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ON THE THEORY OF FLUID MIXTURES

BY

A. SCALIA

Abstract. In this paper we study the linear thermodynamical theory of inviscid
fluid mixtures. First we establish a reciprocal theorem. Then we show that the reciprocity
relation implies a uniqueness result and variational theorems.

Introduction. The continuum theory of mixtures has been a subject
of intensive study in recent years. For an extensive review of the literature
on mixtures the reader is referred to the reviews by BOWEN [1], ATKIN and
CRAINE [2], BEDFORD and DRUMHELLER [3] and RAJAGOPAL and WINEMAN
[4]. In [5], GURTIN and VARGAS have shown that the classical theory of fluid
mixtures can be formulated within the framework of modern continuum
thermodynamics. The linear theory appropriate to small departures from
a strong equilibrium state was studied in various papers. In [6], GURTIN
and VILLAGGIO have established, within this framework, that the statical
stability criterion of Gibbs is both necessary and sufficient for the dynamical
stability of mixture. A uniqueness result is also derived.

In this paper we consider the linear thermodynamic theory of inviscid
fluid mixture. First, we establish a reciprocal theorem. Then, we show
that the reciprocity relation implies a uniqueness result with no definiteness
assumption on the constitutive coefficients and variational principles.

2. Basic equations. We refer to the motion of the continuum to
a system of rectangular Cartesian axex Oz; (i = 1,2,3). We shall em-
ploy the usual summation and differentiation conventions: Latin subscripts
are understood to range over the integers (1,2,3), summation over repeated
subscripts is implied, and subscripts preceded by a comma denote partial
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differentiation with respect to the corresponding Cartesian coordinate. Let-
ters in boldface stand for tensors of an order p > 0, and if v has the order
p, we write v;;. s (p subscripts) for the components of v in the Cartesian
coordinate system.

In this paper we consider the classical theory of fluid mixture. The
mixture is assumed to contain N + 1 constituents. We use the following
notations: p’ is the density, v = 1/p’ is the specific volume, v’ is the velocity,
p’ is the pressure, q is the heat flux, ¢/, is the concentration of constituent
a, h, is the relative mass flux of constituent «, m, is the mass supplied to
constituent «, u!, is the relative chemical potential of constituent a, 0’ is the
absolute temperature (6’ > 0) and 1’ is the entropy. These fields are defined
for all x in the region of space B occupied by the mixture and for all time ¢.
In what follows the Greek subscripts have the range 1 to N. We write grad
and div for the gradient and divergence with respect to x holding t fixed.
Let

S = 0,0, 1y, g, s tn)-
The linear theory of inviscid fluid mixtures appropriate to small departures

from a strong equilibrium state Sy = (po, 13, ..., %) has been established by
GURTIN and VARGAS [5]. The linearized constitutive equations are

v=Ap+ DO+ A,pa, g =—k0; —lofiai,
(2.1) n = —Dp +Co+ Baﬂou hm = _>\o¢0,i — /\aﬁﬂﬁ,ia

Co = _Aap+ Ba‘g + Cocﬁﬂ[% Mo = —Lapls,
where we have used the notations

p=0 —po, 0=0 =00, pa=p,—pd Ca=c,—Cl,
(2.2) v=20v"—vo, n=n"—mn, vo=v(5), no = 1(So),

A =c¢a(S0), po=1/vp.
We assume that A, D, C, A,, Ba, Cag, k, Loy Aoy Aag, Pag, Do, 0o,
ul, Y. no and po are given constants. We introduce the matrices

A D —A, - —Ay
D C B, --- Bx
A= -4 B Cun - Cinv |,
—Any By Cni1 -+ Cpyn
(2.3)
k/Oy £1/6p --- Un/Oo
A A1 o AN
k=1 " . P = (Pag).

AN ANT 0 ANN
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We note (cf. GURTIN and VARGAS [5] and GURTIN and VILLAGGIO [6] that
the matrix A is symmetric, and the matrices K and P are positive semi—
definite, i.e.

(2.4) A=AT K£>0, P>0.

