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Abstract. In 1877 Boussinesq (and others) put forward the basic
analogy between the mixing effects of turbulent fluctuations and molecular
diffusion: —V - (v'v') ~ =V - (vryrp(Va + Vat)). This assumption lies
at the heart of essentially all turbulence models and subgridscale models.
By revisiting the original arguments of Boussinesq, Saint—Venant, Kelvin,
Reynolds and others, we give three new approximations for the turbulent
viscosity coefficient v in terms of the mean flow based on approximation
for the distribution of kinetic energy in «’ in terms of the mean flow u. We
prove existence of weak solutions for the resulting system (NSE plus the
proposed subgridscale term). Finite difference implementations of the new
eddy viscosity /subgrid—scale model are transparent. We show how it can be
implemented in finite element procedures and prove its action is no larger
than that of the popular Smagorinski—subgrid—scale model.

I. Introduction. Consider the turbulent flow of an incompressible
fluid. Beginning with the Navier—Stokes equations:

uy + V - (uu) — vAu+ Vp = f, in QCIR?,

(1.1) V-u=0, in Q,

u=0, on 99, u(x,0) =wug(zx), in Q and /p(x,t)da:‘ =0,
Q
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the usual approach, developed by R ey nold s [29], is to seek not to
approximate (u,p) but rather some averages of u and p:

u := average of u,p = average of p.

(Several averaging operators are commonly used; we will be more specific
in Section 2.) The fluctuations u’ about u are defined via u = @ + u" so

wWi=u—1u, p=p—p.

It is interesting to note that, while this decomposition into means and
fluctuations was developed by Reynolds, it was advanced much earlier by,
for example, da Vinci in 1510 in his description of vortices trailing a blunt
body (as translated by Piomelli [28]):

7 Observe the motion of the water surface, which resembles that of
hair, that has two motions: One due to the weight of the shaft, the other
due to the shape of the curls; thus water has eddying motions, one part of
which is due to the principal current, the other to the random and reverse
motion.”

For commonly used averaging operators, averaging and differentiation
commute. For these, averaging (1.1) gives

+ V- (wu) —vAu+Vp=f, and V-@ =0, in Q.

Since uu # U u, inserting and expanding uu = (u + u/)(@ + ') in the second
term above gives

;+ V- (uu)+ V- (w +u'u) —vAu—V -7+ Vp=f, in Q,

where 7 represents the so called turbulent or Reynold’s stresses given by:

s — oyl ay!
Tij = —U;Uj.

The cross terms uu’ + v'u typically either vanish or are modeled in various
ways. We consider herein the modeling of the turbulent stresses.

The fundamental relation still used for modeling turbulent stresses
was put forward by Boussinesq in 1877, [2] stating, in effect, that
the interaction of turbulent fluctuations are dissipative in the mean. This
”Boussinesq model” is based upon an analogy between the mixing effects of
turbulent fluctuations and molecular diffusion and is written as:

2
(1.2) 7~vp(Vi+ V') — gk&j, vy = turbulent diffusion parameter.
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Relations like (1.2) have been verified for some simplified settings such as
convection of a passive scalar under various assumptions. This work is pre-
sented and surveyed well in Part [Illof Mohammadi and Pironneau
[26]. However, we emphasize that the Boussinesq ”"model /approximation”
(1.2) is not strictly speaking an approximation but rather a physical analogy.

Since (1.2) is the first step and very heart of turbulence models,
subgrid—scale models and even the shallow water equations, it is useful first
to review the reasoning of Boussinesq behind (1.2) and a few representative
attempts to determine vy = vr(z,t, u, p, Re, ...).

The assumption behind (1.2) is that in the mean the small eddies
or turbulent fluctuations are isotropic and collide elastically and exchange
momentum like molecules. Eddies do not, of course, interact perfectly elas-
tically, see Frisch [10] or Corrsin [4. Furthermore, there are
also turbulent flows for which the turbulent fluctuations do not even seem
to be isotropic. See Section 9.6 of F ris ¢ h [10] for more on the physical
reasoning underlying (1.2).

