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Abstract: Local existence of classical (of class C'!) solutions to the
Cauchy problem for nonlinear functional partial differential equations of
first order are investigated. The proof is based on the bicharacteristics and
successive approximations methods.

1. Introduction. Let B=[—bg,0]x[—b,b] where b= (b1, ...,b,)€R,
R, =[0,00), and bpclR;. For any function z : [—bg,a|xR" — R with
a>0 and a fixed (z,y) = (z,y1,...,Yn)€[0,a] xR" we define the function
2z B = RDY 235, (t, s) =2(z+, y+s), (¢, s)eB. We denote by C°(B, R)
the set of all real continuous functions on B. We put Ey=[—bg, 0] xR".

Suppose that f:[0,a] x R" x CY(B,R) x R" — R, ¢ : Ey — IR, and
let us consider the Cauchy problem

(1) sz(mvy) :f(x,y,z(xvy),Dyz(x,y)),
(2) 2z, y) = o(z,y), (2,y) € Eo,

where Dyz = (Dy,, ..., Dy, ).

In this paper we extend the method of quasilinerization to problem
(1), (2) in which we construct two uniformly convergent sequences: the first
converges to a solution of the problem, the second to its derivative. The
technique essentially involves the method of bicharacteristics.

Classical solutions to nonlinear partial differential-functional equa-
tions of first order have been studied by PBrandi, RCeppitel-
1i[1,2], D.JaruszewskaWalczak[4,Z Kamont
[5]-[7], A.Salvadori[8,J.Szarski[9 and K. Zim a [11]. They
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used different methods of the proofs. Generalized (or weak) solutions (i.e.
solutions which are absolutely continuous and satisfy a differential equation
almost everywhere) of problem (1), (2) were investigated by P. Br an d i,
Z.Kamont,A.Salvadori [3].

2. Preliminaries. For y € R" we write ||y|| = Y"1 |yi|. Let | - o
denote the supremum norm in C°(B, R). We will denote by C%¥ (B, R) the
class of all functions w € CY(B, R) such that

|wl||r = sup{|w(t,s) —w(t,3)|-||s —5||"*: (t,5), (t,5) € B} < oo.

For yeR" we write |ly|| =i, ly:]- Let || - |lo denote the supremum
norm in C°(B, R). We will denote by C%%(B, R) the class of all functions
weC%(B, R) such that

lwllz = sup{lw(t, s) —w(t,5)] - ||s = 5|7+ (t,5),(t,5) € B} < oo.

For w € C%L(B, R) we put |wl|o.r = ||w|lo + |Jw]|L-

Let C'(B, R) be the set of all continuous functions w : B — IR such
that the derivatives Dsw = (Dy,, ..., Ds,, ) exist and Dyw € C°(B, R"). For
w € CY(B, R) we put ||w|; = ||wl]lo + max{||Dsw(t,s)| : (t,s) € B}.

We denote by CL(B, R) the set of all functions w € C*(B, R) such
that Dswe C%L (B, R).

For we CI (B, R) we write ||w|1,z =|Jw|1+||Dsw]| .

Let © be the class of all nondecreasing functions v: R4 —IR . .

We put Q) = [0,a] x R" x C*(B,R) x R" for i = 1,2, QL) =
= [0,a]xR"xCYE(B, R)xIR", Ey=[—bo,t|xIR™ and E; =[0,]xIR" where
0<t<a. We denote by ||-|[c(&,,r); I lc(x,rm) and |- lo(e;,rn) the supre-
mum norms in the spaces C(Ey, R), C(E;, R") and C(E;, R™), respectively.

Given S = (So,51,52) € R, we denote by CHL[S] the set of all
functions ¢ : £y — IR such that

(i) ¢ € C(Ey, R) and there exists Dyp(x,y) for (z,y) € Eo;
(i) [e(z,y)] < So, [|Dye(z, y)|| < S1 on Ep, and
[Dye(x,y) = Dyp(x,y)|| < Sally — g, for (z,y), (z,7) € Eo.
Let o€ CHE([S] be given and let 0<c<a, P= (P, P1), Q= (Qo, Q1, Q2),
where P;,Q; € R4, Q; > S; for j = 0,1, i« = 0,1,2. We denote by
CYLc, o, P,Q] the set of all functions z € C([—bg,c] x R, R) such that

