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Abstract. A general solvability result (based on maximality princi-
ples of Brezis—Browder type) is used to get a nonsmooth implicit function
theorem over Banach spaces. The obtained facts are then used to the va-
riational description of the almost/exact solutions to certain set-constrained
programming problems.

0. Introduction. Let (X, || -||) be a normed space and F': X — R,
a function. We consider the set—constrained optimization problem

(Pain) inf{F(x);z € Mrs}
where the admisible set Mrg is of the form
Mps ={x € M;Tx =0,Sz > 0}.

Here, M is a subset of X, T is a map from X to the normed space Y,
and S, a mapping from X to the normed space Z, ordered by the cone
. By the strong nonlinear character of this problem, we cannot expect, in
general, for exact solutions of it; so, the most reasonable device is to look
for approxzimate solutions to (Pmin) which ”almost” satisfy the necessary
first order conditions. Loosely speaking, the main ingredients in solving this
problem are

a) the algebraic one, based on a variant of the Farkas—Minkowski lemma
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b) the topological one, consisting in a sort of implicit function theorem, to
get a path in Mg with a prescribed initial point and initial tangent.

The former of these is to be solved in a standard way,by means of the polar
calculus for the dual couple (X, X*). (This will be the content of Section 4
below). So, the investigations of the present exposition are centered on the
latter. These, in the last analysis, follow the linesin Turinici [20], used
for the case of M = X; details will be given in Section 5. And, the basic
tool in obtaining them is represented by an implicit function theorem (based
on Clarke/Bouligand tangent cones) in Section 3. The preliminary material
for this is to be found in Sections 1 and 2. Finally, Section 6 treats the
exact mimimum case, in the same way as the one developed by Mot re a—
u [13]. Some further aspects of these facts will be discussed elsewhere.

1. A local solvability result. Let (X,d,<) be a quasi-ordered
metric space and (Y, || - ||), a normed space. Take a mapping T': X — Y
and fix some (nonempty) part M of X. Given z¢ € M, denote

(1D1) M(xo, <) ={z € M;20 <}, M(20,>)={r € M;520 > 7}
(the order intervals through )

as well as, for each p > 0,

(1D2) M(zo,p) = {z € M;d(zo,x) < p}, M[zo, p] = {x € M;d(zg,z) < p}
(the open/closed M -sphere with center = and radius p).

We are interested to determine local (modulo zy) conditions under
which the operator equation

(OE) Tz =0
should have a solution in a certain order sphere
M{zo, <, p] = Mlxo, <] N M[xo, p].
To formulate the basic statement (referred to as a local solvability one for
T) we make the hypotheses below about (X, d, <):
(1H1) X is (d, <)-complete (each ascending Cauchy sequence converges)

< is self — closed (the limit of each ascending
(1H2) . .
sequence is an upper bound of it).

And, relative to (7, M), one admits
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(1H3) T is order—continous ((x,) ascending and x,, — = imply Tz, — Tz).

(1H4) M is order — closed (the limit of each ascending
sequence in M belongs to M).

For the specific assumptions to be used, we need some conventions. Call the
function a : [0, co[— [0, oo, normal, when

(1D3) a(0) =0 < a(t) <t and a™(t) — 0 for each ¢t > 0.

(Here a™=the n—th iterate of a, for each n). An immediate example of such
function is the linear one

(1D4) a(t) = at, t >0, for some « in |0, 1][.

Given this object, we shall say that the couple of functions ¢, 1 from [0, oo
to itself is compatible (modulo a) when

o) _ U = v(s)
t—a(t) = t—s

(1D5) , t,s>0, a(t)<s<t.

Note that, in such a case
(1.1) tF (¢) is increasing over |0, ool.
The proof being evident, we omit the details.

Theorem 1.1. Suppose that a normal function t = a(t) and a couple
of compatible (modulo a) functions b, g may be found so as: for each x in

Mo(g) = Mlzo, <, g(| T'(x0)]])]

with Tx # 0 there correspond x’ in M and € in |0, 1] with
(IH5) =z <2/, |[T2' — (1 —&)Tz| < ea(||Tz]), d(z,z") <eb(||Tx]).
Then, the operator equation (OE) has at least one solution in My(g).
Proof. Suppose by contradiction that
(1H6) Tz # 0, for each x € My(g) (hence T'zo # 0).

Denote for simplicity

Mg (g) = {z € Mo(g); d(xo, ) < g([|Txol]) — g(ITx|))}-

Let x be arbitrary fixed in M (g) and 2/, its associated by (1H5) point in
M. By the imposed conditions,
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(1.2) [T < (1 = e[ T[] + ea([|T]))-

So, if we put
t=|Tx|, s=(1—¢e)t+ea(t),
one has
(1.3) a(t) <s<t, e=(t—9)/(t—alt), T2 <s.
This, and the choice of (b, g), yields
(1.4) d(z,z") <b(t)/(t —a(t)) < g(t) — g(s)-
So, by definition, x < 2’ and
(15) d(zo,2") < d(wo, ) +d(z,2") < g(|Tzoll) — g(s) < g(IToll);

wherefrom 2’ € My(g).
Hence 0 < || T2'|| < s; and this, by g being increasing, yields

(1.6) z <a', d(z,2') < g(|Tz|)) — g(IT="]]), |T| = T

Note that, o < z’; and, again by (1.5),
d(xo,2") < g(|[Txol]) — g(T]]) (hence 2" € M (g)).
We now introduce an order < over My(g) by the convention

(1D6) 1 = a2 iff (1.6) holds (with (z,z") = (21, x2)).

The above developments tell us that,for each x in M{(g), the associated (via
(1H5)) point 2’ belongs to M{(g) and

(L.7) z =<2/, x#a;

hence, no element of M (g) can be maximal (modulo <). On the other
hand, by the same way asin T urinici[20], one may deduce

(1.8) each (=) — ascending sequence in M (g)
’ is a Cauchy one, bounded from above (modulo (=)).

So, by the author’s maximality principle [19], we have that, for the starting
point zg € M (g), there must be a maximal (modulo (<)) point z € M (g)
with 29 < 2. The obtained facts are therefore contradictory. Hence (1H6)
cannot be true. The proof is complete. q.e.d.