The relations (2.4) are consequences of the second law of thermodynamics.
The linear theory of fluid mixture is based on the following balance
equations: balance of mass

(2.5) po¥ = divv,

balance of momentum

(2.6) pov = —grad p + pof,
balance of mass for each constituent

(2.7) pota = —divh, +my, (=1,2,...,N),
balance of energy

(2.8) robon = —divq + por.

Here f is the body force, r is the heat supply and a superposed dot denotes
the material derivative with respect to the time.

To the system of field equations (2.1), (2.5)—(2.8) we must adjoin
boundary conditions and initial conditions. We consider the following initial
conditions

v(x,0) = a(x), v(x,0) = b(x), o
Ca(x70) :§a<x)7 U(X70) :C(X>7 x € B,

where a, b, £, and ( are given.
We assume that

(2.9)

(i) f and r are continuous on BxI, where I = [0, 00);
(ii) a,b, &, and ¢ are continuous on B.

3. Reciprocity and uniqueness. Let f and g be scalar fields on
Bx1I that are continuous in time. We denote by f * g the convolution of f
and g

[+ glxt) = / ot — 8)g(x, 5)ds.
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We introduce the function
(3.1) ~yit)=1, tel.

If g is a continuous function on BxI, then we write g for v * g, i.e.

(3.2) §@@=Ag@$%=h*ﬂxw

We define the functions M, M, and W on BxI by
(3.3) M=a, My =&, W=—-(—-7/b), G=v*f+b.
An immediate consequence of the above definitions is the following propo-
sition

Lemma 3.1. The functions v,V,ca, hy, ma,n and q of class C' on
BxI satisfy the equations (2.5)—(2.8) and the initial conditions (2.9) if and

only if

(3.4) pov = divv + poM,

(3.5) pov = —grad p + poG,

(3.6) poca = —divhy + M — poMa,
(3.7) pobon = —divq — poboW,

on BxI.

We consider two systems of loading L*) (v=1,2). Let s) = {p(*) §(*),

ug’), v®) v, cgj) ,n®), hgj), q), m(ay)} be a process corresponding to L),
We define

MW =@, MY = ¢l W) = _¢) — 5 /g,

(38> G(y) =y f(u) + b(l/)7 (l/ — 17 2)
Let
IR (1, s) =
(K 1 v ~ (K v 1L (K
= [ [p00590) + 0 a6 + 0B ) max-
0B 0
= [l )5 5) 4 1) (5) 4 W ()6 (5)+
B

(3.9)

M ) i+ [ ot )3 (s
B

1 _
+/ [961(”) (r)-grad 8 (s) + b (r)-grad ugf)(s)] dx+
B L0

-g/zaQMSNr»éﬁ<@dn
B
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for all r, s € I. Here n is the outward unit normal of 9B and, for convenience,
we have suppressed the argument x.

Theorem 3.1. Assume that

(3.10) A=A".

Then

(3.11) I(”"“')(r, s) = I("”’)(s,r), (v,k =1,2), forall r,s € I.
Proof. Let

T (r,s) = p®) (r)ot) (s) = 80 ()" (s) — i (r)el (s).

[e%

It follows from(2.1) and (3.11) that

TR (r, 8) = ApW) (r)pt) (s) + D[p™) ()0 (s) + p(®) ()8 ()] -
(3.12)  —COM ()0 (s) + Aa[p® (1)l (5) + p) ()l ()] —

—Ba[u (1% (s) + & ()] = Cappl) (G (s).

By (3.10) and (3.12)
(3.13) JUR (r,5) = JE) (s, 7).
On the other hand, in view of (2.1), (2.6), (3.4)—(3.7), we obtain

T (r,5) = p (1) M P (5) + ) (1) MO (5) + 00 (r)W () (5)+
v [0 (5) 4 500 (5) + RS +
Po 0
3.14 1
(3.14) +v ) (r)v B () — £ (1) w8 (5) — p—eq(“)(s)-grad 0w (r)—
ovY0
1

_ 1 .
b (r)-grad u{ (s) + — Pagul” (r) iy (s).
£o Po

If we integrate the relation (3.14) over B, we obtain, with the aid of
the divergence theorem and (3.13), the desired result. "

We introduce the notations

(3.15) UY) =v®n QW =q»n, HY =hm, (v=1,2).
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As in [7], Theorem 3.1 forms the basis of the following reciprocal theorem.