(i) z(z,y) = p(z,y) for (z,y) € Eo;
(ii) there exists Dyz(z,y) for (z,y) € [0,¢] x R";
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(iti) |2(2,9)| < Qo and ||D,2(x, )| < Q1 for (z,y) € [~bo,¢] x R
(iv) for (z,3), (7,9), (,7) € [0,¢] x R" we have

|Z(£L’,y) - Z(f,y” S P0|'T - :Elv
| Dyz(z,y) — Dyz(Z,9)|| < Pz — z[ + Qally — gl|-

Let Q = (Q1,Q2), P1,Q1,Q2 € Ry. We denote by C%%[c, P, Q] the
class of all functions v € C([0, ] x R™, R"™) such that
(i) oz, y)| < Q1 for (z,y) € [0,¢] x R™;
(i) [[o(z,y)—v(z, Yl < Pile—2[+Q:lly—y] for (z,y), (z,7) € [0,c]xR".

Let CL(B, R) denote the set of all linear continuous operators defined
on C(B, R) and taking values in R. The norm in CL(B, R) we denote by

|- lers,r)-

3. Assumptions and main results.
Assumption H;. Suppose that

10 f € C°(QO R) and there is ¥ € © such that | f(z,y, w,q)| < F(|[wlo)
on ),

20 for every (z,y,w,q) € QW there exist D, f(z,y,w,q) € R" and
Dy f(z,y,w,q) € CL(B, R);

39 there are g, By € © such that
1Dy f (@, y, w,q)|| < ao([wll1), |1 Dwf(@,y,w,q)llcrs,r) < Bollw]r),

on QW);
49 there are o, 31 € © such that

HDyf(a:,y,w,q) - Dyf(ajang + h, Q)H <
< ar(|lwll,){lly = gl + Al + llg — alll,

and
HDwf(x,y,w,q) - D’wf(x7g7w + h?‘])HCL(B,R) <
< Brllwlly,)llly = gl + 7]l + llg — all],

for (z,y,w,q) € Q1) 5, R", h e C'(B, R).

Assumption H,. Suppose that
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1° D, f € C°(QW R™) and there is vy € © such that on Q) we have

1Dgf (2, y, w, @) < vo(llwll1),

20 there is y; € O such that

||qu(m>va7Q) - D(If(mvyaw + haq)H S
< (llwllv,e)llly = gll + [kl + [lg — all],

for (z,y,w,q) € QL) 5 g€ R"™ and h € C*(B, R).

Let us choose constants Py and P; such that

where

Put

Py > S170(Q")G + 7(Qo) + Q170(Q"),
Py > S570(Q")G + ap(Q') + Q150(Q")

G exp{cQn(Q")}, Q' =Qo+Qx,
Q=1+Q1+Q2+Q2, Q" =0Qo+ Q1+ Q2.

Qo(Q*) + Q1QB(Q*) + Q250(Q"),
ao(Q) + Q160(Q’) +2Q27(Q") + Q101 (Q"),
= (S2+ cH)m(Q")G + a1(Q) + Q161(Q7),

H
K
M

Assumption Hs. Suppose that

19 g e CVL[Sland Q; > S;, i =0,1,2,and P, = Py, Q. = Qu, k=1,2;
2% the constant ¢ € (0,a] is small enough to satisfy

cBo(Q') <1, Mc <1, [1 —¢fo(Q)]7'[S1 + can(Q')] < Qu,
So + ¢[¥(Qo) + Q170(Q")] < Qo, 3

cKv(Q")G < Py — [S17(Q")G + ¥(Qo) + Q170(Q")],
cHy(Q")G < Py — [S270(Q")G + ao(Q") + Q160(Q)],

(51 + CH)G S QQ.

Theorem. Let Assumptions Hy-Hz hold. Then for every ¢ € C*E[S]

there exists a solution z : [—bg, c] x IR" — IR of problem (1), (2).

In order to prove the main result we need to prepare a number of lemmas.

4. Bicharacteristics. Suppose that o€ CVE[S], ze CYE[e, o, P, Q),

ueC%Lc, Py, Q] We consider the Cauchy problem

(3)

' (t) = =Dgf(£,0(), 2nay)- ult,n(?),  n(x) =y,
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and denote by g¢[z, u|(-, z,y) its solution.