There are numerous approaches to calculating the coefficient vp. Tur-
bulence models (algebraic, mixing length, one equation, two equations...)
typically give formulas of increasing compelxity which are solved appro-
ximately to determine vy — see, for example, [3], [13], [26], [21] for good
surveys of these approaches. Most recently, the trend has been away from
these approaches to much simpler subgrid—scale models combined with re-
solution and adaptivity. The most common such subgrid—scale model is due
to Smagorinski[31]in which:

v ~ u052}Vﬂ + Vﬂt|, 0 := length scale of resolvable eddies,
so that

2
(1.3) V-TNV-wﬁﬂVa+VWKVa+Vﬁ»—gvh

see also [17], [20], [22], [23], [7], [13] for more on the mathematical foundation
of this model. The parameter pg in (1.3) was originally taken a constant;
in the dynamic subgridscale model of [17], po = p(z,t) is determined by a
clever extrapolation procedure. The form of (1.3) is consistent with K r a i-
c h n a n’s [20] extension of Kolmogorov ” K-42” theory to 2-d turbulence
and, accordingly, (1.3) performs well in 2-d simulations (as reported, e.g.,
by [26]). The most straightforward ([22], [23]) extension to 3-d is

(1.4) vr ~ 1o62| Vi + vat [7?,
so that
27 —112/3 - _t 2
V.1~ V- (o8| Vi + V' (Vu+Vu))—§Vk.
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To explain relations like (1.4), recall that the ” K-42” theory of iso-
tropic turbulence developed by Kolmogorov (see F ris c h [10]) predicts
that the smallest length scale of persistent eddies in O(Re™3/%). When a
formula like (1.4) is used on a computational mesh the smallest resolvable
eddy occurs when |Vu + Vut| ~ O(671). Thus the effective local turbulent
viscosity in these eddies is vp ~ o626~ 2/% = pyd*/3. By the K-42 theory
eddies below O((ugd*/3)3/4) = O(5) thus decay exponentially due to the
turbulent dissipative (1.4). Thus, the only persistent eddies are precisely
those resolvable: O(6) or larger.

Again, pp in (1.4) can be regarded as a constant or a distribution to
be determined by dynamic extrapolation methods, following [17].

2. A new Boussinesq-type subgridscale model. To motivate
the need for another subgrid-scale model, note that the models (1.3) and
(1.4) have at least two intuitive shortcomings. First, for flows with linear
velocity profiles the formulas (1.3) and (1.4) would still introduce significant
amounts of turbulent diffusion even though the flow field is laminar. Second,
accepting the reasoning of Boussinesq, the amount of turbulent diffusion by
small eddies should depend on the kinetic energy in those small eddies so

1 1
that vy = vr <§p]u’\2) or vy = (ip\u']2> :

This section presents a subgridscale model similar to (1.3), (1.4) which
meets these two conditions based on a more complete elaboration of the
analogy of Boussinesq. To do so, the average operator must now be specified.

Hereafter, we restrict the averaging operator to be a space filter de-
fined by convolution with a gaussian (see, for example, [1], [6], [15], [11],
[17], [18], [27] for more details). Specifically, define

g(x) = (y/m)*/ exp(—y(af + a3 +23)) and gs(z) := 6~ g(x/5)

where d = dimension (€2) = 2 or 3 and J can be thought of as the averaging
radius. Extending all functions by zero outside €2, define the averages

a(x,t) == g5 *u :/IRdg5(x —y)u(y, t)dy,

and similar for p, f, and so on.

Averaging of (1.1) by convolution with gs(-) produces the terms which
require closure approximations. The cross terms are developed in [15].
Herein, we consider the term describing turbulent fluctuations:

(2.1) —V - (gs * (u'u")).
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We use a closure approximation introduced in [15]. Specifically, since
u=7gy+u=t=gs* U+ gs*u.

Extending all functions by zero outside, €2, the Fourier transform of this
last equation gives:

SNE

= st + g5,
from which

(2.2) ' (k) = ((1/g5(k)) — Dyu(k),

2
where §s5(k) = exp (—%(k% + k2 + k§)> :

The key property of averaging via convolution with gs(z) is that
7@ € C™, ie., high frequencies of T are attenuated. This a direct con-
sequence of decay of gs(k) for large wave numbers. Accordingly, in [15]
approximations based upon rational approximation to the exponential are
used. The lowest order which preserves some attenuation of high frequencies
is given by the (0,1) Padé:

. ) 1 54 4
gs(k)=——=—+0 WW :
14+ —|k|?

