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A QUEUEING DISTRIBUTION FOR HETEROGENEOUS
POPULATIONS – A TECHNICAL NOTE

BY

TITI OBILADE

Abstract. This paper presents a conditional discrete distribution defined for

parameter τ as follows :

Pr{YN = 2y|N = 2n} = q(n + y − 1, 2y − 1, τ) + (1− τ)q(n + y − 1, 2y, τ)

y = 0, 1, 2, . . . , n

and

Pr{YN = 2y + 1|N = 2n + 1} = q(n + y, 2y, τ) + (1− τ)q(n + y, 2y + 1, τ)

y = 0, 1, 2, . . . , n

where q(n, k, p) denotes the binomial probability of k successes out of n independent

trials with constant probability p of success. As output from a queueing process random

variable Yn could represent the number of solo releases among n releases from a queue

capable of releases in batches of singles (solo) and doubles (pairs). It could also repre-

sent counts of a cyclic situation from a traffic signal or such natural interventions as in

biological populations. Some combinatorial summations are involved.

With the aid of relevant recurrent relations the probability generating functions

for the conditional moments of the number of solo releases and the total probability that

the last of n initiating units is constrained to be solo are obtained. Also addressed is the

statistical problem of parameter estimation. As an illustration of the practical application

of the process numerical results are provided for a copiously quoted and utilised biological

population data.
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1. Introduction. Apart from the common discrete and continu-
ous distributions, certain other distributions arise naturally from models of
queueing situations. Each of such distributions possesses its own peculiar-
ities distinguishing it from others and very often fit non–queueing data of
identical dynamics. Two examples of such distributions are the Erlang dis-
tribution (see K l e i n r o c k [1]) for the time required to observe specific
number of departures or arrivals in Markovian networks, and the generalized
Poisson (Borel–Tanner) distribution (see H a i g h t [2]) for the number of
customers served before a queue vanishes under condition of a single queue
with random arrival times and constant service time. A third distribution
is the simple geometric distribution which has assumed greater prominence
in queueing theory than elsewhere. It gives the queue–size distributions for
such queueing models as the M/G/1 and the last–come–first–served pre–
emptive resume LCFSPR [3] for general queues. Another distribution is
that for the the number busy servers for a M/G/N delay or loss system (see
T a k a c s [4]).

Similarly certain families of mixed distribution which combine elemen-
tary distributions through the process of compounding and generalising have
been fitted with varying degrees of success to data for a number of biological
populations. Prominent examples of such distributions are the negative bi-
nomial, the Neyman type A, the Poisson binomial, the Poisson power series,
the Poisson Pascal (see K a t t i and G u l a n d [5]), the negative binomial
mixed distribution (see C o h e n [6]) and the Poisson log–normal distribu-
tion (see B u l m e r [7]). They have been applied to situation varying from
number of survivors in egg mass to number of birds caught in light traps,
among others.

This short paper presents a conditional distribution, for parameter
τ(0 < τ < 1), as follows :

(1)

Pr{YN = 2y|N = 2n} = p2n(2y)
=

(
n+y−1
2y−1

)
τ2y−1(1− τ)n−y +

(
n+y−1

2y

)
τ2y(1− τ)n−y

= q(n + y − 1, 2y − 1, τ) + (1− τ)q(n + y − 1, 2y, τ),
y = 0, 1, 2, . . . , n

Pr{YN = 2y + 1|N = 2n + 1} = p2n+1(2y + 1)

=
(

n + y

2y

)
τ2y(1− τ)n−y +

(
n + y

2y + 1

)
τ2y+1(1− τ)n−y(2)

= q(n + y, 2y, τ) + (1− τ)q(n + y, 2y + 1, τ),
y = 0, 1, 2, . . . , n
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where q(n, k, p) denotes the binomial probability of k successes out of n
independent trials with constant probability p of success.