Lemma 1. Let p, € CYE[S], z€ CVE (e, o, P,Q], 2€CYLe, ¢, P,Q),
u, @ € C%L[e, P, Q), be given, and let Assumption Hy be satisfied. Then
the solutions g[z,ul(-,z,y) and g[z,u|(-,z,y) of (3) exist on [0,c|, they are
unique and we have estimates

4)  glz,ul(t; 2, y) — glz, ul(t; 2,9)|| < Gl(Q)|z — 2|+ [y — gl
and

(5) glz, ul(t; z,y) — g[z, 4] (t; z,y)|| <1 (QY)G[|z — ZllcE, ,r)+
+[|Dyz — DyZ|lc(e, ,rmy + lu = tllczr, mm)-

Proof. The existence and uniqueness of the solution of (3) follows
from classical theorems.
Now, we put

P[Z, u] (T; z, y) = (T7 9[27 u] (T; z, y)7 2(1,9[z,u](T;x,y)) u(T7 g[Z, u] (T; xz, y)))

It follows from Assumption Hs and (3) that for (¢;z,y) € [0, ] %[0, c]xIR",
y € R"™ we get

lglz, ul(t; 2, y) — glz, u](t; 2, y)|| <
<lly—ull+ lff IID f(Plz,ul(T; 2, )) Dy f(Plz, ul(7; z,9))|ldr| <
< lly =gl + @ (@) [, lglz ul(75 2, 9) — glz, ul(7; 2, ) | dr .

An application of the well-known Gronwall inequality implies

gz, wl(t; 2, y) = glz, ul(t; 2, 9)[| < Glly =gl

For t,x,z € [0,c], y € R", we have

lolz.ul(t2,) ~ glztz,)] < | [ Da(Ple, u)(r: 7., y)) drt
+ / |Dof (Ple, ul(ms 2,1)) — Dyf (Ples (72, ) |ld7] <
S'Vo(Q')va—fEI+Q71(Q*)|/ lglz,u)(T; 2, y) — g(7;: 2, y)||dr|.

In view of the Gronwall inequality we see that

lglz, ul(t: 2,y) = glz, ul(t: 2, y)|| < %(Q)Glz — .
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So the required (4) follows by the above estimates. Moreover, for
2€CHe, ¢, P,Q), 2€CH e, ¢, P,Q] and u,ue CFe, P, Q] we have

lglz, u](t; 2, y) — gz, u](t; 2, )| < e (QF)llz — ZlleE,,r)+
+[|Dyz — Dyl c(g, ) + v — 1llcz: mm)]

QM0 / lglz (s 2 ) — gz, a)(rs 2, )| dr].

From the Gronwall inequality we deduce (5). The proof of Lemma 1 is
complete.

5. Successive approximations. For given
peCVIS], zeCMF e, ¢, P,Q] and ue C* (e, P1, Q)]

we define

Flzul(,y) = 9(0,g(0: 2, )) + / (Pl ul(ri )~

n

— Z Dy, f(Plz,ul(T; 2, y))ur (7, (73 2, 9))|dT
k=1

and

x

Tilz, ul(z,y) ZDyisD(O,g(O;:v,y))ﬂL/O [Dy, f(Pz,u](T;2,y))
+Duw f(Plz, u)(T;2,9)) (W) (,g(rs0,m))]dTs T = 1,...,m.

Now we consider the system of integral-functional equations which
are generated by (1) and (2):

z=F[z,u], uw=T[zu], z=¢onE
gltsa) =y+ [ Dyf(Plevul(ria.y)dr

We construct successive approximations. Suppose that ¢ € C’LL[S]
and that Assumptions H; — Hj are satisfied. We define the sequence
{z(m) (™} in the following way. We put first

2O (z,y) = ) for (z,y) € Ey,
2O (z,y) = ) for (z,y) €0, x R",
u®(z,y) = Dyp(0,y) for (z,y) € [0, x R".
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It is easy to see that u(®) € C%Le, Py, Q).
Now, if (2(™), u(™))e Ve, ¢, P,Q] x C%L[c, P1, Q] are known func-
tions, then u(™*1) is a solution of the equations

(6) u="T" ],

(7) Z(mFD) — plm)[p(m) o (mtD)]
where T(") = (Tl(m), s T,gm)) is defined by

Ti(m)[U](x,y)=Dyis0(0,g(0;:c,y))+/0 [Dy, f(P[2"),u](7; 2, 9))
Do f (P2, (752, 9)) (™) (7 g () T

t =1,...,n. We denote by g the solution of
gtz y) = y+/ Dy f (P2, u)(7; 2, y))dr
t

and for simplicity we ignore the dependence of g on 2™ and w.