4y
Using the approximation in the formula (2.2) for 4" gives:

i ()= Pk
=2 i)

After taking the inverse Fourier transform, we arrive at the approximation

2
(2.3) u'=— j—Aﬂ(+O(54) terms).
Y

For more information on these methods see [14] and see [15], [27] for details
concerning boundary conditions accompanying space filtered flow models.
The term involving the turbulent fluctuations

V.-1= —V(u;ug)

is formally O(6%). However, turbulent fluctuations play an important role in
dissipation of energy from large eddies to smaller eddies. Thus, in turbulent
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flow simulations, moels of the turbulent fluctuations are normally included
in the simulation via by some variant of Smagorinski’s model as discussed
in the introduction.

To model these turbulent fluctuations, reconsider Boussinesq’s idea
(1.2). Following the analogy between turbulent mixing and molecular diffu-
sion to its logical conclusion, v must be considered as a function of either
the local kinetic energy in u or its local average

1 T
vr =vr §p0\u] , Or vy =up §p0|u] .

A classical dimensional argument suggests the correct form of v to be given
by the so—called Kolmogorov—Prandtl expression:

1
(2.5) VTiCHEm\/y7 K = §P|u’|2, ly, := "mixing length”.

In special filtering the critical length scale is the filter width §. The kinetic
energy in the small eddies can be related back to u using the approximation
(2.3). Indeed, the approximation (2.3) for v’ in (2.5) gives the relation:

. 1 (82\° . 8
(2.6) VT—Cua\/ipo (E) | Al —cu7\Au|.

This yields the subgridscale model for turbulent fluctuations given by

53 2
(2.7) ~V.-T~-V- [c;71Aa\(Va + Vut)} + §Vk.

An important issue arises in how to use (2.7). The model (2.7) can be added
to the models used for large eddy motion, such as in [6], [1], [15]. However,
there has recently been a trend in the direction of simple fluids models com-
posed of the Navier—Stokes equations augmented by a subgridscale model
such as (2.7). These simpler models are paired with highly resolution in
simulations by adaptive algorithms (see, e.g., [9] for one example).

Accordingly, as a first step in the analytical understanding of (2.7) we
consider the Navier—Stokes equations supplmented by (2.7):

V-Q=0, in €,

53 _
(2:8) wi+V - (ww)+Vg—pAw—-V - cL;\Aw[(VUH—th) =f, in Q.

The subgridscale model (2.7) has the clear features that the turbulent diffu-
sion vanishes for linear mean velocities and the magnitude of the turbulent
diffusion is proportional to a consistent approximation of the turbulent ki-
netic energy.
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If vp is taken to be a function of the local average of the kinetic energy
in the small eddies, the previous derivation is changed only slightly. The
resulting subgridscale model (which replaces (2.7) in (2.8)) is given by:

53 2
(2.9) -V-T~-V- |:CL7‘g5 x Au|(Vu + Vut)] + §Vk.

Interestingly, if we begin with (2.9) and reverse the steps in the derivation
of (2.7), (2.9) a third subgridscale model results. Thee third model reads:

J 2
(2.10) V-7~ -V. [C’L’;W—gg*m(Vﬂ—I—Vﬂt)} +§Vk.

Nonlinear diffusion equations whose coefficients depend upon local average
of 4 (as in (2.10)) have recently also used for image smoothing, e.g.,[25],[5].

3. Implementation issues. the subgrid—scale term (2.7) can, of
course, be added to any discretization of any convection dominated prob-
lem to enhance numerical stability. (This is the viewpoint of subgrid—-scale
modelling adopted in, for example, [22], [23].) For this use, (2.7) is com-
putationally attractive with § = h (the local meshwidth) since the extra
term vanishes when Az = 0 and is O(h®) when |Au| = O(1). When @ fluc-
tuates accross a few mesh points |Au| = O(h™2) so that in this case (2.6)
introduces only O(h) artificial viscosity.

If the convection—dominated problem is discretized by a finite differ-
ence methods, the implementation of the model (2.6) is clear — |Aw| is calcu-
lated by the usual five point discrete Laplacian. If a finite element method
using C1—elements is used, then the implementation of (2.6) is equally clear.
If the most usual case of C° elements, e.g., conforming linears on triangles
or tetrahedrons, is used then (2.7) must be interpreted correctly as A¢"
does not exist for such functions ¢".

