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Abstract: This is the first part of a serie of articles on equivariant
strong shape. The aim of this paper is to prove that equivariant resolutions
of G-spaces are equivariant strong expansions.

1. Introduction. The group G is compact (Hausdorff). We consider
the definitions of invariant covering, G-covering and regular G-covering for
a G-space X from [2].

Definitions.

1. For a G-space X we say that an open covering U/ is invariant if gif = U,
for all g € G.

2. We call an invariant covering U a G-covering if it satisfies the following
condition: U e U, g € G, U N gU # 0=U = gU.

3. We shall call a G-covering U regular if its nerve is a regular G-complex,
2, p.134].

4. Let U be a locally finite invariant covering of X, a paracompact G-
space and let f = {fy | U € U} be a partition of unity subordinate to
U. Then we define a G-partition of unity subordinate to this invariant

covering f' = {fu | U e U}, f{;(z) = ﬁ Z fqu ().
geiG
5. From [1] amorphism p = (px)aep : X—X = (X)\,pg\\/,A) of proG'Top
is called a G-resolution of a G-space X or an equivariant resolution,
provided for every G-ANR P and every open invariant covering ) of
P the following two conditions are satisfied:
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(G-R1) For every G- morphism f: X——P thereis a A € A and a G-map h :
X\—P such that f,h-py are V-near. We denote this (f,h-py) < V.
(G-R2) There is an open invariant covering V' for P with the following pro-
perty. Whenever (V)X € A, h,h' : Xy —P, (h-px,h - px) <V,
h and h' G-maps, then there exists a A\’ € A, X’ > A\, such that
(h-py' B -py) < V.
If in a G-resolution every X, is a G-ANR, then we speak of a G-ANR
resolution. Every G-space admits a G-ANR resolution [1]. Generalizing
[5,p.276] we have the following definition for a G-strong expansion.

Definition 1. A morphism p = (py) : X—X = (XA,pﬁl, A) of proGTop is
an equivariant strong expansion or a G-strong expansion provided it satisfies
the conditions:

(G-SE1) If P is an G-ANR (for metric spaces) and f : X — P is a G-mapping,
then there exist a A € A and a G-mapping h : X,— P such that
h-px =¢ f (equivariant homotopic).

(G-SE2) If P is an G-ANR,fo, f1 : XA— P are G—mappings, A € A and F :
X xI— P a G-homotopy such that F : fo-px =g f1-px then ()N > A
and a G-homotopy H : Xy xI—P such that Hy = fy -pﬁl, H, =
f1-pY, H(pyx1) =g F (rel Xx0I).

We want to generalize in the equivariant case the following result
proved in [6]: ”Every resolution of a space is a strong expansion.”

2. An equivariant lemma on homotopy equalizers.

Lemma 1. Let X be a G-space, let P, P’ be G-ANR’s, let f: X—P’
and go, g1: P'—P be G-maps such that F:go-f~gg1-f with F: X xI—P an
equivariant homotopy.

(1) F(2,0) = go - f(z)
(2) F(z,1) = g1 f(x)

Then there exists a G-ANR, P" and G-maps ' : X—P" and h : P"—P’
such that

(3) h-f'=f

and H : P"xI—P an equivariant homotopy H : go - h ~g g1 - h such that
(4) H(z,0) = go - h(x)

(5) H(z,1) = g1 - h(z)

(6) H-(f'x1)=F
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Proof. This lemma strengthens [1, p. 220, Lemma 5] by the additional
requirement (6). In the proof we use ideas from the proof given in [1]
together the analogous result in ordinary strong shape [6, p. 182].

By (1) and (2) there exists an equivariant homotopy F' : go- f ~¢ g1-f.
Consider the space C(I, P) = P! of all continuous maps endowed with the
metric

(e, ') = sup{d(p(t), ¢'(t)) | t € I}, @,¢" € P".