Some remarks are in order. The second part of the normality property
(1D3) is directly obtainable from

(1H7) (0 <) limsup a(s) <t, t>0;
s—1+
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cf. M atkowski[l2]. Further, given such an object, assume that the
function ¢ = b(t) from [0, co[ to itself satisfies

b(s)

———ds < oo, t>0.
s —af(s)

b(t) . . !
1H F =
(1H8) t = a() is decreasing and G(t) /0

Then, (b, G) is compatible (modulo a). In particular, when a is linear (cf.
(1D4)), and

(1H9) (<) = X2 (the trivial quasi-order on X),

Theorem 1.1 above is nothing but the solvability result in Cramer and Ray
[6]. For other aspects, we refer to Altman [1, ch. 5, Sect.2].

2. Conical surjective operators. The information contained in
Theorem 1.1 is particularly relevant in the normed case. So, assume the
metric d over X is generated by a norm || - || and the quasi-order (<) on X is
deductible — in the standard way — from a cone K; i.e., a subset of X with

(2D1) K+ KCK, AKCK, \>0.

These are asssumed to satisfy
(2H1) X is complete and K is closed.

(Note that,in such a case, (1H1)+(1H2) are necessarily holding). Also, let
(Y, ]| - |) be a normed space. Take a map T : X — Y and a subset M of X
with

(2H2) T is continuous (on X) and M is closed.

(As before, (1H3)+(1H4) are true in this case). Finally, we need the com-
bined assumption

(2H3) M is locally K — invariant (for each x € M, h € K, the subset
M(z,h) = {7 €]0,1];2 + 7h € M} has 0 as accumulation point).

For the applications to be established, it will sufice giving the normal func-
tion t F a(t) the simplest (linear) form; and the compatible (modulo «a)
couple of functions (b, g) be taken in a similar way:

(2D2) b(t) = St (hence g(t) = %t ), t >0, for some (3 > 0.

Now, a natural choice for the point 2’ appearing in (1H5) is (under (2H3))
(2D3) 2’ = x +eh, for some h € K.
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This immediately gives the following local statement (under the precised
framework).

Theorem 2.1. Suppose that the point z € M 1is such that, a cou-
ple of constants o €]0,1] and B > 0 may be found so as: for each x in
Mz K, (B/(1 = a))|Tz]|] = (z + K) N M[z,(8/(1 — a))|Tz]|], the condi-
tions
(2H4) [e" (T (z + eh) = Tx)) + Tz < afT=||, ||A]] < B[ Tz]|
are satisfied, for some h € K and some € in M(x,h). Then, Tz=0, for at

least one x in M|z; K, ILHTzH ].
-«

Now, the most appropriate setting for the discussion of (2H4) is the
differential one. This will necessitate some conventions. Let L(X,Y") stand
for the class of all bounded linear operators from X to Y, endowed with the
usual norm

[All = sup{||Az|}; [[«]| <1}, A€ L(X,Y).
Given such an object, A, we term it K —surjective in case A(K) =Y. Denote
(2D4) L*(X,Y; K)={A € L(X,Y); Ais K — surjective}.
For the arbitrary fixed A in L*(X,Y; K), the multivalued map

(Ax) '(y)={r e K; Az =y}, yeY

is a closed convex process (under the convention in Robinson [18]). So, by
the main result in that paper, its associated norm

I(Ax) ™| = sup{inf{||z[;z € (Az") ()} [ly] = 1}
is well defined, as an element of |0, co[. Denote
(2D5) vk (A) = [I(Ax) 7', A€ L3(X,Y; K).
So, by definition,

(2.1) {ryK(A) = inf{p > 0; for each y € Y there exists
. r € K with Az =y, ||z|| < ully}-

Remember that T' is called Gateaux differentiable at x € X when there exists
an element z = 7"(x)(h) in L(X,Y) (called the Gateauzr derivative of T at
x) with
(2D6) Ar(z;7,h) = |7~ Y (T(x + 7h) — Tx) — T'(x)(h)|| — 0
as 7 — 0+, for any (direction) h.
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Now, assume in the following
(2H5) T is Gateaux differentiable over X,
as well as (for some xzg € M, pg > 0),

T/(.CL‘) € LS(X,Y;K),.Z‘ € M(.CC ;K,p ) = (l‘ +K)OM(J} , P )
(2HE) {and Bo = sup{vx (T’ (x));x € ]?4(:60; g(, po)}0< 0. o

Denote, for p 6]07/)0[7 /8 > 507 « 6]07 1[7
(3D7) Mr(xo, K, p:8,0) = {= € M(azo; K, p); 72— |7 + |2 — o]l < p}.
Assume in the following

(2HT) My (x0, K, p; B, ) # ), for some (p, 5, ) as above,
and take a certain point z in this subset (of M). Let x be arbitrary fixed in

Mz K, (B/(1 = )| T=[] € M(zo; K, p).
By (2H6) and the choice of 3, there exists h € K with
T'(x)(h) = =Tz, |[Ihll < B|IT|.

This gives the second half of (2H4) as well as — by (2H3) and the definition
of the Gateaux derivative — the first half of the same (whenever ¢ € M (z, h)
is small enough). We therefore proved

Theorem 2.2. Suppose the triplet (p, 3, ) is taken as in (2H7) and
let z be some point in My (xg, K, p; 8, ). Then, the operator equation (OE)
has at least one solution in M[z; K, (8/(1 — a))||Tz||] € M(zo; K, p).

As arule, the nonemptiness condition (2HT7) is difficult to be checked in
terms of (p, 5, «). The only hope is to assure its validity via ||7z|| being small
enough; i.e., z being an almost solution to (OE).(For a distinct approach, we
refer to Section 3 below).It remains now to say what happens with (2H6).
Technically speaking, the possibility of handling it is related to

i) the algebraic characterization of those members in L(X,Y’) which be-
long to L*(X,Y; K)

ii) the continuity properties of the map A - vx(A) from L*(X,Y; K) to
10, ool
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Concerning the first of these, the following is to be noted. Assume (Y, || -||)
is to be written as the product structure of two (non-degenerate) normed

spaces (Y, |- ), (Ya, | - [)):

(2H8) YV = Y1 x Y2, [[(y1,92)ll = max([lyal [ly2l), vi € Yii=1,2.