Theorem 3.2. Assume that
(3.16) A=AT, K=K", P=P".

Then

/ s [pu) LU 4 o0 4@ 1 0, Hg)] e
oB to

[ o0 [GE 0l O p® s WD 46 M s ] i =

(3.17) B

:/  * p(2) x UM + lQ(Z) % Q(l) + M&z) . Hél) dx—
OB 90

—/ Po [GZ@) * vgl) + M@ 5 pM) W@ 4 g 4 M(gz) * ,ug)} dx.
B

Proof. If we take in (3.9) » = 7 and s = t — 7 and integrate from 0
to t, we arrive at

t
/ IVR) (7t — 7)dr =
0
_ / NS [pw LU 4 g0 4 ) 4 ) H((f)] dx—
OB fo
(3.18) — / o [Gw £ 0 4 MO 5 p®) L W 5 g 4 a0 4 u&“)} dxt
B

v K 1 v K 1 v K
+/povf )*vl( )dx—/"y* [7k9(i>*02)+—£au;3*9§>+
B B 90 ) ’ 90 ) ’

+)\a9,(iy) * ugfl) + )\ag,ugu} * H((;jz;]dx +/ v * Paﬁ,u((yu) « Mgn)dx-
B

From (2.3), (3.11), (3.16) and (3.18) we obtain the desired result. n

The reciprocity relation (3.17) can be used to obtain representations
of Somigliana type. In the next section we use Theorem 3.1 to obtain varia-
tional theorems.

A consequence of Theorem 3.1 is the following result.

Theorem 3.3. Assume that the matrices A, K and P satisfy the
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relations (3. 16) Let

1 _
;W if,i + <95a + Aa> fie,it i + Aaplia,ifip,i + Paplialis,
0 0

@m).Mn@=LB@vwww+éwm@@+MAMHJ$}m—
[ lE)5) + M) + W (06) + M1 ()

for all r;s € I. Then
jt |:/p0V2dX+//KdXd8:| =

(3.20) t
:/[A(t+s,t—s)—A(t—s,t+s)]ds+/ povs (0)9:(2)dx.
0 B

Proof. By theorem 3.1,

t t
(3.21) / I (t 4+ 5.t — s)ds :/ T (¢ — st + s)ds.
0 0

Now we apply the relation (3.21) to the process
{p,0, tta, v, v, Ca;m, ha, @, M0 }-
It follows from (3.9), (3.15) and (3.19) that

t t
/I<11>(t+s t—s)ds—/ At + s,t — s)ds+

(3.22) //pgvlt+svzt—sdxds+// Pogpia(t + s)ps(t — s)—

—H—k:G i(t+5)0,(t—s)— eoéa,uaz(t—ks)@ i(t—s)—

“Aali(t+ 8)ta,i(t — 8) — Napligi(t + 8)pa.i(t — s)]dx ds.
Similarly,

/ T (¢ + 5,1 — 5) ds—/At—s t+ s)ds+

(3.23) //povltsvlt+sdxds+// Pogpia(t — s)ps(t + s)—

kBt = $)05(t 4 ) — - lafiai(t = Bt + 5)-

“Aali(t — 8)tai(t +8) — Napligi(t — 8)pa.i(t + s)|dx ds.



332 A. SCALIA 8

If we use the relations
/O f(t+s)h(t—s)ds:f(2t)h(0)—f(t)h(t)+/0 h(t—s)f(t+s)ds,

/0B(t—s)f(t—i—s)ds:h(t)f(t)—h(o)f(2t)+/0 h(t—s)f(t+s)ds,
(3.24)

t .