Lemma 2. If Assumptions H1-Hs are satisfied, then for any m > 0
we have

am) 2™ € CVe o, PQ), ut™ € COFe, 1, Q);
bm) Dy (z,y) = ul™ (2,y) in [0, x R".

Proof. We will prove a,,) and b,,) by induction. It follows from the
definition of 2(?) and u(®) that ag) and by) are satisfied. Suppose now that
conditions a,,) and b,,) hold for given m > 0. First we will prove that

(8) T . C%Le, P, Q] — C*c, Pva]«

Indeed, it follows from Assumptions H;—H3 and Lemma 1 that for
u € C%Le, P, Q] and (x,9), (Z,7) € [0,c] x R", we have

T [u)(, y)l| < 81+ c[ao(Q") +Q150(Q")] < Q,

and
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1T [u) (2, y) — T [u](2,7) <
< [[Dy(0,9(0;2,y)) = Dyp(0,9(0: 2, 7))+

|Dy F(PL™, u)(73 2,9)) — Dy f (P )(r; 7, 7)) | dr+
/ 1Dy (P (77, 7)) dr |+

+| ZDwf(P[Z(m)7u](T;3_77g))(ul(cm))(ﬂg(’r;f,@))dﬂ—'_

z k 1
+/O ZIDwf(P[z(m),u](T;%y))(ux(cm))(ﬂg(ﬂm,y»—
k=1

=D f (P[] (73 2, D) (™) (rg(rzapldT <
< (82 + cH)Glyo(@)]z — 2| + |y — 7lll[a0(Q") + Qu0(@)]|z — 7| <
< Pilz — 2|+ Qafly — 9.

By the above inequality we obtain (8).
From Assumptions H;—Hs, applying Lemma 1, we get

1T (2, y) — T[] (z,y)|| <
< [[1Dy(0,9(0; 2, y)) — Dyp(0,9(0; 2, ) | +
HDyf(P[Z(m)m](T; 2,y)) — Dy f(P[2) a](r; 2, y))||dr+

+Z e

—Dwf( 20" @] (75 2, 9)) (@) r g iy A7 < Melju — @l oz m)-

Hence, by assumption 2° of Hs, using the Banach fixed point theorem
we conclude that there is exactly one u(™*+D) e C%L[c, Py, Q] satisfying (6).
Now we prove that the function z("+1) given by (7) satisfies by, 1.
Put
A(IE, Y, g) = Z(m+1)(x g) — Z(m ) (I,y)—

Z g™ (2, 9) (G — yi)-

Utilizing Hadamard mean value theorem we obtain
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A(xn, y,4) = ¢(0,9(0;2,7)) — ¢(0,9(0;2,y))—

—> Dy 0(0,9(0: 2, ) Gk — yr)+
k=1

+/ /z)memeM%uxw ou(ri ) ldrs

(m)

//Dwf Q(m)ST))[ ,g(Tw,y)) ZT7g(T;w7y))]dT+

[0 [ Dad@) s sl g, )
0 /0

—u{" (7, g(r; 2, y))|dr—

-/ S D FPE, u D s, )yl o, g s, )~
k=1
—Dg, (P, ul™ D) (7: 2, y)yul™ T (7, (75 2, y) ) br—

- /x Z{Dykf(P[z(m)a u(m+1)]<7§$7y))+

0 k=1
+Dwf(P[z(m)7 u(m+1)](73 xz, y))(ulgm))(T,g(T;m,y))}dT(gk - yk)?

where

QU(s,7) = (r.g(rsa,y) +slg(rie.g) — g2,y 20 oy )+

+8[2((:2(7'§CU717)) o Z((:ilg)(r;:c,y))]’ u(m—|—1) (T7 g(T7 z, y))+

+slul™ (1, g(m32,7)) — u™ D (1, g(7;2,1))]).