Then, necessarily, L(X,Y) = L(X, Y1) x L(X,Y>3); i.e., each A € L(X,Y) is
representable as

A= (Al,AQ), where AZ € L(X,Y;), 1= 1,2

A natural question is to characterize the K—surjectivity of this operator in
terms of its components. To this end, put

X(A) ={z € X; Az = 0} (the nullspace of A).
We then have (cf. Turinici[20]):
Proposition 2.1. The bounded linear operator A = (A1, Ag) is K-
surjective, iff
(2H9) A; is K-surjective, KNX (A1) # {0}, and Ay is KNX(A;)-surjective.
In particular, if
(2H10) Yo = R™, for some m > 1,

we have ‘
Ay = (A3, ..., AT"), where A5 € X*, 1 <i<m;

and the K N X (Ay)—-surjectivity of As means

(2HY) for each i€ {1,...,m}, KNX(A)N(Ny£X(A3)) has a
nonempty intersection with both X F)(A;) and X(7)(A;).

Here, by convention, for each z* € X*,
(2D8) XM (z*) = {x € X;a*(x) > 0}, X (z*) = =X (z*).

In particular, if K = X, this condition may be simply written as (cf. Tur
inicifop. cit.])

(2H9") {AL,..., A7'} are independent over X (A;).

We are now passing to the second of the questions above. The following
intermediate statement is to be noted (again under (2H1)—(2H3)):
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Theorem 2.3. Suppose the point z € M is such that, a K—surjective
bounded linear operator A: X =Y, an>vx(A) and a 6 > 0 with §~1 > n
may be found so as: for each x in M, = M|z; K, (n/(1—4n))||Tz||] and each
h € K, the condition

(2H4') [le™(T (2 +h) — T(z)) — Ah| < §|h]|
is fulfilled, for some € in M(xo,h). Then, Tx =0 for at least one x in M,.
Proof. Let x € M, be arbitrary fixed. By the definition of v (A)
and the choice of n
Ah = =Tz, ||h|| < n||Tx|, for some h € K.
But then, (2H4) follows at once, with a = dn, 8 = n. This, along with
Theorem 2.1, ends the argument. q.e.d.
As a direct consequence, we have the following useful fact.
Theorem 2.4. Suppose that the point xo € M, the number p > 0,
the K —surjective bounded linear operator A : X — Y and the number § > 0

with 6= > yx (A) were taken so as: for each x in My = M (zo; K, p) and
each h € K, (2H4") is holding for some € in M (x,h). Then, for each y with

|Tzo —y|| < p(yi(A)~" = 6), the operator equation Tx = y has a solution
m Mo.

Proof. Let y be as in the statement. For n > v (A) sufficiently close
vi (A), we have

ITzo = yll < p(n™" = 68); or, equivalently, (n/(1 = n))||Ty(zo)ll < p,
where
Ty(x) =T(x) —y, y € X (the y — —translate of T).

Hence, all conditions of Theorem 2.3 are fulfilled (with 7}, in place of T').
And, in such a case,

Ty(x) =0( ie., T(x) =y), for at least one z in
@ { M Kol ol € (o K.

This ends the argument. q.e.d.

Now, suppose that, in addition,
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(2H11) T is linear (hence T € L(X,Y)).
Then, condition (2H4") becomes
(2H4") |[Th — AR| < é|[All, he K.

And, with M = K, xy = 0, conclusion of the statement above may be
rephrased as

for each y with ||y|| < vk (A)~" — 8, the operator
(2.4) : . )
equation Tz = y has a solution x € K with ||z| < 1.

This firstly means that T" is K—surjective too; and, secondly, that (cf. (2.1))
& (T) < vk (A)/(1 = vk (A)).

Moreover, if § > 0 is taken so small that 61 > 2yg(A) then (by this
evaluation)
v (T) < 27k (A) (hence 67" > i (T)).

So, the above statement is applicable (with T" and A interchanged) to get

& (A) <y (T)/(1 = 67k (T)).
Summing up, we derived

Theorem 2.5. The subclass L*(X,Y; K) is open in L(X,Y’) and the
map A F vk (A) is cotinuous from L*(X,Y; K) to |0,00[. Precisely, given
Ae L*(X,Y;K) then

(2.5) each B € L(X,Y) with |B — A|| < 1/vx(A)
‘ isin L°(X,Y; K) too; and

(2.6) vx(B) <7x(A)/(1 =B — Allvk (A)).
With these informations at hand, let us now return to the context of
Theorem 2.2. Denote, for each z € X, p > 0,
(2D9) Ar(z,p) = sup{|[T"(x) = T'(2)|l;z € X(z,p)}.

This will be referred to as the sup—global oscillation of x & T"(x) over X (z, p).
Note that, by Theorem 2.5, the assumption

(2H12) T'(2) € L*(X,Y,; K) and Ap(z,p) < 1/vx(T"(2))

gives immediately
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(2.5) T'(w) € L*(X,Y; K), we€ X(z,p)
(2.6") sup{vx (T"(w));w € X(z,p)} <k (T'(2))/(1 = Ar(z, p)yx (T'(2)))-
Denote further, for each x € X,
(2D10) Ar(z;0+4) = inf{Ar(z,p);p > 0};
it will be termed the sup-local oscillation of x - T'(x) at z. Finally, when
(2D11) T'(2) € L*(X,Y; K) and Ap(z;04) < 1/vx(T'(2)),
the point in question will be referred to as a K — regular one (for T").

With these conventions, the following practical consequence of Theo-
rem 2.2 is to be noted.

Theorem 2.6. Suppose the K-reqular point xo € M 1is such that, for
a sufficiently small p > 0,

(2H13) || T2ol[vx (T"(20))/ (1 — Ar(zo; p)yx (T"(20))) < p
Then, Tz = 0, for at least one x € M (xo; K, p).
In particular, the regularity condition imposed upon xzg is trivially
fulfilled under
(2H14) T'(x0) € L*(X,Y; K) and Ap(x0;0+) = 0.

Note that, the second part of this condition says, in particular, that T is
Fréchet differentiable at g, in the sense

i(T<3U0 +h) —T(xg) —T'(z0)(h)) — 0 as h — 0.

(2D12) Tl

This follows at once from the Denjoy—Bourbaki mean value theorem (see, for
instance, Dieud onn é[8, ch. 8, Section 5]). On the other hand, a basic
choice for M so that (2H3) be fulfilled is

(2H3") {

Note that, in this case, we have (cf. 1101 [10, ch. 1, Sect.1])
(2.7) M =X, whenever K = X;

M is algebraically K — open (for each x € M, h € K,
Mz, h) includes an interval starting from 0).

and the results above may be viewed as direct extensions of the ones in T
urinici[20]. For a number of historical aspects see N a s h e d [14] and
the references therein.