This gives the compact—open topology. The action of G on P induces an
action of G on P! given by

(7) (g0)(t) = g(p(t)), g€ G, tel, pe P
Let ¢ : X — P! be the map defined by
(8) q(x)(t) = F(z,t), € X, tel.
This is a continuous map ([3, XII]). By (7) and (8) we have
q(gx)(t) = Fgx,t) = gF (x,t) = g(q(x)(t)) = (949(x))(t)
which means that ¢ is an equivariant map. Also we have
9)  q(@)(0) = F(z,0) = go - f(x), q(z)(1) = F(x,1) = g1 - f(x).
We now define ' : X— P’'xC(I, P) by
(10) f(x) = (f(z),q(x)).
Clearly f’ is an equivariant map. If we denote by h : P'xC(I, P)— P’
the first projection, i.e., h(y,w) =y, y € P, w € C(I, P) then h is also
equivariant and (3) holds.

Now we define P"CP’'xC(I, P) by

(11) P ={(y,¢) € P')XC(I, P)p(0) = go(y), £(1) = g1 ()}

From (9) and (10) we have f/(X)CP”. So P” is an invariant subset of
P'xC(I, P) because:
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So g(y, ) = (gy,gp) € P"” for all g € G and (y,p) € P”. Now we want to
prove that the restrictions go - h|pr, g1, g|p are G-homotopic. For that we
define H : P”xI—P by

(12) H((y,w), t) = w(t).

It is continuous from [13, XII] and is an equivariant homotopy because

H(g(y,w),t) = H((gy,gw),t) = (gw)(t) = gw(t) = gH((y,w), ).

Restricting H la P we obtain an equivariant homotopy from gq - h to
g1 - h. So H satisfies (4) and (5) and is an equivariant map. Moreover, by
(10) and (12) and by the definition of ¢ we have:

(13) H(f'x1)(z,t) = H((f(2),q(x)),t) = q(z)(t) = F(x,1).

This shows that (6) is also satisfied. In order to complete the proof we will
show that P” is a G-ANR(M) or equivalent a G-ANE (see [1, p. 221]). Let
Z be a metric G-space, let ACZ be a closed invariant subset of Z and let
¢ : A—P” be an equivariant map. We must find an invariant neighbour-
hood V of A in Z, ACVCZ and an equivariant extension ¢ : V—P" of
¢. Denote by k : P'xC(I,P)—C(I,P) the second projection. This is
clearly an equivariant map. Therefore kp : A—P"”"—C(I, P) is also an
equivariant map and it induces a homotopy ® : AxI— P defined by

(14) ®(a,t) = (kp(a))(?).

The continuity of ® follows from [3, XII, Th.3.12].® is a G-map because:

(15) ®(g(a,1)) = ®(ga,t) = (k- p(ga))(t) = (9(k - ©(a)))(t) =
= 9((k-¢)(a)(t)) = g®(a, 1), (a,t) € AXI, g€ G

By the definition of P” and ¢(a) € P” we have
(16)

This shows that ® is a G-homotopy, ® : go - h - ~g g1 - h - ¢. Since P’
is a G-ANE(M) (by hypothesis and from [1, p. 217]) and h- ¢ : A—P' is
an equivariant map, there exists an invariant neighbourhood U for A in Z,
ACUCZ and there exists a G-map ¥ : U— P’ which extends h - ¢. Now
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we apply [1, Prop.4, p. 217] to go - ¥, 91 - ¥ : U—P and the equivariant
homotopy

(17) :g0-h-prggr-h-o

and conclude that there exists an invariant neighbourhood V' of A in U,
ACV CU and a G-homotopy

(18) :VxI—P, ®:g0-Ulw ~c g1 Vv

which extends ®. This G-homotopy induces a map x : V— P! given by

(19) x(2)(t) = @(2,t), z €V, t €I with
(20) X(2)(0) = @(2,0) = go - ¥(2)
(21) X(2)(1) = ®(z,1) = g1 - ¥(2).