The random variable Yn could, for a queueing example, represent the
number of units in a partition of n units that receives solo service in a
simplified bulk queue in which units can enter or leave service either singly
(solo) or in pairs. It could also represent, for a game, the number of single
units for a player that can win either a single unit of money or a double
unit of money given he wins n units of money in a game. For the queueing
example, the parameter τ represents the probability of solo service when at
the head of a queue. The distribution is related to the binomial distribution
but significantly different since the outcome is restricted to either even or
odd numbers and the number of trials varies. It is also not a simple mixture
of binomials. The first expression on the right of equation 1 (or 2) represents
the relevant probability for a composition in which the trial is constrained
to be a solo service. The second expression is the corresponding probability
for a composition in which the last trial results in a paired service. Fig. 1
depicts the compositions and probabilities for case n=3. Moments of interest
include E[Y3] = 1+2τ2, E[Y 2

3 ] = 1+8τ2 and V ar[Y3] = 4τ2(1−τ2). For
a biological population of egg masses the solo units can be identified with
the survivals in the egg mass. In that case the parameter τ represents the
probability of survival subject to such ecological interventions as infection.

−→ O −→ −→ O O −→ −→ O −→

−→ O −→ −→ O −→ −→ O O −→

−→ O −→

τ2 1− τ τ(τ − 1)

Fig. 1: Compositions and probabilities for case n = 3

2. Notations and preliminary results. For n = 0, 1, 2, . . . define

r2n =
n∑

y=0

q(n + y − 1, 2y − 1, τ)

s2n = 1− r2n = (1− τ)
n∑

y=0

q(n + y − 1, 2y, τ)
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r2n+1 =
n∑

y=0

q(n + y, 2y, τ)

s2n+1 = 1− r2n+1 = (1− τ)
n∑

y=0

q(n + y, 2y + 1, τ)

P2n(x) =
n∑

y=0

p2n(2y)x2y, P2n+1(x) =
n∑

y=0

p2n+1(2y + 1)x2y+1

Pe(x, t) =
∞∑

n=0

P2n(x)t2n, P0(x, t) =
∞∑

n=0

P2n+1(x)t2n+1

yk
n = E[Y k

n ], Y k(x) =
∞∑

n=1

yk
nxn

R(x) =
∞∑

n=1

rnxn.

We state the following preliminary results :
(α) A set of recurrence relations for the conditional probabilities for

Yn (or number of solo releases) is given as

(3)
p2n(2y)

p2n(2y + 2)
=

(1− τ)(2y + 1)(2y + 2)(2y + τ(n− y))
τ2(n− y)(n + y)(2y + 2 + τ(n− y − 1)

(4)
p2n+1(2y + 1)
p2n+1(2y + 3)

=
(1− τ)(2y + 2)(2y + 3)(2y + 1 + τ(n− y))
τ2(n− y)(n + y + 1)(2y + 3 + τ(n− y − 1))

(5)
p2n(2y)

p2n+1(2y + 1)
=

(2y + 1)(2y + τ(n− y))
τ(n + y)(2y + 1 + τ(n− y))

;

(β) A set of recurrence relations for the conditional probability gener-
ating function (p.g.f.) for Yn is given as :

(6) Pn(x) = (1− τ)Pn−2(x) + τxPn−1(x), for n = 2, 3, . . .

with
P0(x) = 1 and P1(x) = x;
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(γ) The p.g.f. for Pn(x) is given separately for n even and n odd as :

(7) Pe(x, t) = (1− t2(1− τ)(1− τx2))/((1− (1− τ)t2)2 − (τtx)2)

and

(8) P0(x, t) = tx(1− (1− τ)2t2)/((1− (1− τ)t2)2 − (τtx)2);

(δ) The p.g.f. for the total conditional probability that the last trial
is constrained to be solo is given as :

(9) R(x) = x/(1− (1− τ)x2 − τx) = x/(1− x)(1 + (1− τ)x);

(ξ) The generating functions Y k(x) for the conditional kth moments
for the number of solo services Yn are given by :

(10) Y k(x) =
∞∑

n=1

E[Y k
n ]xn = R(x)(1− τ

k∑
j=1

(
k

j

)
Y k−j(x)), k ≥ 1

with
Y 0(x) = x/(1− x).