290 MIHAI TURINICI 12

3. Nonsmooth implicit functions. As already precised, the spe-
cific assumption (2H3) imposed upon (M, K) is essential for the above de-
velopments. So, it is natural asking of to what extent are the solvability
results above retainable in the absence of such a condition. It is our aim in
the following to provide an appropriate answer in the trivial quasi—ordering
(K = X) setting. The general case will be discussed elsewhere.

We start with the following local mapping statement derived from
Theorem 1.1. Let (X, |- ||) and (Y,]|-||) be a couple of Banach spaces. Take
a continuous mapping x - Tx from X to Y and a closed part M of X.

Theorem 3.1. Suppose the point z € M is such that, a couple of
constants o €]0,1[ and 5 > 0 may be found so as: for each x in M, =
Mz, (B8/(1 —a))||Tz||], the conditions

(3HL) [e7H(Ta" — Tw) + T|| < af| T, [e™H (2" — @)l < B T=].

are satisfied for some € in |0, 1] and some x’ in M. Then, (OE) has at least
one solution in M, .

Now, it would be necessary determining the appropriate setting in
which (3H1) be fulfilled. This will necessitate a new convention. Denote,
for each z € M,

(3D1) C(z; M) ={w € X; lim 77 'd(z+ Tw, M) = 0}.
M3x—z
T—0+
This will be referred to as the Clarke tangent cone [5] of M at z. Note that,
by a result in P en ot [16]
(3.1) C(z; M) = {w € X;limsup 7~ (d(z + 7w, M) — d(z, M)) < 0}.

r—z
T—0+

The used terminology is, technically, appropriate, as results from

Proposition 3.1. Under the precised setting,
(3.2) C(z;M) is a closed cone (in X).

We refer to the quoted paper for details; see also W a r d [22].

Now, let (X,|| - ||) be a Banach space and RP (for some p > 1) the
standard p—dimensional space endowed with e.g., the usual maximum norm.
Take any continuous and Gateaux differentiable map T from X to RP and
let M be a closed part of X. Fix xy € M with
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Txo = 0 and z¢is strongly K — regular
(3H3) < (T'(zo) € L*(X, RP; K) and Ap(zo;0+) < 1/2yx (T (x0))),
where K = C(xo, M).

Hence, for some py > 0 (fixed in the sequel)
(3.5) Ar(zo, po) < 1/2vk(T"(x0)) < 1/7x(T"(0))-
Denote, for simplicity

(3D2) Bo = vk (T"(x0))/(1 — Ar (20, po) VK (1"(20))),
ao = (14 BoAr(zo, po))/2.

The first inequality in (3.5) gives

BoAr(xo, po) <1 (hence SoAr(zo, po) < g < 1).

And, the relation between the extreme terms of the same yields (by the
developments in the preceding section)

(3.6) T'(z) € L*(X,Y; K), = € X(x0,p0),

(3.7) sup{vi (T"(z)); x € X(x0,p0)} < fo.

Fix a couple (3, a) with
(3H4) B > Bo, ap < a <1, BAr(z0,po) < ap.

For each p in ]0, po[ define

(3D3) Mr(zo,p; B,a) = {z € M(xo, p);

l-a
All these sets are nonempty, by (3H3) (the first half); precisely
(3.8) xg € Mr(xo,p; B, ), for each p as before.

ITz[l + [z = oll < p}-

We are now in position to give an appropriate answer to the posed question.
Theorem 3.2. Let the hypotheses above be admitted. Then, a og
in 10, po[ may be determined so as: for each o in ]0,00[ and each z in

Mr(zg,0;8,a), the operator equation (OE) has at least a solution in

Mz, (B/(1 = a)|[Tz[|] € M (o, 0).

Proof. Let A be arbitrary fixed in ]0, 1] and put

1 =min{f — Bo, Ma — ao)/[|T" (o) |, (1 = A) (e — o)}
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We start from the evident fact

(3.9) R’(’l) = {y € R?;|ly|| = 1} is compact (in RP).

So, for this 7, there must be a finite part {v;;i € I'} in Rfl) with
(3.10) for each y € Rf), there exists ¢ € I with [|v; +y| <.

Further, by (3.6)+(3.7), there may be determined a finite part {u;;i € I} of
K= C(l’o, M) with

(311) T’(a:o)(uz) = V; and HulH < ,80”1)1” = 50, 1€ 1.

As {u;;i € I} are elements of C(xg, M), it results that for n above there
must be some o9 in |0, po[ and g9 > 0 with

(3.12) ie I,x € M(xg,00), 0 < T <eo=d(x+Tu;, M) <7n.
In addition, g may be taken so small that
(3H5) €9 < (po — 00)/B.
It may now be proved, in a standard way, that oy is our desired element.

Hence the conclusion. q.e.d.

The following aspect is to be noted. Precisely, whenever

p

l—«o

. p
(3H6) zo € M|z, IT=[1] (ee., l2 = zoll = = IIT=])
the solution of (OE) claimed in Theorem 3.2 is just zo. So, it is legitimate to
ask of to what extent are these sets identical with {z¢}. For an appropriate
answer, we need a convention. Let the closed part M of X be given. Denote,
for each z € M,

(3D4) B(z; M) ={w € X ]i%ler(Z + 7w, M) = 0}.
T—

This (cf. Ursescu[21]) will be referred to as the Bouligand tangent cone
of M at z. Its relationships with the Clarke tangent cone are characterized
as

(3.13) liminf B(z; M) C C(z; M) C B(z; M), z € M;

M>x—z

see, for instance, P e n o t [op.cit.]. As a matter of fact, the used convention
is not entirely appropriate; because

(3.14) B(z; M) is closed and positively homogeneous.
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In other words, B(z; M) is not in general additive (hence a cone). It, how-
ever, has such a property whenever M itself is convex. Precisely,

(3.15) M=convex = B(z; M) = C(z; M), z¢€ M;

we refer to Clar ke [op. cit.] for details.

Now, let X,Y be a couple of Banach spaces and T' : X — Y, a
continuous Gateaux differentiable map. Take a closed part M of X and
some point zg € M with the property

(3H3') {

Tzo =0 and Ap(xg;04) < 0o (hence Ap(zg, po) < o0
for some pp > 0 (fixed in the sequel)).