The continuity of x follows from [3, XII, Th.3.1.1]. This is an equivariant
map because

(22)  x92)(H) = B(gz,t) = g(2,t) = g(x(2)(t)) = (9x(2))(®),
geG, zeV, tel,

and extends k- ¢ : A—P"—C(I, P)

(23) x(a)(t) = ®(a,t) = ®(a,t) = k- (a)(t).
Consequently, if we define ¢ : VCZ—P'xC(I, P) by
(24) P(z) = (¥(2), x(2)).

Then ¢ is an equivariant map (¥, x are G-maps) which extends ¢,
©|a=p|a To complete the proof it suffices to note that (h-o(z), k-p(2)) € P’
for z € V because of (20) and (21). That is

~—~

(25) k- ¢(2)(0) = x(2)(0) = ®(2,0) = go - ¥(2)
k-9(z)(1) = x(2)(1) = (2,1) = g1 - ¥(z) =

So @(V)CP"” and this completes the proof of this lemma.

go(h -
Ql(h'

3. Stacked invariant coverings

Definition 2. Let Z be a G-space and W an open invariant covering
of Z. For each W € W let 7 be an open covering of the unit interval
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I = [0,1] (we may consider I as G-space in the trivial way and 7 an
invariant covering). Then the sets WxJ, W € W, J € 7 form an open
invariant covering S, g(Wx7T) = gWxT = Wx7T. We call S a stacked
invariant covering for ZxI. If we denote 7y, = 7 for each W € W we have
S = {WXT}WE)/\;

Lemma 2. Let Z be a normal G-space and let S = {W xTw }wew
be a stacked invariant covering of ZxI for W, a locally finite invariant
covering of Z and each Tyy =T, for W € W, is finite. Moreover, for each
W e W let aw be a real number, ay > 0. Then there exists a continuous
G—function ¢ : Z—1I with the property that every z € Z admits a W € W
such that
(1) zeW
(2) 0<¢(z) <aw

Proof. Let be {ow}wew a G-partition of unity on Z (which exists for
W is a locally finite invariant covering). That is the continuous G-maps
pw : Z—1I are such that

(3) ow(2) # 0 then z € W

(4) D ewl(z) =1

(5) oow (92) = ow(2), g€ G, z€W

Put ¢ = sup{aw - ¢w }wew. For each ¢ is a G-map and W is an open
invariant covering, we have that ¢ is an equivariant map, too:

p(gz) = supf{aw - ow(gz)} = sup{aw - p,—1w ()} =
= sup g{ag-1w - @g-1w ()} = gp(z).

By local finitness of W, every point zo € Z admits a neighborhood
U € V(20) such that ¢|y = sup{aw - ow twew and pw |y = 0 except for a
finite collection of indexes {W},_17, pw|w, # 0.

Then ¢|y = sup{a; - ow;|v};—75- This implies the continuity of ¢
in 29 € Z. For a given z € Z one cannot have gy (z) = 0 for all W € W
because of Z ow(z) = 1. Therefore, ¢(z) > 0 for every z € Z. Every

wew
z € Z admits a W € W such that ¢(2) = aw -ow(2) < aw. Since p(z) >0
we have gy (z) > 0, and therefore z € W.
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Remark. From [2, p. 133] if U is an open covering of X then gi/

is also an open covering. ﬂ gU is an invariant covering refining U. The
geG

G-coverings are ordered by existence of equivariant refinements maps [2,

p. 135] and form a directed set. This is not true for invariant coverings. For

this reason we regard (G-coverings as the basic notion rather than invariant

coverings.

Another result necessary for our scope is the following, presented in
[6, p.181] and [7, p.39] classical form and in [1, p.217] the equivariant form.

Lemma 3. Let P be a G-ANR and let U be an open invariant cove-
ring of P. Then there exists an open invariant covering V of P such that,
whenever for a G—space X, two G-mappings fo, f1 : X— P are V-near,
(fo, f1) <V, then there exists an equivariant U-homotopy which connects
fo, f1, F : fo =¢ f1. Moreover, if for a subset A C X (closed and invariant),
such that fola = fi1|a then F|axr is constant.

