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AN EXISTENCE THEOREM ON
NONLINEAR VARIATIONAL INEQUALITIES

BY

RAM U. VERMA

Abstract. The solvability of a class of strongly monotone nonlinear variational

inequality problems in a Banach space setting is presented.

1. Introduction. Let K be a subset of a real reflexive Banach
space X and let the mapping T : K → X∗ be strongly monotone. Let (w, u)
denote the duality pairing between the elements w in X∗ and u in X and
‖u‖ denote the norm on X. Let H and K be nonempty closed subsets of
the Banach space X and, let dHK denote the set of z in K such that the
intersection of U(z) and (H −K) is non–void for every neighborhood U(z)
of z and iHK denote the set of z in K such that the intersection of U(z)
and (H −K) is void for some neighborhood U(z) of z.

Hirano and Takahashi [3] using a result of Barbu and Precupanu [1]
established the following existence theorem on the solvability of the nonlinear
variational inequalities.

Theorem 1.1. Let C be a nonempty closed convex subset of a
reflexive Banach X and T : C → X∗ be hemicontinuous and monotone.
Then the following inequalities are equivalent:

(i) There exists an element x0 in C such that

(Tx0, y − x0) ≥ 0 for all y in C.
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(ii) There exists a bounded closed convex subset K of C such that for each
z in dCK, there is an element y in iCK such that

(Tz, y − z) ≤ 0.

Here our aim is to generalize this theorem to the case of strongly
monotone operators in a similar setting.

An operator T : C → X∗ is strongly monotone if for all u, v in C there
exists a constant r > 0 such that

(Tu− Tv, u− v) ≥ r‖u− v‖2.

The operator T is called monotone if for all u, v in C,

(Tu− Tv, u− v) ≥ 0.

T is called hemicontinuous if T is continuous from line segments in C
to weak topology of X∗.

2. The main result. Now we consider our main result on the exis-
tence of solutions of a class of nonlinear variational inequalities.

Theorem 2.1. Let X be a real reflexive Banach space and C be a
nonempty closed convex subset of X. If T : C → X∗ is hemicontinuous and
strongly monotone then the following conditions are equivalent:

(1) There exists an element x0 in C such that

(Tx0, y − x0) ≥ 0 for all y in C.

(2) There exists a bounded closed convex subset K of C such that for each
z in dCK, there is an element y in iCK, which satisfies

(Tz, y − z) ≤ −r‖y − z‖2 for r > 0.

Proof. (1) ⇒ (2) : This part of the proof follows from the strong
monotonicity of the operator T .

(2) ⇒ (1) : Since under the assumptions of the theorem K is weakly
compact convex, there by [1] exists an element x0 in K such that

(Tx0, x− x0) ≥ 0 for all x in K.
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If x0 is in iCK then for each y in C one can choose t > 0 sufficiently small
that x = ty + (1− t)x0 belongs to K, and as a result, we find that

(Tx0, y − x0) ≥ 0 for all y in C

If x0 belongs to dCK, then by the hypothesis there exists z0 in iCK such
that

(Tx0, z0 − x0) ≤ −r‖z0 − x0‖2.

Since (Tx0, x− x0) ≥ 0 for all in K, this implies that

(Tx0, x− z0) ≥ r‖z0 − x0‖2 for all x in C.

As z0 is in iCK, for each y in C, there exists a constant t > 0 such that
x = ty + (1− t)z0 belongs to K. It follows that

(Tx0, y − z0) ≥ r‖z0 − x0‖2 for all y in C.

Next since (Tx0, z0 − x0) ≥ −r‖z0 − x0‖2, this implies that

(Tx0, y − x0) = (Tx0, y − z0) + (Tx0, z0 − x0) ≥ 0.
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