Theorem 3.3. Let the nonzero direction h € X be such that
(3H7) h € B(zo; M), T'(xo)(h) =0.

Then, for each og in |0, po| and each n in ]0,1] there exists 6 = 0(og,n) in
10,00/3||h|| [ and a mapping T+ z(7) from [0,0] to M(xq,00) with

(3.16) 2(0) = xo, ||z2(7) — xo — Th|| < T||h|| (hence
' 0 < [[2(7) — @ol| < 27[|h[]) and ||Tz(7)|| < mnllhll, 0 <7 < 0.

Consequently, for each 5 >0 and each « in 0, 1]
(3.17) z(1) € M(zo,37||h|; 58,), 0 <7 <6, whenever n < (1 —a)/B.

Proof. By (3H7) (the first half) there may be determined some 6 =
0(o0,m) in |0,00/3||h||[ and a mapping 7 - z(7) from [0, 6] to M with the
properties (3.16) (the first part) and

(3.16") ||2(7) — zo — Th|| < m™||h||/2(1 + Ar(x0, po) + || T (z0)|]), 0 < T < 6.

As a consequence, the second part of (3.16) follows at once. This gives
2(1) # xo, 0 <7 <0 (because 0 <n < 1)
as well as (cf. the choice of 0)
I2(7) = ol < [|2(7) — zo — A + 6]|R]| < 27||h]| < 00, 0 <7 < 6.

Now (by diminishing eventually 6) one may assume that (cf. (3H7) above)

sitsy { Ao, ) < (/2] (hence
T (xo + Th)|| = TAr(x0, 7, h) < (T1/2)||R]]), whenever 0 < 7 < 6.
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On the other hand, a mean value argument gives (via (3.16"))

{ 1T(2(7)) = T(zo + Th)|| < (Ar(z0,00) + [|T"(20)|)[|2(T) — 0 — T
< (mm/2)||h|l, 0< T <0.

Combining these, gives

{ [T ()| < T (2(7)) = T(xo + 7h) || + T (20 + 7h)||
<tn|h|, 0<71<86.

and this proves the last part of (3.16). Finally, (3.17) is but a reformulation
of this relation. The proof is complete. q.e.d.

We are now in position to state the basic result of this section. Let
X, RP, T, M be introduced as before. Fix some point o € M according
to (3H3); hence, for some py > 0 as in (3.5) and (B, ap) as in (3D2), the
relations (3.6)4(3.7) are fulfilled. Let m > 1 be a positive integer and R™
stand for the usual m—dimensional space endowed, e.g., with the maximum
norm. The subset

(8D5) BT = {2 = (C1yos Gn)i G = 0,1 < < m)

is a pointed cone of R™; let (<) stand for its associated ordering in R™. On
the other hand, its interior

is not a cone. So, its associated relation (<) is not an order; we, however,
call it the wusual non-reflexive order over R™. Let S = (51,...,5n) be a
function from X to R™ with

(3H9) S(z¢) =0 and S is Fréchet differentiable (on X).
Note that, by the definition of the involved notion, one has, for 1 <17 < m,
(3.18) Si(x) — Si(zo) = Si(xo)(x — o) + Ei(x — x0)||Jz — zo||, x € X

where S'(z¢) = (S1(z0), ..., S}, (x0)) stands for the Fréchet derivative and
E = (B, ..., Ey) fulfils

(3.19) E;(u) > 0asu—0, for 1 <i<m.

Theorem 3.4. Let the nonzero direction h and the number € be such
that
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(3HT) h € B(zo; M), T'(z0)(h) = 0,5 (z0)(h) > 0
(3H10) 0 <e <min{S;(zo)(h)/[S}(zo)[| - [|R[l; 1 < i < m}

Then, there exists 0 = 0(h,e) > 0 and a mapping 7 &= w(7) from [0,6] to
Mz, po) with the properties

(3.20) T(w(r))=0, S(w(r))>0, 0<7<4
(3.21) w(0) =0 and |7~ Y(w(r) — z0) — k|| <e|lh], 0<T<4.

Proof. By the same way asin T urinici [20], it may be shown
that the second part of (3.20) follows from the first part of the same, plus
(3.21). Let the couple (8, a) be taken as in (3H4), and ¢ in |0, po[ be that
indicated by Theorem 3.2. Further, let 7 be a number fulfiling

(3H11) 0 <n < (¢/2)min{(1 — «a)/B, 1}.

By Theorem 3.3, there exists for these data some 6 = 6(o,n) in |0, 0¢/3||h|| |
and a mapping 7 F z(7) from [0,0] to M (xo,00) fulfiling (3.16)+(3.17)
above. This, along with Theorem 3.2, shows that one may determine a map
7 w(r) from [0, 0] to M(zg,00) so as (3.20) (the first part) be fulfilled, as
well as

p

l1—«

(3-22) w(0) = o, [lw(r) —2(7)| < 1T, 0<7<0.

Combining with the choice of 7 yields

)~ 20 — 7h| < [1(r) — =(7)]| + () 20 — 7h
BB\ < L) + mllnl < 2eninl < el 0 <~ <0

and so, (3.21) follows at once. This completes the argument. q.e.d.

We therefore deduced that — under the notations of the introductory
part—for each initial point xg in Mrg, each nonzero direction h € B(xo; M)
and each prescribed accuracy € taken as before, there may be constructed
a path 7 = w(7) from [0,0] to Mrg with the properties (3.21). This will be
referred to as an implicit function over the restriction set Mrg. In particular,
when

(3H12) M = X (hence C(xo; M) = B(zo; M) = X)

the result above reduces to the onein T urinici [op. cit.] proved via
similar methods; see also A1t m an [1].
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4. A variant of the Farkas-Minkowski lemma. We are now
passing to the algebraic part of our developments. Let X be a Banach space
and X*, its topological dual. The couple (X, X™) is to be viewed as a dual
system with respect to the bilinear functional

(4D1) < z,z* >=a2*(z), z € X, z* € X*.
Denote, as usually,

(4D2) {U(X7X*) (resp., o(X*, X)) = the weak (resp., weak")

topology over X (resp., X*)
These are coarser than the norm topology on X (resp., X*). Moreover, an
identity between these is to be reached iff X is finite dimensional; see P r
ecupanu[l7, ch. 7, Sect. 1] for details.
Now, let us define the polar of any (nonempty) set M of X as

(4D3) M° = {z* € X*;2%(z) > -1, z € M}.