For specificity let €2 be a polyhedral domain with a finite element mesh
1" () constructed which divides 2 into conforming d-simplices. Thus, in
2-d triangles are edge to edge and in 3-d the tetrahedra are face to face. Let
X" denote the usual space of conforming, C, piecewise linears

XM=l (z) e Q)N Iifl(Q) and v" is affine on each simplex}.

For such functions v» € X" A can be correctly interpreted in terms of
jumps in Vo - i accross edges (2d) or faces (3d) of II"(Q).

This interpretation was (to our knowledge) first pointed out and ex-
ploited in the work of Eriksson and Johnson [9] (see also [19]
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for another use of edge jump in a discretization). For K a triangle (2d) or
tetrahedron (3d), following [8], and v € X" define the piecewise constant,
discrete Laplacian as

HAhvh”K = fcnél?{%QHVv nys]s|/diameter (K),
where n; is the exterior unit normal to K on the edge or face f of K, and

[-]; denotes the jump of the indicated (discontinuous) quantity accross f.
The function |Ahvh‘ is piecewise constant for a linear finite element space.
For higher order spaces Av” inside K is added to the above edge jump
definition of Ay,.

For locally quasi—uniform meshes ‘Ahvh‘ satisfies the following inverse
estimates, [8] for all v € X",

|hARv < C||Vv

hHL2(Q) hHLQ(Q)’

and

(3.1) |hx Apv < Cvath

hHL2(K (w(K))?

where w(K) is the union of all the elements sharing a common edge/face
with K in 2d/3d.

The next proposition shows that the effects of the SGS model (2.6)
are, at their largest, comparable to those of the Smagorinski model (1.3)
provided § ~ hy.

Proposition 3.1. Suppose the inverse estimates (3.1) hold. Then,
for all u" € X"

/53‘Ahuh|Vuh -Vl < C’/ 53/h !Vuh‘Vu -Vl de,
Q

where C depends on the smallest angle in the triangulation.

Proof. Consider one triangle K. Since both Vu" and AMu" are
constant on K

/ (53‘Ahuh‘Vuh - Vuldr = (53‘Ahuh‘HVuhHL2(K) <
® 1/2
(using(3.1)) < C&3h; " Z ||VuhHL2(K, ||VuhHiQ(K)
K'Cw(K)
1/2
_ 2 2
SLAT T D SN 70 s > Ve[,

K'Cw(K) K'Cw(K)
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Now Z is a sum over a fixed number of terms bounded by C(fpnin)-
K'Cw(K)

Thus, by norm equivalence the /5 and ¢3 norms are equivalent with constant

only depending on the minimum angle 6,;, in the mesh. Thus,

1/3 2/3

_ 3
< C(gmin>53hK1 Z thHLQ(K’) Z HvuhHLQ(K’)

K'Cw(K) K'Cw(K)

Since Vuf‘K/ is a constant vector all LP(K') norms are equivalent. Thus,

/ 52| A" | - |Vuh]2 < COmin)*h ”A“hHiB(K/)}'
K K'Cw(K)

Summing this inequality over K € I1"(Q)) and again using that I1"(Q) sa-
tisfies an angle condition gives the result.

This proposition thus establishes that the SGS model (2.6) is more
selective than the good and accepted Smagorinski SGS model in that the
former vanishes in cases where the latter is significant while (in the sense
of the quadratic form) the largest action of the former is bounded by the
latter.

4. Existence of solutions. This section considers the question of
existence of weak solutions ti the system (2.8) with the modification (2.9).
Thus, we seek (w), q) satisfying:

wy + V- (ww) + Vg — pAw

—V - (83|gs * Aw|(Vw + Vw?)) = f, in Q,t >0
V-w=0, in Q,t >0,

w(zx,0) = gs x up(x), in Q,w(z,t) =0 for z € ON.

(4.1)

The Dirichlet boundary condition we take in (4.1) provides a convenient
condition on I'. It is known, however, that for modeling accuracy near I'
it should be replaced by a slip with friction type condition with recovers
no-slip as § — 0, [15], [31].

Theorem 4.1. Let T > 0 and 2 a bounded domain in IR"™. Then, for
any given
up € L*(Q), f € L*(Q(0,7)),

there exists at least one weak solution to (4.1) in Qx(0,T).
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Remark. The model (2.7) without regularization is more difficult due
to the unbounded coefficient |du| in (2.7). Appropriate mathematical tools
for such problems are in their early stages of development, see, e.g. [16].