/ F(t48)h(t—s)ds =—h(0) f(20)+ F()h(t)+ /0 F(t+s)h(t—s)ds,

then we obtain

t t
/ 0;(t + s)vi(t — s)ds = —v;0; +/ v;(t — s)vi(t + s)ds,
0 0
t
/ Du(t — 8)Bi(t + s)ds = vids — vs(0)T:(2)+
0

t
+/ vi(t — s)vi(t + s)ds,
0

(3.25) /o [Papitalt +a)iplt =) = ;k@(ws)e,i(t—s)_

1 _
a6+ 5)0,4(t — ) = Aaflalt + 8)pailt —5)-
0
~Xagiig,i(t+ 8)pa,i(t — s)|ds =
t

1 _
— K+ [ [Pashalt + s)palt = 9) = 5-hba(t + 0t~ 5)-
0 0

1
— ol it )0t = 8) = Aal it + o ilt = 5)
0

—Napi,i(t + 8)jia,i(t — s)]ds.

From (3.16), (3.21), (3.22), (3.23) and (3.25) we obtain the desired result.m

Theorem 3.3 can be used to obtain continuous dependence results.
Here we use Theorem 3.3 to obtain a uniqueness result.

We consider for the remainder of the paper the following boundary
conditions (cf. [2])

p=20 onslxI, vn=>0 on SyxI,
0= on S3xI, qn=0 on SyxI,
o =0 on S5xI, hyn= on SgxI,

(3.26)
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where S, (r = 1,2,...,6) are non empty subsets of B so that S; U Sy =
=S3US,=8S5US8s=0B, SoaNSy=2953N81=55N85=0.

By a solution of the mixed boundary value problem we mean a class C
process {p, 0, tia,v,V,Cq, N, ho,q,my} on BxI that satisfies the equations
(2.1), (2.5)—(2.8), the initial conditions (2.9), and the boundary conditions
(3.26).

Theorem 3.4. Assume that
(i) the relations (3.16) hold;
(ii) po is strictly positive;
(iii) the matriz P 1is positive definite, and the matriz K is positive semide-
finite;
(iv) k is strictly positive.

Then the mized boundary value problem has at most one solution.

Proof. Suppose that there are two solutions. Then their difference
{p,0, pras v, V, Caryn, e, 4, My } corresponds to null data. The relation (3.20)
leads to

t
(3.27) /pov2dx+//ded3—0, (0 <t< o).
B 0/B

In view of (ii) and (iii), (3.27) implies that
(3.28) v =0, o =0 on BxI,

Since v vanishes initially, from (2.5) and (3.28) we obtain v =0 on BxI. It
follows from (2.6), (3.26) and (3.28) that p = 0 on BxI. In view of (3.28),
the relation (3.27) reduces to

t
//k@}ﬂﬂdxds:o
0JB

This relation and (iv) yield 6 ; = 0 on Bx /. Then, from (3.26) and (2.1) we
conclude that 8 =0, ¢, =0, q =0, h, =0, my =0 on Bx/I and the proof
is complete. m

We note that we made no definiteness assumption concerning the ma-
trix \A. The uniqueness result established in [6] is based on the assumption
that A is positive definite.
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4. Variational principles. In the first part of this section we es-
tablish a variational theorem of Gurtin type [8]. Then, we use the results
from [9], [10] to derive a minimum principle.

The equations (2.1), (3.4)—(3.7) combine to yield the basic equations
expressed in terms of the functions p, v;, 0 and p,

pO(Ap + DO + Aouua) — Vi = IOOM7
Plovi +p,i = poGi,

4.1 = _

( ) %(ke,ii + fa#a,ii) - p0(09 — Dp+ Ba:ua)) = poW,
)\aé,ii + )\aﬁﬂﬁ,ii - Paﬁﬂﬁ - pO(CaBHa + B.0 — Aap) = pOMom

on BxI. The boundary conditions (3.26) can be written in the form

p=0 on SixI, wvin; =0 on Sox1I,
(4.2) =0 on Eg xI, (kO;+ lopia,i)ni =0 on Syx1,
o =0 on SsxI, (Aab;+ Aapig,i)ni =0 on SexI.

In view of Lemma 3.1, the initial problem has been reduced to the
study of the equations (4.1) with the boundary conditions (4.2).

We introduce the notion of an admissible state U = (p,v;,0, o) by
which we mean an ordered array of functions p,v;, 0, it of class C? on
Bx(0,00) and of class C1:% on BxI (for the definition of the class C*V see
[6], p. 24).