3. Proof of preliminary results. The proof of result (α) follows
easily by noting the following beta functional forms of probabilities pn(y) :

(11) p2n(2y) =
τ2y−1(1− τ)n−y(2y + τ(n− y))

B(2y + 1, n− y − 1)(n− y)(n− y − 1)

(12) p2n+1(2y + 1) =
τ2y(1− τ)n−y(2y + 1 + τ(n− y))

B(2y + 2, n− y − 1)(n− y)(n− y − 1)

where B(., .) is the beta function.
The proofs of (β) and (γ) follow from the following connections be-

tween the probabilities

po(0) = p1(1) = 1; p2(0) = 1− τ ; p1(−1) = 0,

p2n(2y) = (1− τ)p2n−2(2y) + τp2n−1(2y − 1),(13)

for n = 1, 2, . . . and y = 0, 1, . . . , n,
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p2n+1(2y + 1) = (1− τ)p2n−1(2y + 1) + τp2n(2y),(14)

for n = 1, 2, . . . and y = 0, 1, . . . , n.

Equation (6) for result (β) follows from multiplying equation (13) by x2y

and summing over all y; and also multiplying equation (14) by x2y+1 and
summing over all y. Multiplying (6) by tn and summing separately for even
and odd n, we have

(15) (1− (1− τ)t2)Pe(x, t)− τtxP0(x, t) = 1

τxtPe(x, t)− (1− (1− τ)t2)P0(x, t) = tx(τ − 1).

Solving equations (15) for Pe(x, t) and P0(x, t), we obtain equations (7) and
(8) for result (γ).

We note the following connections between {sn} and {rn} :

(16) sn = (1− τ)rn−1, for n ≥ 1.

With sn + rn = 1 and r0 = 1, equation (16) further implies

(17) rn + (1− τ)rn−1 = 1, for n ≥ 0.

Equation (9) for result (δ) follows from (17) by usual multiplication and
summing.

Finally, we note that Pn(ex) =
∞∑

k=0

E[Y k
n ]xk/k!. Substituting ex for x

in equation (6) and equating coefficients, we have

E[Y k
n ] = (1− τ)E[Y k

n−2] + τ
k∑

j=0

(
k

j

)
E[Y k−j

n−1 ](18)

for n = 2, 3, . . . ; k = 1, 2, . . .

Multiplying equation (18) by xn and summing over all n, we have equation
(10) for result (ξ).

4. Further results. (a) Explicit expressions for Pn(x) can be ob-
tained from Pe(x, t) or P0(x, t). Denote

1− (1− τ)t2 − τtx = (1− s1(x)t)(1− s2(x)t)
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where s1(x), s2(x) are function of x. Then

(19) Pe(x, t) =
1− t2(1− x)(1− τx2)

(1− s2
1(x)t2)(1− s2

2(x)t2)

and

(20) P0(x, t) =
tx(1− (1− τ)2t2)

(1− s2
1(x)t2)(1− s2

2(x)t2)

Expanding equations (19) and (20) by partial fractions and equating coeffi-
cients of t, we have

(21) P2n(x) =
s2n+2
1 (x)− s2n+2

2 (x)− (1− τ)(1− τx2)(s2n
1 (x)− s2n

2 (x))
s2
1(x)− s2

2(x)

(22) P2n+1(x) =
x(s2n+2

1 (x)− s2n+2
2 (x))− x(1− τ)2(s2n

1 (x)− s2n
2 (x))

s2
1(x)− s2

2(x)

(b) Explicit expressions for Y k(x) can be obtained by solving the re-
currence equation (10). Denote

a = x/R(x) = (1− s1(1)x)(1− s2(1)x) = (1− x)(1 + (1− τ)x).

Then equation (10) becomes

(23) aY k(x) = x(1 + τ

k∑
j=1

(
k

j

)
Y k−j(x)), k ≥ 1

Equation (23) is satisfied by

(24) Y k(x) = x(1 + τY 0(x))ϕ(k),

with

ϕ(0) = 1/τx and for x ≥ 1,

ϕ(k) =
τx

a

k∑
j=1

(
k

j

)
ϕ(k − j) =

τx

a + τx

k∑
j=0

(
k

j

)
ϕ(k − j)(25)

=
τx

a + τx
(1 + ϕ)k, symbolically with ϕj = ϕ(j)
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Equations (25) are Yule–Walker equations (see Chatfield8) and can, in prin-
ciple, be solved. The first few values of ϕ(k) are:

ϕ(0) = 1/τx; ϕ(1) = 1/a;

ϕ(2) = 1/a + 2τx/a2; ϕ(3) = 1/a + 6τx/a2 + 6τ2x2/a3;(26)

ϕ(4) = 1/a + 14τx/a2 + 36(τx)2/a3 + 24(τx)3/a4.