Proof. We shall use the Galerkin method.

Let D(Q) := {¢ € C§°(Q) : V-op = 0 in Q}, H() the completion of
D(Q) in L3(Q2), H*(2) the completion of D(Q) in WH2(Q) and {¢,.} C D(Q)
be the orthogonal basis of H({2) given in Lemma 2.3 [11]. We shall look for
apporximating solutions vy of the form:

(4.2) ve(,t) = Y cr(t)ibr(z), k €N,

where the coefficients ¢y, are required to satisfy the following system of
ordinary differential equations

degr o k b
4 ;MV% Vi )k + Z-;(W%’ T 73;%
(4.3) k )
S euj(gs * M) (Vo + Vo), Vb, + Vat) | = (F =),
j=1
r=1,..,

with the initial condition

(4.4) ckr(0) = (s * vo, Yr)

Multiplying (4.3) by ¢k, and summing over r, we get:
t
lon(®)]2 + 20 / Ve (C) 2+
t
(4.5) 4289 [ 195 Tuu Q)| IVun(0) + Vunt(€) 346 =
0

—2 [ (00(0). F(Q)dg + 0}, ¥e€[0.7),
0

Using the Schwarz inequality, Korn’s inequality, and Gronwall’s lemma, we
get:

t
(4.6) lon (12 + / IVor(O)2d¢ < M, Vte[0,T),
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with M independent of ¢t and k. Thus,
(4.7) ek ()] < MY2, Wr=1,.. k.

From the elementary theory of partial differential equations, (4.7) and (4.3)
admits a unique solution cy,. € W/2(0,T) for all k € IN.

Using the same approach as the one in [11], from these & priori bounds
we get the existence of v € L2(0,T, H(2)) such that

(4.8) klim (v (t) — v(t),w) = 0 uniformly in t€[0,T], Ywe L*(Q)
T
(4.9) Jim (0;(vp —v),w)d¢ = 0,Ywe L*(Qx[0,T)), i =1, ..., k.
— 00 0

Now we shall prove the strong convergence of {gs * Vui} to gs * Av in
L2(wx[0,T]) for all w C Q. To show this, we need the following Friedrich’s
inequality (see, e.g., [12] Lemma I1.4.2): Let C' be a cube in IR", then for
any 1>0, there exists K(n,C) functions v¢; € L>°(C), i=1, ..., K, such that

(4.10) / Jw(t) ||zct<2/ )y cdt+?7/ IVe(t)|2 it

Aplying the above inequality with w := g5 * Avy, — g5 * Awy, we get
t ) k T
0 i=170

T k1T
+n[ IV (gsxAvk —gs*Av) ||§,Cdt = —Z/(Vuk — Vv, gs*V ;)& dt+

T
-1—77/ IV (gs x Avy — gs * Av)||§7cdt
0
Using (4.9) and the fact that

1V (gs * Awy, — gs = Av)[[5 o < C(g,8)[[vr — 5 ¢

we get

T
(a.11) i [l v = gy + Aol =
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Applying (4.10) with w := vy — v, and using (4.9), we get

T
(4.12) lim/ o — v||3 odt =
k—oo 0 ’

Now we shall prove that v is a weak solution of (4.1). Integrating (4.3) from
0tot <T, we get:

t t
/—mv%xw»—a%wmmwmczj/dwaw+
0 0

(4.13) |

+53/(|96*Avk!(vvk +V01), Vi + VL) + (0 (t), ) — (v(0), ).
0

From (4.8) and (4.9) we get

t

(4.12)  lim (vg(t) —v(t), ) =0, hm (Vur(¢) — Vo(¢), Vio,)d¢ = 0.

k—oo k—oo 0

Let C be a cube containing the support of ,.. Then:

t
/(Uk'vvk,l/}r) — (U-Vv,¢r)dC‘ <
0

(4.15)
<

/Ot((vk — v)-Vvk,wr)cdg)) + /Ot(v-V(vk _ U),%)ch’.