It is easily to show that A can be written in the form

4

3
A(xayag> = ZAl(x7yag) + ZA@(CU,y,Q),
=0

1=0

where ~ ~
Ao(z,y,9) = ¢(0,9(0;z,7)) — ¢(0,9(0;z,y))—

=37 Dypl0, 9(05,9) 940 2, 7) — g1 (05, 9)),
k=1

1
A (.9.9) /0 / Dy, Q) (s,7))-
—Dy, f(P[z™, umT](7; 2, y))]dS[gk(T;w,zJ) — gr(T; 2, y)]dr,
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— // wa<m>sr>>

Dy f(P D) (s, ) s 2 Arrie)

2o ~ Pl

x n 1
s(z, 4, 7) :/o Z/o [D,, f(Q™(s,7)) — Dy, f(P[2™, u(m+1)]
k=1

(r 2, g)dslal™ ) (7, g (ri 2,9)) — 0l (7, g (s 2, ),

Ay(z,y,9) = /O Dy f(PE, ul™ D) (752, ) 20 ) — Zatri)
- Z(ul(cm))(r,g(ﬂx,y)) (gk (7'3 xz, Zj) — Gk (7'§ z, y))]dT,
k=1
and
Ao(z,y,5) = > Dy, (0,9(0;2,9))[gr(0; 2, 7) — g1 (052, y) — (T — yr)];
k=1

Arwyg) = | > ADy, (P, w7 2, y)) g (7 2, 9)
k=1

—9x(T52,9) — (Ur — y)] }dT,
Ao(a,y,9) = / " Duf (P D) (72, ) (S (™

Ton(mi2.5) — ge(i2,y) — (e — y)

)(Tvg(T;m,y))'

Az(,y,7) = ; > Dy f(P™  ul™ D) (75 2, )=
k=1

— Dy, f(PL20™ ™)) (75 2, y))ul™ 0 (7, g (3 2, y) )

Similarly as in [3], we can check that

3
> Ai(@,y,9) =0, (z,y), (z,7)€[0, ] xR™.
=0

Hence, we have

A(z,y,7) = ZAZ'(%?J?@)'
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Assumptions H; and H, imply the estimate

where

C* = 85+ cG*{6o(Q")Q2 + [a1(Q") + £1(Q")Q1 +m1(Q") Q2] Q}-
Consequently
Dyz(m+1)(x, y)=ul"H (z,y) for (x,y) €0, | xR™.

It is easily to show that z2(m*+1) € CVL e, o, P, Q).
The proof of Lemma 2 is complete.

7. Uniformly convergence. Put

Lo = [S2+cH + cfo(Q)Qa]m(Q)G + clan (Q) + Q15:(Q")],

Ly = Lo+ (@), 3
No = (S1+cK)m(Q)+ Q1(Q"),
N1 = [2%(Q") + Qi (Q")] exp{cLo}.

Assumption H,. Suppose that ¢ € [0, a] is such small constant that
cLyexp{cLo} <1, ¢{Ng + cL1[Ng + 27v(Q")]exp{cLo} + Go(Q")} < 1.
Lemma 3. If Assumptions Hi—H, are satisfied then the sequences
{201 and {u(™} are uniformly convergent on [0,c] x IR".
Proof. For t € [0,c] and m > 1 we put
Zm(t) = sup{|z"™ (z,y) — 2"V (@, y)| ¢ (z,y) € [0,4] x R"},
U™ (t) = sup{||u™ (z,y) —u™ D(a,y)| : (z,y) € [0,8] x R"}.
According to (6) and Assumptions Hy, Hy, we have on [0, c] x R"
" ) — ™ ()| <
< Dy, p(0, g V(03 2,)) — Dy, p(0, 6™ (052, )|+
+ [ Dy P i) - Dy FPE D ™ ) dr+
0

+/0 \Dwf(P[z(m),u(mJ’l)](T;x,y))(Uz('m))(T,gmH)(T;m,y))_

_Dwf(P[Z(m_l) ) u(m)] (T; z, y))(ugm_l))('r,g(m)(T;x,y)) |dT <

< Lo [y UMD (1)dr + ¢[Lo Z"™) (x) + LiU™) (z)].
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An application of the Gronwall inequality implies
9) U™ () < ¢[Lo 2™ (z) + LU ™ exp{cLo}.