In general

ϕ(N) =
1
a

+
τx

a2
(2N − 2) +

(τx)2

a3
(3N − 3 · 2N + 3) + · · ·+(27)

+
(τx)N−1

aN
N ! =

1
a

+
τx

a2
(2N − 2) + o(τ2).

Using equation (26) with equation (24), Y k(x) can be explicitly obtained.
An approximate solution is given by using equation (27) with equation (24)
so that

(28) Y k(x) =
x(1− x(1− τ))(a + τx(2k − 2))

(1− x)3(1 + x(1− τ))2

(c) Equation (28) is exact for k = 1 and k = 2 giving

(29) Y 1(x) =
x(1− x(1− τ))

(1− x)2(1 + (1− τ)x)

(30) Y 2(x) =
x(1 + x)(1− x(1− τ))2

(1− x)3(1 + (1− τ)x)2

Hence the first two moments are given as

E[Yn] =
n−1∑
k=0

(−1)k(1− τ)k(1 + τ(n− 1− k)) =(31)

=
(2− τ)(2 + τn)− 2(1 + τ(−1)n(1− τ)n+1)

(2− τ)2
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and

E[Y 2
n ] =

n∑
k=1

(−1)k−1(1− τ)k−1k[(n− 1− k)2(1− τ)2 − 2(n− k)2(1− τ)+

+ (n + 1− k)2]− n(−1)n−1(1− τ)n+1 =

= τ2
n∑

k=1

(−1)k−1(1− τ)k−1k3 + 2τ((n− 1)(1− τ)−(32)

− (n + 1))
n∑

k=1

(−1)k−1(1− τ)k−1k2 + [(n− 1)2(1− τ)2−

− 2n2(1− τ) + (n− 1)2]
n∑

k=1

(−1)k−1(1− τ)k−1k − n(−1)n−1(1− τ)n+1

We note that E[Yn] → n and E[Y 2
n ] → n2 as expected when τ → 1

since in that case all releases tend to be solo.

5. Numerical illustration. As an illustration of the potential in
fitting process Yn to data we revisit data in a low density distribution 9
(mean = .648, variance = .845) of McG u i r e et al [9]. These arise from Corn
borer larval populations known to exhibit some heterogeneity or ’spottiness’
leading to large and erratic variations of adjacent plot populations from each
other and from their mean. Table 1 reproduces the data and provides the
result of fitting the even points to process Y4 and odd points to process Y5 as
introduced in this paper. For comparative purposes the corresponding values
for fitting the Negative binomial, Neymann type A and Poisson binomial as
given by McGuire et al are included. It would appear that the process Yn

provides a better fit than any of the other three with proper allowance for
reduced degrees of freedom.
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Tabel 1: Goodness of fit of the Negative binomial (NB),
Neyman type A(NTA), Poisson binomial (PB) and

proposed distribution Yn for distribution of
European Corn Borer Lavae in field corn

Count Observed Theoretical Frequency

per Frequency

plot NB NTA PB Process Yn

(1957) (1957) (1957) τ = .0924
0 188 185.79 187.99 197.02 186.18

1 83 89.28 85.02 84.34 95.64

2 36 32.99 34.52 37.45 39.64

3 14 10.97 11.65 11.17 2.35

4 2 3.45 3.51 3.11 0.18

5 1 1.52 1.30 0.91 0.01

χ2 with 2.36 1.28 1.06 0.10

ν d. f. 3 3 3 1

6. Conclusions. We have presented a distribution YN that can
be identified with the number of solo releases for a batch system capable of
releases in singles or pairs. Obtained are relevant recurrence relations leading
to p.g.f.’s for the number of releases, p.g.f.’s for moments and some moments.
To the extent that these are required for analysis of batch systems and also
for goodness–of–fit purposes, these are important preliminary results.
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