s),ZFk(s)) > 5} € A. It follows that
k=1

Bl Cc S — kglEk and v(Bl)— 0

n—oo
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(namely ZFk 5 F).
k=1

Let I, (E) :/ (ZFk> dp, VE € A, n € IN. We now prove that
E\k=1
I',, < v, uniformly with respect to n € IN.

From Theorem 15 [6], we have v(I',,, E) = / ZFk dv, so it suffices

Ellk=1
to show that v(T',,, ) < v, uniformly with respect to n € IN.

In fact,/ > Fylldv < Z/ |Fylldv = v(M, ENE;) < v(M, E).
Ellk=1 k=1"F k=1
Therefore, by Theorem 20 [6], it follows that F' is ¢—integrable and

lim D (/ (ZF’“> dcp,/ ngo) =0 namely

k=1

nli_)rgoD (M (Eﬂ <I£JlEk>> 7/Eng0> =0.

Therefore it is enough to show that

o (s (0 (0

(U)oU)

:D<M(E e (EnN Ek)> +M
k=1

=

k=1

:D<M (E— O(EﬂE,J)
5

and the assertion follows from (3.5.1) and the definition of (E,,),.
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