Clearly, M? is convex, weak*—closed and contains the origin. By convention,
any subset of X* with these properties will be referred to as admissible.
When M is supposed to satisfy additional conditions, the information about
its polar may be completed as follows.

i) Let X(;) and X (*1) stand for the unit sphere in X and X*, respec-
tively.

It is not hard to see that
(4'1) (AX(I))(J = X(*1)5

and so, X(*l) is an admissible set in X*. In fact, we have the stronger
property

X(1y is weak™ — compact in X™;
see, for instance, Barbu and Precupan u[3, ch. 1, Sect. 2].
ii) Let K be a cone in X. We have
(4.2) K% = {z* € X*;2*(z) > 0,for all z € K}.

Hence, K is a weak*—closed cone in X* (called the dual cone of K). An
interesting particular case is (cf. the notations in Section 1)

K = XH @) (= X®(2*)u X (2*)), when z* € X*.

Precisely, one has (c¢f. Cristescul7, ch. 3, Sect. 3])
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(4.3) (XHl(2%))° = cone (z*).

(Here, "cone” stands for the conical covering).
iii) Let P be a subspace of X. Then

(4.4) PY = {z* € X*;2*(x) = 0,for all z € P}.

Hence, P is a weak*—closed subspace of X* (referred to as the annihilator of
P). The following particular case is to be noted. Let ¥ be another Banach
space, and A be an element of L(X,Y) which is, in addition, surjective.
Then (cf. the notations in Section 2)

(45) (X(4))° =A*(Y*)(=Y"0 A),

where A* is the adjoint of A. To verify this, see, e.g., IToffe and Tikh
omirov[ll, ch. 0, Sect. 1]; we do not give details.

Returning to the general framework, the following properties of the
polar operator must be recorded (cf. P recupanu [op. cit., ch. 6, Sect.

2]):
iv) (The Bipolar Theorem). We have
(4.6) M =cl cone (M U{0}), M C X.
Note that, as a consequence,
(4.6") K = K, whenever K is a closed cone of X.
And this gives (in the precised context)
(4.6") he X,z*(h) >0 forall 2* € K’ = h € K.

v) (The Polar Intersection Property). For each finite system { Py,..., B}
of subsets in X,

(4.7) (PiN...NP,)° = w*cl (conv (P U...U PY)).
Hence, in particular, for each finite system {K7, ..., K, } of cones in X
(4.7 (K1 N..NK,)? = w*ecl (KY + ... + K?).

An interesting problem to be discussed is to what extent can we delete
the weak*—closure operator in this relation. For example, we have, for each
system {z},...,z}} in X*,

(4.8) (XHl(@p) n..n XH (@) = cone {zF, ..., 2%}

Some other aspects are to be derived from the result below. Given a cone
M* of X*, any part M{ of M* with
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(4D4) 0 ¢ M; and M* = U{AM;;\ > 0}

is called a sole of M. Further, given a linear subspace N* of X*, denote by
(N*)¢ its quotient map

(4D5) (N*)¢(z*) =z* + N*, z* € X*;
and, by X*|N*, the associated quotient space.
Proposition 4.1. Let the couple P*,Q* of (nonempty) parts of X*
be such that, one of the conditions below is holding
(4H1) P*,Q* are admissible and Q* is weak*—compact

(4H2) P* Q* are weak”™ — closed cones, Q* has a
weak™ — compact sole and P* N (—Q*) = {0}

(P*)c(Q*) is closed in X*|P*.
Then, P* + Q* is weak* —closed in X*.

(4H3) { P* is a weak™ — closed subspace of X™* and

The proof is based on the Dieudonné closedness criterion; see, for
instance, Precupan u [op. cit., ch. 5, Sect. 1].

We are now in position to formulate the basic statement of this section.
Let (X, X*) be a dual system and P, some closed cone in X.

Proposition 4.2. Suppose that the bounded linear functional z* and
the positive number € are such that
(4H4) z*(h) > —¢]|h||, h € P.
Then, necessarily,
(4.9) z* € PY+ 5XE“1); hence, in particular,
(4.10) ||z* —w*|| <e, for some w* in P°.

The proof uses a well known representation formula in B ar b u
and Precupanulop. cit., ch. 1, Sect. 1]; we do not give details.
An interesting particular case of this statement is the following. Let Y be
a Banach space and A : X — Y, a bounded linear operator which is, in
addition, surjective. Fix a closed cone K in X and take a finite system
{z7,...,x},} of bounded linear functionals over X. The set

P=KnXA)nXxHaHn..nxHa:)
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is a closed cone in X. Hence, conclusion of Proposition 4.2 is applicable
to these data. It tells us that, if the bounded linear functional z* and the
positive number ¢ are taken so as

(4H4') whenever h € K fulfils A(h) =0 and
zf(h) >0, 1 <i<m, then z*(h) > —e||hll,

we necessarily have a relation like

(4.10) 2* € w*cl (K° +Y* 0o A + cone {x%,...,x5 }) + eX(yy-

The weak*—closure operator may be deleted here whenever
(4H5) K°+Y* o A+ cone{z%,...,z} } is weak*—closed.

For example, this always happens (cf. Proposition 4.1) when K = X. Note
that, in this case, the statement above reduces to the onein Turinici
[20]. In particular, when

(4H6) Y = RP (hence A = (A4, ..., A,), where A; € X*, 1 <i<p)
one clearly has
(411) Y o A=1lin{A;,...,A,}

(where ”lin” means the linear (space) covering); and the underlying state-
ment reduces to the one in E k elan d [9]. For other aspects we refer to
Zalinescu[23].

5. Main result (almost minimum case). Let us now return to
the (nonlinear programming) problem (Pyiy,) of the introductory part. It is
our objective in the following to get, by the developments in the previous
sections, a lot of sufficient conditions for the existence of ”almost” solutions
to the underlying problem, with ”good” variational properties. To this end,
we have to specify the working conditions.

Concerning the triplet (X,Y, Z) of normed spaces encountered there,
assume

(5H1) X is a Banach space and Y = RP, Z = R™, for some p,m > 1.
Further, the conditions for (M, Q) are
(bH2) M is a closed part of X and Q = R".

