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ASYMPTOTIC BEHAVIOR
IN VOLTERRA PARTIAL INTEGRODIFFERENCE EQUATION
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Abstract. Volterra partial integrodifference equation, which appears
as a model to describe the evolution of a single population, is treated. The
asymptotic behavior of solution of the above equation is studied by applying
the maximum principle.

1. Introduction. Recently, REDLINGER [6] has studied the asymp-
totic behavior of the integrodifferential equation with diffusion
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which is a partialization of the equation
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proposed by VOLTERRA [7] and MILLER [3] as a simple model to describe
the evolution of a single population.
In [4], MURAKAMI and YOSHIZAWA have considered the same problem
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for the following a system of differential equations

auz-
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—ch /Kw s)uj(s,x)ds], t>0, x€Q, i=1,...,N.

(t,z) = d;Au;(t,x) + u;(t, x)[a;(t) — b;(t)u;(t, z)—

For the difference equation, CHENG [1] has researched the stability proper-
ty and the maximum principle of partial differential equations. Moreover,
HAMAYA [2] have obtained the global attractivity for some partial-difference
equation by using the results of maximum principle in [1].

In this paper, we shall consider the following Volterra partial inte-
grodifference equation

Agu(m, n) = A%u(m —1,n)+
(1)  4u(m,n) |a —bu(m,n) ZK n—s)u )] ,n=0,1,..., me,
Aju(m,n) = O n=0,1,..., m € 0N,

where Ay, k = 1,2, are the partial differences of a a double sequence

{u(i,j)} are defined by

Alu(ivj) = U(Z + 17j) - u(ivj)7 AZU(ZaJ) = U<Z7] + 1) - u(i,j),
Afu(i, 7) = Anu(i, j) = A (Agu(i, §)),

etc. QCZ™ is a bounded domain in the lattice plane with exterior boundary
0. For the equation (1), we assume that

(2) a>0,b>0,

are positive rate constant and K : Zt — (—o0,00) is a capacity function.
Furthermore, we assume that

K (n) is nondecreasing on [0, c0),
(3) SOIK(s)| = 1 and b> S K (s) =
s=0 s=0

where K~ (n) = max(0, —K(n)).

For the sake of convenience, we will denote the set {a,a + 1,...,b} of
consecutive integers by [a, b], and {a,a+1, ..., } by [a, 00), etc. A population
size-function u : 2xZ — R is called a solution of (1) if Aju, Asu and Au
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defined on 2x(0,00), Aju exists on 9Q2x(0,00) and (1) is identically satis-
fied. From [1], we see that the existence of solutions is guaranteed for (1)
whenever the initial function u(m,0) =: ¢(m,0), m € €, with ¢(-,0) € Q.
It is easy to see that (1) has a unique equilibrium, and (2) and (3) imply
that there exists v > 0, which satisfies the relation

(4) y=a (b - ZK—(S)> :

In addition to (2) and (3), we impose the following assumption, too:
(5) a>7yY) K*(s),
s=0

where KT (n) = max(0, K(n)) and v is the one in (4).

In what follows, we assume the existence of solutions of (1) for each
nonnegative initial function ¢, and for this unique solution u of (1), we can
see that the following relation holds:

a

(6) 0 < u(m,n) < max
b meﬁ

» sup u(m,0)> ,n>0, meQ.

2. Maximum principles. In this section, we briefly demonstrate
the ideas in CHENG’s results [1]. So, we omit the proof of theorems.

Let € be a finite domain in the lattice plane and 0f) its exterior
boundary. We have the following abbreviations:

(Lu)w = (Llu)ij + (Lzu)ij, where
(Liu)ij = —pijAiui—1,; + ¢ijArusj,  and
(Lau)ij = —1ijArui—1 j + sijArug;.

Let v = {u(i,j)} = {ui;} be a real sequence defined on Q + 0. Then,
we have the following Theorems A and B for certain parabolic type partial
difference equation.

Theorem A. Suppose the functions p,q,r are positive on €, and
suppose u satisfies the inequality

(Liu)ij — rijAsu; j—1 <0, (4,7) € Q.
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Let M = max wu;;. Then u;; < M for all (i,7) € Q unless u= M.
(4,5) €Q+0Q

We can use another type theorems of maximum principles correspond-
ing to differential equations case [5].

Theorem B. Suppose the functions p,q,r are positive on 2, f;; >0
is bounded on ) and suppose u satisfies the inequality

(Lyw)ij — rijDoug j—1 > fij, (i,7) € Q.

Let M = max wu;;. Then u;; < M for all (i,7) € Q unless u= M.
(4,5) €Q+0Q

3. Global attractivity of the equilibrium. The main result in
this paper is the following:

Theorem. Suppose (2), (3) and (5). Then the solution wup, ., of (1)
satisfies
SUp |Um,n — u*|—0 as n—o0,
mes2

where u* = a (b + iK(s)) .

s=0
We are now in a position to prove the theorem by maximum principles.