It follows from (7), (9) and Assumptions H;, Hs, that we have for
(z,y) € [0,c] x R"

20D (@, y) — 20 (2, )| < Sillg" (0, y) — g™ (02, y)+
0 {ao(@)lg" V) (752, 9) — g™ (752, 9) |+

+50(QN[Z™ (1) + Qullg" ) (Ty2,y) — g™ (132, ) ]+

+70(Q)U TV (1) + Qullg"™ 1 (52,y) — ¢ (732, y) [T+

+ [Ham@ >[z<m>< )+ U (1) + U0 (7)1

+Qllg" ) (r5 2, y) — (T z, yngJr

+0(Q) U (7 )+Q g™ (752, ) — g™ (152, y) || T <
< ¢[No + Bo(Q') + cLoN ] Z™ (x) + ¢[No + CLlNl]U(m)( ).
Hence, we get

(10) Z Y (2) < ¢[No+Bo(Q") +cLoN1]Z™ () + ¢[No+cLy N1 JU ™ ().

From definitions of 2(*) and u(®) and from Assumptions Hi, Ha we

have Z(M) (2) < ¢[3(Qo) +0(Q")@1], UM (2) < cao(Q') + Bo(Q")Qu].
By Assumption H, and by (9), (10), we conclude that there exists

5 € (0,1) such that
U () + 20 (2)<6[U (z) + 20 (2)], z€[0, ], m > 0.

From this we conclude the assertion of Lemma 3.

8. Proof of Theorem. From Lemma 3 we deduce that two functions
z € ChLc, o, P,Q] and u € C%L[c, Py, Q] exist such that {z(™} converges
to z and {u(™} converges to @ uniformly on [0,c] x R™. Furthermore, we
have that D,z exists on [0,c] x R" and DyZz = @. Thus we obtain

Ha,y) = (0,3(0;,y)) + / (Pl Dy (s, )

(11) n
— "Dy, f(P[z,Dy2)(:2,y)) Dy, 2(7; 2, y))]dr,
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))dr. Now we prove that Z is
1), we get

. Z(x, g(x;0,m)) = ¢(0,m)+
+/ £ (7.5(2:0,1), Z(r.g(w50.m)» DyZ(7, (25 0,1))) -
0

where g(t;z,y) =y + [, Dyf(P[Z, Dy2|(7; 2,y
a solution of (1). By taking y=g(z;0,n) in (1

(12) n
- Z Dqkf(Ta g(':[:? 07 77)7 2(7',5}(:1:;0,7]))5 DyZ(T, 57(26, Oa 77)))

k=1
'Dyki(Ta g(il}', 07 77))]d77

since the function g satisfies the group property g(t'; ¢, g(t; x,y)) = g(t'; x, y)
(see Lemma 1). By differentiation of (12) with respect to x, and by putting
again y = g(x;0,7n), we obtain that z satisfies (1). It follows immediately
that z satisfies (2). The proof of Theorem is complete.

9. Special cases of equation (1). We list below examples of equa-
tions which can be derived from equation (1).

1) Suppose that f:[0,a] xR" xRxR"—R, a:[0,a]xR"xC°(B, R)—R,
B:10,a]xR"xC%(B, R)—IR" are given. Assume that

—by < a(z,y,w) —x <0,
—b < B(x,y,w) —y <b, (z,y,w)€[0,a]xR"xC°(B, R).

We consider the operator f defined by

f@,y,w,q)= f(z,y, wla(z,y, wrz, Bz, y, w)y), q), (z,y,w, q) € Q.

In this case equation (1) reduces to the following differential equation
with a retarded argument

(13) D.Z‘Z(x7 y) = f(xa Y, Z(Q(I, Y, Z(x,y))u /B(l‘, Y, Z(x,y)))y DyZ(I, y))»
Z(I‘,y) = QD(.CL‘,y), (Ivy)eEO'
Note that equation (13) cannot be obtained as a particular case from
the equation considered in [3], because in that paper « can be de-
pended only on the argument .
2) Suppose that f: [0,a]xR"xRxR"—R is given function.
Let f(z,y,w,q) = f(z,y, [z w(t, s)dtds, q). Then equation (1) reduces
to the differential-integral equation

0 b
D,z(z,y) = f(x,y,/ / z(x +t,y + s)dtds, Dyz(z,y)),
—bo J—b

z(v,y) = p(r,y), (7,y) € Ep.
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3) If we take

f(ZC, Yy, w, q) = f(il?, Y, (V(I(x,y)w))(xa y));
where (I(, , w)(t,s) = w(t — z,s — y), then equation (1) reduces to
the differential-functional equation [10]

Dyz(z,y) = f(z,y, (V2)(z,y), Dyz(z,9)).
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