Finally, assume that the mappings 7' = (T1,...,7,) : X — RP and S =
(S1,...,8m) : X — R™ appearing in that context are taken in such a way
that
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(5H3) T is continuous and Gateaux differentiable over X.
(5H4) S is Fréchet differentiable (hence continuous) on X.

To describe the next assumption,we need some conventions. Denote, for
each r € M

(5D1) I(z) = {i € {1,...m}; Si(x) = 0} ,I*(z) = {1, .., m} \ I(z).

(These are nothing but the set of all active and, respectively, inactive ranks
at x. Clearly, the case of I(z) = ) or I*(z) = () cannot be excluded). For
each nonempty part J of I(z), let T be the mapping from X to Yy = Y x R’
defined as

(5D2) Ty(z) = (Tx; (S;(x);i € J)), =€ X.

(Here, R’ stands for R? where ¢ = card (J); and, the norm of Y is the
maximum one). When J = (), we complete the above definition as

(5D2') Ty =T (hence R? = {0}, Yy =Y).
The announced condition may now be written as

(5H5) for each z in Mpg and each part J of I(x), T%(z) € L*(X,Y ; K)
and Ap, (z;04+) < 1/2yx (T (x)), where K = C(z; M).

(Note that the sufficient conditions for the surjectivity portion of this hy-
pothesis were precised in Section 2 above). On the other hand, it is clear
that, in the second part of (5H5), vx refers to the couple of spaces (X,Y}),
which depends on the current point z). An immediate consequence of these
facts is the following. Let v € Mg be arbitrary fixed and suppose that the
nonzero element h € X fulfils

(5H6) h € C(v; M), T'(v)(h) =0, Si(v)(h) >0, i € I(v).
Denote, for simplicity,
(5D3) In(v) = {i € I(v); Si(v)(h) = 0}, I} (v) = I(v) \ In(v).
The conditions above may now be written as
(5HE") T}, . (0)(h) =0, S/()(h) >0, j € [} (v);
where, by convention, T{; .y stands for T; with J = Ij(v). Moreover, by
(5H5), v appears as a strongly K-regular point of the mapping Ty, ,,y, where

K = C(v; M). So, by Theorem 3.4., we have promised, for the sufficiently
small n > 0, a § = 6(h,n) > 0 and a mapping 7 - z(7) from [0, 6] to M with

(5.1) Tin,v)(2(7)) =0, S;(x(7)) >0, j € I[;(v),0<7 <0
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(5.2) (0) = v and |77 (z(7) —v) — hl| < n|lhll, 0 < T < 0.
The first part of (5.1) gives
T(x(1)) =0, Si(z(r)) =0, i € I,(v), 0 <7 <4.
Combining with
Sk(v) >0, for all k € I*(v),
it follows, via (5H4) that — by eventually diminishing # — we necessarily have
(5.3) Sg(z(r)) >0, ke I*(v), 0<7<86.

In other words, the above precised path 7 F z(7) remains in Mg and fulfils
(5.2).

Finally, concerning the objective function F': X — R, the basic non—
differential assumption is

(5HT) inf F(Mrs) > —oo and F' is lower semicontinuous on X.

For the differential one, we need a convention. Let u be arbitrary fixed in
X. Any bounded linear functional F’(u) over X for which one has a relation
like

(6D4) F(u+h) — F(u) < F'(u)(h) + E(h)||h|, heX,

where the map F = E(u) from X to R, fulfils
(5D5) E(h) — 0, ash —0,

will be referred to as an upper Fréchet differential for F' at u. Denote
(56D6) F'(u)=the family of all upper Fréchet differentials for F' at u.

We say that F is upper Fréchet differentiable at uw when F'(u) # (. The
announced condition may now be written as

(5H8) F' is upper Fréchet differentiable on X.

It is to be noted that the second part of (5H7) is not implied by (5HS8). But,
it is, evidently, a consequence of its stronger counterpart

(5H8) F' is Fréchet differentiable on X.
For, in such a situation, one has (from definition)
(5.4) F is continuous on X.

We are now in position to state our main result. Let the above condi-
tions be accepted. Denote, for each € > 0,
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(5D7) MTs(E) = {$ € Mrg; F(.SU) < ian(MTs) + E}.

Each point of this (nonempty) set will be referred to as an e—approzimate
solution to the minimization problem (Ppi,). Clearly, the process of deter-
mining Mrpg(e) is not differential in nature. So, it is legitimate asking of
which points of this set are variationally relevant. In this direction, we have

Theorem 5.1. Suppose u is an arbitrary fized point in Mrpg(e). Then,
there may be determined some point v = v(e,u) in Mrpg(e) with the proper-
ties
(5.4) Jlu— o] < V2 F(u) > F()

. F'(v) Cw*cl (C(v; M)° +1in{Tj(v);1 < j < p}+
(55) | cone {81(v);1 € I(0)}) + 212X,
In particular, if
(5HY) Cv; M)° +1in {T}(v);1 < j < p}+
cone {S!(v);i € I(v)} is weak™ — —closed,

we have that, for each F'(v) in F'(v) there may be determined a bounded
linear functional v* € C(v; M), a vector (Ai,...,\p) in RP and a vector
&1y .oy &m) in R™ with

(6.6) & >0, &Si(v)=0, 1<i<m
(5.7) [|F'(v) = (0" + M T{(0) ... 4 X Th () + &8 (V) + ..+ £ S () || < €12
Proof. Let us introduce an order (<) on X by the convention
(5D8) z1 < xp iff V2|21 — ao|| < F(zy) — F(xz).
It is simply to verify, via (5HT), that

(5.8) each ascending sequence in Mpg(e) is a Cauchy one,
' bounded from above.

So, by the maximality principle in T urinic i [19], there exists, for
the starting point v € Mpg(e), some point v = v(e,u) in Mpg(e) with the
properties (5.4) and

(5.8) F(w) — F(v) > —'?||lw —v|, weE Mrs.