Setting S := max |t (x)], and using (4.6), we also have:
ze

t

((Uk —v) - Vg, ¢y ch‘

/2

(|m—wwa) (nwww ) <
<sarr (| mwwmwQ

Thus, using (4.12), we get:

(4.16) lim

k—o0

t
/0((% —)- Vvk,%)ch‘ =0.
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We also have:

/ (0 Vo - v>,wr>cdc' < Z

t

; (0s (v, — v), Wbr)ch’

and since v, € L2(Q2x][0,T)), (4.9) implies:

(4.17) lim

k—o0

/Ot(v V(v — U)ﬂbr)ch’ = 0.

Relations (4.15)—(4.17) yield:

(4.18) lim

k—o0

t
/(vk -V, —v- Vv,@br)dg“‘ = 0.
0

Also,

¢
/(|95*Avk](VUk + Vb)) —|gs*Av|(Voa+ V'), Vi, + Vil )d( <
0

t

(4.19) (Igs % Av|(V(vk — v) + V(v — 0)1), Vi, + V¢ﬁ)d§‘+
0

t

+|[ (lgs * Avi, — gs * Av|)(Vug, +Vol), Vb, + VUZ)V@Dfﬂ)dC‘.
0

We have:

t
/0 (195 + Av|(V (05 — v) + V(v — 0)'), Vi + wi)dc‘ <

(0 — ), g5 + Av|Vy) dc‘

and since |gs * Av[VzﬁT € LQ(QX[O,T]), (4.9) implies:
¢

(4.20) klim (1gs * Av|(V(vg —v) + V(v —0)"), Vb, + Vzbﬁ)d(’ =0.
—oo | /g

On the other hand, setting S := max |V, ()|, and using (4.6), we get:
HAS

t

(195 % At — gs % Av])(Vop, +VoL), Vi, + vwimc' <
0

t t 1/2
<5 ([ oo o - gsxaulac) ([ 19uloac) <
0 0
_ t 1/2
< SM1/? ( ||g5*Avk—g5*Av||§’CdC>
0
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Thus, using (4.12), we get:

(4.21)  lim

k—o0

t
/ (lgs * Avg — g5 * Av|) (Vo + VUZ),V;ZJT + V;Dﬁ)d(‘ =0.
0

Relations (4.19)—(4.21) yield:

t
(4.22) klim /(]g(;*Aka(Vvk +Vol —|gsxAv|(Vo+Vo') Vi, +V¢£)d§‘ =0.

Therefore, taking the limit over k—o0 in (4.13), and using (4.14), (4.18)
and (4.22), we get:

/0{—M(Vv, Vo) — (v Vo, }d¢ =
(4.23) . / (Fo )G+ (u(t), )~
0

t
—(v(0), ) + (53/ (lgs * Av|(Vv + V'), Vb, + Vl).
0

However, from Lemma 2.3 [11], we know that every function ¢ € D(£2) can
be uniformly approximated in C?(Q) by functions of the form

N
77DN('T) = Zﬁ)’rwr(l'), N € N, Yr € R.

r=1

So, writing (4.21) with ¢ instead of ¢,., and passing to the limit as N — oo,
we get the validity of (4.21) for all ¢ € D(Q).

Thus, v is a weak solution of (4.1).

Acknowledgements. Professor C. Corduneanu has influenced the
authors through his scientific works, his teaching and his example. The
second author’s debt is particularly large in all of these aspects. It is a
pleasure to dedicate this paper to Professor Corduneanu on the occasion of
his 70th birthday.



15 THE BOUSINESQ MODEL FOR TURBULENT FLUCTUATIONS 15
REFERENCES
1. Ald am a, A.A. — Filtering Techniques for Turbulent Flow Simulation, Springer,

Berlin (1990).

2. Boussinesq,J.— Essai sur la théorie des eaux courantes, Mém. prés. par div.

savants & ’Acad. Sci. 23(1877), 1-680.

3. Colleti, P. - Analytical and numerical results for k — € and large eddy turbulence

models, Ph.D. thesis, Univ. of Trento (1998).
Corrsin, S. — Some current problems in turbulent shear flows, Chapter XV of:
Naval Hydrodynamics, publ. 515, Nat. Acad. of Sciences — NRC (1957).

5. Catté, F,Lions, PL,Morel JM. and Coll, T. - Image selective smoothing

7.

10.
11.

12.

13.

14.

15.

16.

and edge detection by nonlinear diffusion, SIAM J.N.A. 129(1992), 182-193.