Proof of Theorem. First of all, we establish the following inequality:

a—7y) K*(s)

(7) = < liminf min w(m,n) <limsup max u(m,n) <.
b n—o0 meQ n—oo meN

This inequality will be proved by employing the argument in [6]. We first
consider the solution p;(n) of the ordinary—type difference equation

Apy = p1(a —bp1 + Cvp), n >0,

with p(0) > 79, where 79 = max(a/(b — C), sup u(m,0)). We claim that
méﬁ

(8) u(m,n) < pi(n), n>0, m € Q.
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To establish that the claim by a contradiction, we suppose that (8) is
not true. Then it follows from (6) that there exists some (mg,ng) €
Qx(0,00) such that u(mg,ng) = p1(n) and u(m,n) < pi(n) on Qx[0, ng).
Set w(m,n) = u(m,n) — p1(n). Then w(mg,ng) = 0 and w(m,n) < 0 on
Qx[0,n0). Moreover, we get

Aqw = Agu — Apy = Aqu+ (w+p1)[a — b(w + p1)—
=Y K(n—s)u(m,s)] — pila—bp1 — Cyo] = Aw + frw + f
s=0

on Q2x(0,ng], where
f1 = film,n) =a—bu(m,n) Zk n — s)u(m,s) and

fa = fa(m,n) = Zk’ (n —s)u(m,s) — Cyo

Clearly, fo <0, and hence Ajw — Asw + fiw > 0 on Qx(0,ng]. Since f; is
bounded on Qx [0, ng], we get a contradiction by the maximum principle (cf.
[1]). Indeed, if mg € €, then w(m,n) = 0 on Qx[0,ng] by the maximum
principle, which is a contradiction because of u(m,0) < vy < p1(0). We
thus obtain mg € 99 and w(m,n) < 0 on Qx[0,n0], and hence Ajw > 0 by
the maximum principle, again. But this is also a contradiction, because of
Alw(mo, no) = Alu(mo, no) = 0.

We next observe that nli_)ngopl(n) = (a+ Cv0)/b =: 71. From (8) it
follows that lim sup(maxu(m,n)) < ;. Let € > 0. There exists a n; > 0

n—oo mEeEN

such that maxu(m,n) < v + ¢, for all n > ny, and a ny > n; such that
me)

n
Z K™ (s) < g, for all n > ny. We consider the solution ps(n) of the
s=n—n1i
ordinary-type difference equation

a —bps + ’71+€ZK s) + &%
s=0

Apy = po , > na,

with pa(n2) = 71 +e. Employing the argument for p;(n), we can prove that
u(m,n) < pa2(n), n > ng, m € Q. Since

+(n+e ZK s)+evol| /b

lim po(n) =

n—oo
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it follows that

a+(m+e)d K (s)+ev
s=0

limsup max wu(m,n) < — ;
n—o00 mEeS b

and consequently

at+y+Y K (s)

limsup max u(m,n) <y =: 5=0 ;
n—o00 mEeS b

because € > 0 is arbitrary. Repeating the above reasoning, we get

limsup max u(m,n) < ya,
n—o0 meN

where

00
a+’7n—lzK_(S)
Tn = ZZO yn=1,2,...

The sequence {v,} is nondecreasing and nonnegative. Hence there exists

Yoo = lim =y,, which satisfies 7oc > 0 and Vo, = a/ (b— ZK_(S)) .
s=0
From (3) it follows that 7., = . We thus obtain

limsup max u(m,n) <,
n—oo me

which is a part of the inequality desired. Finally, we will prove the remainder
part of the inequality. Let € > 0. There exists a ng > 0 such that

max u(m,n) <y+e, foralln>ng
me

and a n4 > ng such that

Z K*(s) <e, foralln>ny.

s=n—ns



7 VOLTERRA PARTIAL INTEGRODIFFERENCE EQUATION 7

By (6), there exists a 6 > 0 such that min u(m,ns) > 26. We consider the
meS
solution ¢(n) of the ordinary—type difference equation

Ag+gq

a — bq_ (7+€)ZK+(S) - 670] , >Ny,
s=0

with ¢(n4) = §. Employing almost the same arguments as for p;(n), we can
prove that B
u(m,n) > q(n), n > ng, m e Q.

In virtue of (5), € can be taken so small that a > (v + E)ZK+ (s) + .
s=0

Then

lim_q(n) = [a— (+)> K (5) = =30 /b,

n—00
s=0

and hence
liminf min w(m,n) > [a —(v+ €)ZK+(S) — 570] /b.
=0 meN s=0

Letting ¢ — 0 in the above, we get the remainder part of the inequality de-
sired. To prove our theorem, we now use an iterative argument starting with

(7). Since p1 :==y (b - ZK+(S) - ZK_<S)) /b= (a — ’yZK+(S)> /b
s=0 s=0 s=0

and vy := 7, we can show that for choosing ¢ € (0, u1/2) there exists a
ns > ng such that

w1 — e <liminf min u(m,n) <limsup max u(m,n) <y +¢
T meQ n—o0 meQ

for all n > ns — 1.

Repeating the above argument, we have two sequences {p}, {vn}
defined by

9) Pnt1 = (a + ,unZK_(s) — VRZK+(S)) /b for n € N,

and by

(10) Unt1 = <a — unZKJ’(s) + VnZK_(s)> /b for n € N.
s=0 s=0
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It is easy to check that the sequences {u,} and {v,,} defined by (9) and (10)
satisfy the relation

O<pr Spe < <pin <+ < < < <1 =7

for all n € N. Then there exist numbers p and v such that lim p, = p and

lim v, = v. It is obvious that 0 < p < v < . To establish the theorem, it

n—oo

suffices to certify by (9) and (10) that

a

b+ > Kt(s)— Y K (s)
s=0 s=0

MZV:

This completes the proof.
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