Let F’(v) be arbitrary fixed in F’(v) and suppose that the nonzero element
h € X is such that (5H6) holds. By the developments above, for the arbi-
trarily small n > O there exists # = 6(h,n) > 0 and a path 7 F z(7) in Mrg
fulfiling (5.2). This gives (by the definition of F’(v))
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(5.9) F'(v)(a(r) —v)+ B(a(r) o) Ja(r) ~v]| = —e/2|a(r) ~v], 0 < 7 <0,

(where = = E(z) is introduced as in (5D1)). Combining with the relations
(valid for 0 < 7 < 0)

{ |2(7) = ol < [|lz(r) — v = 7h| + 7|[2]| < 7(n +1)[|A]
F(v)((1) —v) < 7(F"(0)(h) + [[F"(v)[[n]|A]])

one gets (dividing by 7 > 0)

59 { PO A F0) 2 2
' —(n+ DE(x(t) —v)|h|l, 0<T<80.

So, taking the limit as 7 — 0,
F'(v)(h) + 2[Rl + n(| F'(0) ]| +'/?)||hl| = 0.

But n > 0 was arbitrarily small; so, passing to limit as 7 — 0, one gets
(5.10) F'(v)(h) > —e'/2||h||, for all such h.

Summing up, Proposition 4.2 is applicable to our data. And then, by its
conclusion, (5.5) follows at once. The last part is clear. Hence the result.
q.e.d.

Some remarks are in order. The specific assumptions (5H3)+(5H4)
imposed upon 7' and S may be supposed to hold over a neighborhood of
Mrgs without modifying the argument. On the other hand, the (rather
technical) condition (5H5) is necessarily holding under an (easy to verify)
regularity condition like

(5H5) for each x € Mpg and each part J of I(z), it is the case that
T)(z) € L*(X,Y;K) and Ap, (z;04) =0, where K = C(x; M).

Finally, note that, when
(5H10) M = X (hence C(z; M) =X, x € M),

this result partially includes the one in T urinici [20]; see also Altm
an [2].

6. Exact minimum points. From the developments above, it results
that, for each ¢ > 0 there exists an e— almost solution to (Ppin) which
satisfies the first order almost necessary conditions (5.5).It is natural to see
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what happens when € — 0; i.e., to what extent one may arrive to an ezact
solution of (Pyin). The reasonable way of answering this question is the
Palais—Smale technique [15]. Fix u* € X* and put

o(x*) = ||lu* —x*||, =¥ e X",
This function has convex weak*—compact sections. And then, for each con-
vex weak*—closed part D* of X™*, the subset
(6D1) apr (u*, D*) = {z* € D*; p(z*) = d(u*,D*)}

of all best approzimations for u* by elements of D* is nonempty. Now, let
us introduce the notation
(6p2) { Frs(z) = apr (F'(2);w"el (C(z; M)+
lin {T}(x); 1 < j < p} + cone {Si(x);i € I(x)})), =€ X.

Here, x = F'(x) is the upper Fréchet differential operator and (with D* as
before)

(6D3) apr (U*, D*) = U{apr (u*, D*);u* € U*}, U* C X*.
Let z - F'(x) and x - F.¢(z) stand for a pair of selections from z = F'(z)
and x - Fg(x), respectively; call these compatible, when
(6D4) { Frg(w) € apr (F'(2); w*el (Ca; M)° +1in{Tj(x); 1 < j < p}+
cone {Si(x);1 € I(x)})), x € Mrs.

Suppose we fixed such a couple. Call the map =z - F'(z) — Frq(z), F-
admissible at the origin if

(6D5) (vn) € Mrg, F'(v,) — Frg(v,) = 0 and F(v,) bounded
imply (vy,) is (norm) relatively compact.

Let the general conditions of the preceding section be in force, as well as
(6H1) a compatible pair of selections (F', Fi.g) from (F', Fl¢) exists
with F' — Fl.¢ being F' — admissible at the origin.
Theorem 6.1. Under the precised hypotheses, (Pnin) has exact solu-
tions; i.e., inf F(Mrg) is effectivelly attained (in Mrg).

Proof. Let (g,) be a (strictly) descending sequence in ]0, 0o, con-
verging to zero. By Theorem 5.1, there may be determined a sequence (vy,)
in MTS with

(6.1) F(vy) <inf F(Mrs)+en, n=12,..,
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(6.2) F'(vn) — Frg(vy) <e/?, mn=1,2,...,

for each compatible pair of selections (F', Fi.g) from (F', Fig). In partic-
ular, this must be valid for that pair appearing in (6H1). But then, from
the very definition of the introduced concept, (v, ) has a subsequence (still
denoted in this way) converging to some v € Mrpg. It suffices now taking
into account the lower semicontinuity of the mapping F' to deduce, via (6.1),
that v is the exact solution to (Ppin). The proof is complete. q.e.d.

In particular, when M fulfils (5H10), the result above reduces to the
onein Turinici[20]. For a number of related facts we refer to M ot
reanu(l3Jor Barbu and Seidman [4].

The following completion of this fact is to be noted. Put
(6D6) Mrs(0) ={x € Mrg; F(z)=inf F(Mrg)};
each point of this is just an ezact solution to (Pupin). Assume now
(6H2) Mps(0) is nonempty.
It is natural to ask of which points in Mpg(0) are variationally relevant. An
appropriate abswer to this is given by
Theorem 6.2. Suppose v is arbitrary fized in Mrs(0). Then, neces-
sarily,

(63) F/(v) C wrel (Clo; M)+l {TJ(0); 1 < j < p}+
+cone {S/(v);i € I(v)}).

In particular, if (5H9) is accepted then, for each F'(v) in F'(v) there may be
determined a bounded linear functional v* € C(v; M), a vector (A1,..., \p)
in RP and a vector (&1, ...,&n) in R™ with the properties (5.6) and

(6.4) F'(v) =v* + MT{(v) + ... + AT, v) +E57(v) + oo + &Sy (V).
Proof. Let v be as in the statement. We have, by definition,
(6.5) F(w)— F(v) >0, we Mrpg.

Let F'(v) be arbitrary fixed in F’(v) and suppose the nonzero element h € K
fulfils (5H6). By the same argument as in Theorem 5.1 one gets

(6.6) F'(v)(h) >0, for all such h.

This, combined with Proposition 4.2 (which also applies to the case € = 0)
gives at once (6.3). Hence the conclusion. q.e.d.
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As above said, the supplementary condition (5H9) holds under (5H10).
Note that, in such a case, this result is comparable to the one in T u r i—
nicifop. cit.]. It also improves a similar statement in this area due to
Altman [2];seealso Barbu and Precupanu 3, ch.3, Sect.1].
For other aspects, we refer to Z eidler [24, ch.38, Sect.10].
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