Corollary 1. Every G-ANR P admits an open invariant covering V
such that any two G-maps fy, f1 : X— P V-near are homotopic.

Proof. fy, fi : X— P are V-near as in Lemma 3. We can assume
P as an invariant closed subset of a normed linear G-space. Then we may
define, as in the proof of Lemma 3, [1], the linear homotopy ® : X x[—L,
O(x,t) = (1—1t)- fo(z)+t- fi(x). Thisis a G-map for fy, fi are equivariant.

Corollary 2. If X is a metrizable G-space, ACX a closed and in-
variant subset of X, P a G-ANR, fo,f1 : X—P equivariant maps and
F : fola =¢ fila a equivariant homotopy, then there exists an invariant

netghborhood V' of A in X and there exists an equivariant homotopy F:
VxI—P from fo|v to filv, which extends F.

4. Main equivariant lemma.

Lemma 4. Let X be a G-space and p = (py) : X—X = (X, p} , A)
a G-resolution of X. Let A\ € A, P a G-ANR, fo,f1 : X» — P and
F : XxI—P G-maps (F : fo-px =c f1-px) as in (G-SE2). Then
for every open G-covering Uof P there exists N > X and a G-homotopy
H : X\ xI—P such that

(1) Hy(y,0) = fo 'pﬁ/(y)
(2) Ho(y,1) = f1-p} ()

(H(px)(l),F) <Uu.

\)

—~
w
~—~
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Proof. Let p = (px) be a G-resolution and \, P, fy, f1, F' as in (G-
SE2). Let U be an open G-covering of P and U’ an open invariant star
refinement of U, [2, p. 135]. For P is a G-ANR(M) we have that if i/ is a G-
covering then U’ is a G-covering. Then we choose an open G-covering V of P
such that the assertion of Lemma 3 holds for ¢/’ and V. We also assume that
V is a G-covering star refinement of U’. Next we choose V' a G-covering,
star refinement of V such that (G-R2) holds for P,V,V'. Put P’ = PxP
and denote by go, g1 : P’— P the first and the second projections. If we
define the action of G on P’ by g(p1,p2) = (9p1,9p2), 9 € G, p1,p2 € P we
obtain gg, g1 equivariant maps. Then we define f : X— P’ to be the only
map for which f = (go - f,g1 - £)s do- f = fo-Prs 1 - f = f1 - px. For (py)
are G-maps and fy, f1 are equivariant maps we have f is a G-map.

Now we apply the equivariant Lemma 1 on homotopy equalizers to
X,P, P f,90,91, F and we conclude that there exist an G-ANR P”, G-
maps [/ : X—P”, h: P” — P’ and a G-homotopy H : P”xI—P such
that

(4) hef' =t
(5) H(l‘,O) =4go- h(:l,‘), H(Ial) =01 -h
(6) H-(f'x1)=F

From [2, p. 141] , H=*(V’) is open G-covering of P x I because H is G-map
and V' is G-covering. We choose a refinement S which is G-covering and
stacked covering of P”xI. S is given by a locally finite open G-covering
W of P” and by finite open coverings 7 = 7y, of I, one for each W € W.
Now we apply (G-R1) to f': X — P” and W. There exists \” > X and a
G-mapping k : X,»——P" such that

(7) (flvk'p)\”) < W.

For any W € W, Wx0CW xJ, J € Ty and W x.J contained in H~1(V'),
V' € V'. By the condition (5) we have go - h(W) = H(W,0)CH (W, J)CV/,
ie. go-h(W)>V.