Cantekin MLE. and Westerink, J.J. - Low and moderate Reynolds
number transient flow simulations using space filtered Navier—Stokes equations,
Num. Meth. for P.D.E.’s 10(1994), 491-524.

Du Q and Gunzburger, M. — Analysis of a Ladyzhenskaya model for
incompressible viscous flow, JMAA 155(1991), 21-45.

Eriksson, K. and Johnson, C.—- Adaptive finite element methods for
parabolic problems I: A linear model problem, STAM J.N.A. 28(1991), 43-77.
Ervin,V, Layton, W. and M aub ach,J. — Adaptive defect correction
methods for viscous, incompressible flow problems, to appear in: SIAM J.N.A.

(1998).

F risch, U. - Turbulence, the Legacy of A.N. Kolmogorov, Cambridge (1995).

G ald i, G.P. — Lectures in Mathematical Fluid Dynamics, Ed: G.P. Galdi, J.G.
Heywood and R. Rannacher, Birckhduser—Verlag, (1999) (to be published).

G ald i, G.P. — An Introduction to the Mathematical theory of the Navier—Stokes
Equations, Vol.I: Linearlized Theory, Springer Tracts in Natural Philosophy, vol.
38, Springer Verlag, (1994).

Gunzburger, M. — Finite Element Methods for Viscous Incompressible Flows,
Academic Press, Boston (1986).

Galdi GP,Iliescu, T. and Layton, W, report in preparation (1999).

Galdi, G.P. and Layton, W. - Approximating the larger eddies in fluid motion,
II: A model for space filtered flow, to appear in: Math. Methods and Models in
the Applied Sci. (1999).

Gallouet, T.,Lederer,J P, Lewandowski, R, Murat, F. and T ar-
t ar, L. — On a turbulent system with unbounded eddy viscosities, tech. report
(1999).



16

T. ILIESCU AND W.J. LAYTON 16

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Germano, M., Piomelli,U, Moin,P. and Cabot, W. - A dynamic
subgridscale eddy viscosity model, Physics Fluids A3 (7) (1991), 1760-1765.

John,V. and Layton, W. - Approximating the larger eddies in fluid motion,
I: Direct simulation for the Stokes problem, submitted (1999) (copy available at
http://www.math.pitt.edu/~wjl).

John, V., Maubach,J. and T obisk a, L. — Nonconforming streamline
diffusion finite element methods for convection diffusion problems, Numer. Math.
78 (2) (1997), 165-188.

Kraichnan, R.H. — Inertial ranges in two dimensional turbulence, Phys. Fluids
10 (1967), 1417-1423.

Lewandowski, R.— Analyse Mathématique et Océanographie, Masson (1997).

Layton, W.— A nonlinear, subgridscale model for incompressible viscous flow
problems, STAM J. Sci. Computing 17 (1996), 347-357.

L ayton, W. - Subgridscale modelling and finite element methods for the Navier—
Stokes equations, Report MBI 96-4 Otto—von—Guericke University, Magdeburg,
Germany (1996).

Ladyzhenskaya, O.— New equations for the description of the motion of viscous
incompressible fluids and solvability in the large of boundary value problems for
theorems, Proc. Steklov Inst. Math. 102 (1967), 95-118.

Mikula, K. and Sgallari, F. — Computational methods for nonlinear diffusion
equations in image processing, tech. report (1998).

Mohammadi,B. and Pironneau, O. — Analysis of the k — € Turbulence
Model, John Wiley and Sons, N.Y. (1993).

S a hin, N. — Fitted boundary conditions for large eddy motion, Techn. Report,
Math. Dept. Univ. of Pittsburgh, in preparation (1999).

Piomelli, U. - Large eddy simulation of turbulent flows, TAM Report 767 (1994).

Reynolds, O. — On the dynamic theory of incompressible viscous fluids and
the determination of the criterion, Phil. Trans. Reg. Soc. London A 186 (1985),
123-164.

Roos, H-G., St ynes, M. and T obis k a, L. — Numerical Methods for
Singularly Pertubed Differential Equations, Springer, Berlin (1996).

Smagorinski,J. — General circulation experiments with the primitive equations,
Mon. Weather Review 91(1963), 216—241.

Department of Mathematics

University of Pittsburgh

Pittsburgh, PA 15260

U.S.A.

e-mail: trist+@pitt.edu

WJL+@pitt.edu and http://www.math.pitt.edu/~wjl