Let D be the set of all admissible states U that satisfy the conditions
(4.2). We introduce the operators @4 (s = 1,2,...,5) and ¥, on D, defined
by

(I)lU = ,00(./4]) + DO + Aaﬂa) — 171‘71‘,
D, U = povi + D,

1
©5U = - (kb.ii + Lafia,ii) = po(CO — Dp + Bapia),
0

\I/aU = )\ae_,ii + )\a,@ﬂﬁ,u - Pa,B,aﬁ - pO(Caﬁ,U,B + Bae - Aap)a

(4.3)

for every U = (p,v;,0, o) € D. If we introduce the notations

LU = (&,U, ®5U, ..., d5U, 01U, ..., U ),
(4.4)
F = (poM, poG1, poGa, poW, poMi, ..., poMn),

then the equations (4.1) can be written in the form

(4.5) LU =F.
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Clearly, the problem consists in the determination of an admissible state U
belonging to D that satisfies (4.5).

Let F be a functional defined on D, and U,V € D. Clearly, U+ AV € D
for every scalar A. We introduce the notation

(4.6) Sy F{U} = %F{U + AV, o

We write 6F{U} = 0 if §y F{U} exists and equals zero for every choice of
VeD.
Let U = (p,v;,0, po) and V = (p', v}, ¢, pir,) be two (N 4 5)—dimensio-

sy Ui
nal vector fields, continuous on BxI. We introduce the notation

(4.7) (UsV) :/[p xp 4+ v kU, + 0+ o x pl)(x, t)dx.
B

We assume for the remainder of the paper that (3.16) holds.
If U,V € D, then Theorem 3.2 implies that

(4.8) (VeLlU) = (U®LV).

We consider the functional H on D defined by
(4.9) H{U} = (U®LU) -2(U ®F).
By (4.6) and (4.8) we obtain
(4.10) SWwH{U} =2((LU — F) = V).

In view of a fundamental lemma established by GURTIN ([11], Sect.64,
Lemma 1) it follows that dH{U} = 0, if and only if U € D satisfies the
equation (4.5).

From (4.2) and (4.3), with the aid of the divergence theorem, we obtain

H(U) z/ {pO[Ap * p+2Dp % 04+2A,p * o, —2Bg i * 60—
B
—C0 % 0—Coplia * 1a]+27 % p i % V;+pov; * Vi—
(4.11) .
—Y * [e—(kﬂ,i+£aua,i) * 0 i4+(Nabi+Aaplig,i) * ta,i—
)

—P.ppp * Ma] }dx—2/ po(M x p+Gj x v;+W x 0+ M, * po )dx.
B
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Thus we have the following result

Theorem 4.1. Assume that the relations (3.16) hold. Let H be the
functional on D defined by (4.1). Then

SH{UY} =0,

at U € D if and only if U is a solution of the problem.

The case of non—zero boundary data can be treated as in [12].
Now we show that Theorem 3.1 implies a minimum principle. We say
that ¢ is bounded at infinity if tlim o(x,t) exists for each x in the domain
— 00

of definition of ¢. Let X be the set of all functions ¢ on BxI with the
following properties:

(i) ¢ is of class C? on Bx(0,00) and of class C*% on Bx1I;
(ii) ¢, ¢, ¢ and ¢ ;; are bounded at infinity.

Following [9], [10], we introduce the set I' of admissible weight functions.
We say that g € ' if g is a function on I with the following properties:

() / / g[k] (t + s)dtds exists for k > 0;
o Jo
) o) = [ Gy, el
0

where gl¥l(t) = 0%g/0t*, and G is continuous and positive on I and has a
finite limit at infinity. An example of weight function is g(t) = (t + a)™",
n>2 a>0,with G(t) = [t" L exp(—at)]/(n — 1)

Let Y be the set of all continuous functions on Bx I that are bounded
at infinity. Let ¢, € Y. We introduce the notation

@2 el = [ [ [t e uex sixads,
o Jo JB
where g is any fixed function of I'. We note that