Consequently, (7) implies (go - h - f',g0-h-k-pxs) < V'. From (4)
h-f'=fandgo-f=fo-px, g1-f=fi-px we have

(8) go-(h-f)=g0-f=fo-pr="Fo-pX ~pxry X'=A
So (7) becomes

(9) (fo- DY ~pargo-h-k-par) < V.
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Analogously we obtain

(10) (fr-pX -pyisgi-hekopa) <V

By the choise of V in (G-R2) there is a X’ > X\ such that

(11) (fo-PY.go-h-k-ph) <V

(12) (fi X g1 -h-k-phn) < V.

By the choice of V as G-covering of P we conclude that there exist
U'-G-homotopies K, L : X s xI—P such that

(13) K:fo-p) ~ago-h-k-ph

(14) L:fl«pﬁ/%ggl-h'k-pﬁi/

Furthermore, by the fact that S = {WxT7w }wew is a stacked invariant
cover and by (7), for any ¢ € I both points (f'(x),t), (k- pa(x),t) belong
to some member of S, and therefore also to H~1(V'), for some V' € V'
Consequently,

(15) (H . (f/XI),H . (k’ 'p,\//Xl)) < V’

and so (H - (f'x1),H - (k-pyx1)) < V.
We will now use the G-maps K, L, H - (k - pﬁilxl) to construct the
desired homotopy H : Xy, xI—P. For every W € W we choose a number

1
oaw € OE which is smaller than the Lebesgue number of the covering

Tw of the compact I. If t,t' €I, |t —t/|<aw then there is a J€lly, t,t' € J.
Consequently, if z € W and |t — t'|<ayw then (z,t),(z,t') € WxJ. There-
fore both H(z,t), H(z,t')e V', V' €V'. Now we apply Lemma 2 and obtain
a continuous equivariant function ¢ : P”——1T such that for every z € P”
there is a W e W with

(16) zeW

(17) 0<p(z) <aw <

W =



10 CORINA MOHORIANU 10

Note that 0 < ¢(z) < 1 —p(2) < 1, (V)z € P”. Now we define
H: X xI—P for each y € Xy, t €1 by

( t

K(%§5)’ te [0,0(2)]
LT == R CERER)

i A
where
(19) 2=k phn(y)-

H is well defined, continuous and equivariant (K, H, L are G-maps). It

remains to prove (H(pyx1),F) < U, that is (V) (z,t) € XxI, (3)U € U
such that

(20) H(pyx1)(x,t), F(z,t) € U.
Put y = px(x), 2 = k- pYi(y) = k-l - o () = k- pan (), 2 € P,
ye Xa,r e X.

Case 1: t € [p(z),1 — p(2)]
Then by the definition of H and by H - (f'x1) = F we have

(21) ﬁ@wzﬁ@w@wzﬂ(afgg%)wzkmg@
(22) H - (f/(2).1) = Fla, 1)

By the definition of W there is W € W such that
(23) f'(), 2=k pro(z) €W

From the definition of equivariant stacked covering & = {Wx7Tw }wew
1
there is a W/ € W such that z € W/, 0 < p(2) < aps < 3’ Also note that
t € [p(2),1 —¢(z)] implies
1—2¢

<1
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and therefore
t—¢(2) 1—2t
7 1< — < < /

By the choice of the numbers ay/, 2 € W’ we have the existence of some
V{ € V' for which

(25) |t

(26) H(z,t),H (z, %) 2%

On the other hand, by the fact that f'(x), z € W we have (f'(x),t), (z,t) €
WxJ, W € J €S and therefore there is a V3 € V' such that

(27) H(f'(z),t), H(z,t) € V;.