[307 w]g = [1/}7 90]9

Let A be a linear operator from X into Y. We denote by D4 the
domain of definition of the operator A. We say that the operator A is
g-symmetric if

(4.13) [Ap,lg = [0, A,
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for any ¢,9 € I'. A g-symmetric operator A is called positive if
(4.14) [Ap, ¢lg =0,
for any ¢ € D4. We consider the equation
(4.15) Au = f,
where f € Y. Let I, be the functional on D4 defined by
(4.16) Fo{u} = [Au, u]g —2[u, f]g,
for every u € Dy. Let u,u’ € D,y and define w = u® — u. Clearly, if A is
g—-symmetric, then
F {u’} = Fy{u} + 2[Au — f,w], + [Aw, w],.

An immediate consequence of this relation is the following well-known result

Lemma 4.1. Let A be a g—positive operator, and let F, be the func-
tional on D4 defined by (4.16). Further, let u be a solution of the equation
(4.15). Then

Fy{u} < Fy{u®},

for every u® € Dy.

In what follows we denote by ¢* the Laplace transform with respect
to time of the function . By () and (4.12),

(4.17) [p, ¥, / / Y™ (x, s)dx ds,

for any p, v € X.
Let U = (p,v;, 0, pq) and V = (p', v}, 0, 11,) be two (N + 5)—dimensio-
nal vector fields. We introduce the notation

N
(4.18) U, V], = [p,0']y —I—Z Vi, V) Z Py Hinlg

Let D; be the set of all admissible states U = (p, v, 0, apy) from D
with the property that p, v;, 8, and p,, belong to X. We define the functional
Z on D; by

[ elayde el

20) = [ [ [ gte+ s) ol

0 0 B b

+2Aap(t)/"'oz(s) - QBa,ua(s)e( ) (

(4.19) +p,i(0)vi(s) + vi(t)p,i(s) +
(t

—0109’1‘(75) [£0,i(s) + Lafia,i(s)] = pa,i(t)
—Popiip(s)pa(t) rdx dt ds.

s) +2Dp(t)6(s) +

(s) +2D
(s) = Capha(t)pp(s)] +

)p
)0
Po z() i(s) —
[Aab,i(5) + Xaphp,i(s)] —

OL
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Clearly, we have

/ / G(t) Lol Ap* (1))% + 2Dp* ()" (s) +

+2Aap™(r )Ma = 2Bo0*(r)pg,(r) = C(0"(r))? — Capp,(r)p(r)] +
+27’p (r)v7 (r) + pov (r)vf (r) —

]_ * 1 * *
—r[e—oin(r) + 2 pg, (1)O5(r) + Aapps, (r)ph (1) +
+ Pop i (r) s (r) | dx dr.

Let Dy be the set of all admissible states U € D; that satisfy Z(U) > 0.
We contract the operator £ by replacing its domain of definition D with the
more restricted domain Dy. We denote this contracted operator by L.

Lemma 4.2. Assume that (3.16) holds. Then, the operator L is g—
positive.

Proof. Consider two systems of loading ) (r = 1,2) with null
boundary data. Let U and V be solutions corresponding to ©(!) and (%),
respectively. Then

LU =7V v =r®

where F*) = (pOM(”),poGgy),...,pOM](\;')), (v = 1,2). From (3.17) and
(4.17) we obtain

(4.20) (LU, V], = [U, LV],.
By (4.2) and (4.3) we get
(4.21) U,LU), = Z(U).

The relations (4.20) and (4.21) imply the desired result. n
In view of Leemmas 4.1, 4.2 and (4.21), we obtain

Theorem 4.2. Assume that the relations (3.16) hold. Let M be the
functional on Dy defined by

M{U} = Z(U) - 2[U, Flg,
and let U € Dy be a solution of the equations (4.1). Then
M{U} < M{U*},

for every UY € Dy.
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Theorem 4.3. Assume that the relations (3.16) hold. Let T be the
set of all admissible states U € Dy that satisfy Z(U) < 0, and let N be the
functional on T defined by

N{U} =—-Z(U) - 2[U, Fl,.
Further, let U € T' be a solution of the equations (4.1). Then
N{U} < N{U'},

for every U’ € T.
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