Since V' is a G-star refinement of V we have that there is a V' € V such that

t _
V{ U V45CV which contains the points H (z, Tﬁ(i)) JH(f'(x),t) € V.
Since V refines U we have F(t,z), H(px (z),t) € U, U € U. This establishes
(20).
Case 2. t € [0, p(2)]

1
Choose W € W so that z € W and 0 < ¢(z) < aw < 3

From [t — 0] < ¢(2) < aw there is a J € Ty such that 0,t € J.
Consequently there is V’ € V' such that

(28) H(2,0),H(z,t) e V"

On the other hand, by (7) there is W/ € W which contains the points
f(z),z = k- px(x) € W'. Therefore, for any t € I, (f'(z),1),(z,t) €
W'xJy, Ji € Ty:. Consequently, there is a V;/ € V' such that

(29) F(x,t) = H(f'(x),1), H(z,1) €V}

In particular, for ¢ = 0, we have Vj € V' and

(30) F(l‘,O) = H(f/(l'),O),H(Z,O) S ‘/O/

Since V' is a G-star refinement of V we conclude that there is a V € V,
VU V) UVyCV such that

(31) F(z,0),F(z,t) € V.
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Since K is U’-equivariant homotopy, there is a U’ € Y’ which contains both

t
points K (y,0), K (y, ﬂ) € U’. By the definition of K we have
o(z

K(y,0) = fo-p3 ) = fo-p} ~pxn(@) = fo-prlx) = go - f(2),y = px ()
F(x,0) = H(f'(x),0) =go-h- f'(x) = go - f(x)

So
(32) K(y,0) = F(z,0).
Furthermore
t ~ ~
(33) K (1. ) = Hlt) = o 0,1,
So we have
(34) H(px (x),t), F(z,0) e U, U eld, t €[0,0(2)].

Since V refines U’ and U’ is a G-star refinement of U we have that (3) U € U,
V uU'CU such that H(py (x),t), F(z,t) € U.
The condition (20) is satisfied in this case.

Case 3. t € [1 — p(z),1]
This case is symmetric to the case 2 with L instead of K and f, g1
instead of fp, gg. This completes the proof of Lemma 4.

5. Conclusions. Now we can proof the main result:

Theorem 1. FEwvery equivariant resolution is an equivariant strong
exTpansion.
Proof. We will now derive this theorem from Lemmas 3 and 4.

Proof of (G-SE1): Take for U any G-covering of P and choose V a
G-open covering of P as in Lemma 3. By (G-R1) applied to V there is a
A € A and a G-mapping h : X)—— P such that (h-py, f) < V. Then by the
choice of V we have there is a U-equivariant homotopy

(1) h-px=~q f

Proof of (G-SE2): Let A, P, fo, f1, F be as in (G-SE2). Take any open
G-covering U of P and choose V according to Lemma 3. Now apply Lemma
4 to the G-covering V. We obtain a A’ > X and a G-homotopy

(2) H:XA/XI—>P
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such that
(3) H:fo-pd =~¢ fi-p}
(4) (F,H(pxx1)) < V.

Put Z = X xI a G-space, A = X x0I a closed and G-invariant subspace in
Z,hyg=F, hy = H-(pyxx1), and observe that the G-maps hg, hy are equal
on A,

(5) hola = h1|a-
This is because

)= fo-pa(x) = fo-p} palz) =

,0
H(p,\/(x),O) = hl(x,O)

(7) ho(z,1) = F(z,1) = f1 - pa(@) = f1-p) - pa(z) =
= H(px(2),1) = ha(z,1)

From (4) we also have (hg,h1) < V. Consequently, by the choice of V in
Lemma 3 there exists a U-G-homotopy which connects hg, h; constant on
AxI.

Remark. As in the ordinary case we can proof that every G-strong
expansion is a G-expansion. So we obtain the following result:

"Every G-resolution is a G-expansion.”

From [2, p. 135] we have that for every paracompact G-space X, with G a
finite group, the locally finite regular G-coverings of X are cofinal in the set
of all coverings of X. From [1, p. 218] and [4, p. 374] we have that every
G-space X admits a G-resolution. So we have the following result:

Corollary 3. Fvery G-space X admits a cofinite strong G-ANR ex-
pansion, i.e. a strong equivariant erpansion

p=(p): X—X = (Xn,p3 ,A)

where all the X\’s are G-ANR’s, p = (px) is a morphism in pro(G — Top)
and A is cofinite.
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