
ANALELE ŞTIINŢIFICE ALE UNIVERSITĂŢII “AL.I.CUZA” IAŞI
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ON A PRODUCT OF D-COMPLETE σ-IDEALS

BY

DANUT RUSU

Abstract. In this paper we give sufficient conditions for the product I1⊗I2 of

D-complete σ-ideals be a complete σ-ideal relating to the family of Borel sets.

The study of the D-complete σ-ideals products is important first of all
because in this way we can build new D-complete σ-ideals. It is also impor-
tant in the study of the products of the topologies density type, topologies
which appear, for example, in the connection between the approximate diffe-
rentiability and the approximately partial derivability. In [7] we have shown
that the product of the τ -complete σ-ideals is a τ -complete σ-ideal. If we
”increase” the τ family and, instead, we take into consideration the classes
of the borelian sets, the things become considerably complicated. Further
on, we will settle sufficient conditions for a product of D-complete σ-ideals
to be complete, related to the family of borelian sets.

Let X be a linear space, A ⊂ X and I,D two families of subsets of X.
We use the following notations: x + I = {x + u; u ∈ I}, λI = {λu; u ∈ I},
x + I = {x + I; I ∈ I}, λI = {λI; I ∈ I}. If (X, τ) is a topological
space, let us denote I∆̇D = {I∆D; I ∈ I, D ∈ D}, Iτ (A) = {x ∈ X;
∀V ∈ Vτ (x), V ∩ A/∈I}. Also we denote by intτ (A) , clτ (A) , F rτ (A), the
interior, closure and boundary of the set A in the topology τ . Let (X, ‖·‖)
be a linear normed space and let I be a σ-ideal of subsets of X. We denote
by U (x, r) the open ball with center x and radius r, τ‖.‖ the norm topology,
DI =

{
D ∈ D;Frτ‖·‖ (D) ∈ I

}
and ΦI (A) = { x ∈ X ;∀ (nk) an increas-

ing sequence of natural numbers there exists a subsequence (mk) such that
lim sup

k
[U (0, 1) \mk (A− x)] ∈ I}.
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Consider the following assertions:
(D)1 : I4̇D is a σ-algebra of subsets of X

(D)2 : ∀A ⊂ X, ∃HA ∈ I4̇D so that A ⊂ HA and ∀P ∈ I4̇D with
A ⊂ P ⇒ HA\P ∈ I

(i1) : (τ‖.‖)I = τ‖.‖

(i2) : Iτ‖.‖ (X) = X

(i3) : x + I = I, λI = I, ∀x ∈ X, ∀λ ∈ R∗
+

(C1) : If x ∈ ΦI (A) , then ∀ (nk) an increasing sequence of natural
numbers there exists a subsequence (mk) and there exists (Ik) ⊂ I so that
lim inf

k
[nk(A− x)\Ik] ⊂ ∩

k
[mk(A− x)].

Definition 1. A σ-ideal I is called D-complete if it satisfies the
conditions (D)1 , (D)2 , (i2) , (i3) and D\ΦI (D) ∈ I,∀ D ∈ D.

Theorem 1. ([6,Theorem 6]) Let (X, ‖.‖) be a separable space and let
I be a σ-ideal of subsets of X which satisfies the conditions (i2) , (i3) . Then
I is τ‖.‖-complete if and only if I satisfies (i1).

Let (X1, ‖.‖1), (X2, ‖·‖2) be two linear normed spaces, τ1 = τ‖·‖1 , τ2 =
= τ‖·‖2 , X = X1 ×X2 and ‖·‖ : X → R∗

+, ‖(x1, x2)‖ = max {‖x1‖1 , ‖x2‖2}.
If A ⊂ X and (x1, x2) ∈ X we denote by Ax1 the set {x2 ∈ X2; (x1, x2) ∈ A}
and by Ax2 the set {x1 ∈ X1; (x1, x2) ∈ A}. Let I1 ⊂ P (X1), I2 ⊂ P (X2)
be the two non-empty families and I1⊗I2 the family of subsets I ⊂ X1×X2

with property {x1 ∈ X1; Ix1 /∈ I2} ∈ I1.

Theorem 2. ([7, Theorem 7]) If X1 and X2 are separable spaces, I1

is a τ1-complete σ-ideal and I2 is a τ2-complete σ-ideal, then I1⊗I2 is a
τ1 ⊗ τ2-complete σ-ideal.

Proposition 1. If I1 and I2 are σ-ideals then I1⊗I2 is a σ-ideal.

Proposition 2. If I1 and I2 satisfy the condition (i2) (respectively
(i3)) then I1⊗I2 satisfies the condition (i2) (respectively (i3)) .

Proof. We suppose that I1 and I2 satisfy the condition (i2) . Let
D be a non empty open subset of X1 × X2. Since Dx1 ∈ τ2,∀x1 ∈ X1,
{x1 ∈X1; Dx1 /∈ I2} = {x1 ∈X1; Dx1 6= ∅} and hence for x1 ∈ {x1 ∈ X1;
Dx1 /∈ I2} there exists x2 ∈X2 and ε > 0 such that U ((x1, x2) , ε) ⊂ D.
Then U (x1, ε) ⊂ {x1 ∈X1; Dx1 /∈ I2} and {x1 ∈X1; Dx1 /∈ I2} /∈ I1. It
result that (τ1 ⊗ τ2) ∩ (I1⊗I2) = {∅} . Hence I1⊗I2 satisfies the condition
(I1⊗I2)τ1⊗τ2

(X) = X. Now we suppose that I1 and I2 satisfy the condi-
tion (i3) . Let E ∈ I1⊗I2, (y1, y2) ∈ X and λ > 0. We have: {x1 ∈ X1;
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((y1, y2) + E)x1
/∈ I2} = {x1 ∈ X1; Ex1−y1 /∈ I2} = y1 + {u1 ∈ X1;

Eu1 /∈ I2} ∈ I1 ⇒ (y1, y2)+E ∈ I1⊗I2 and hence I1⊗I2 ⊂ (y1, y2)+I1⊗I2.
It follows that (y1, y2) + I1⊗I2 ⊂ (y1, y2) + (− (y1, y2) + I1⊗I2) = I1⊗I2.
Since (λE)x1

= λE 1
λ x1

, {x1 ∈X1; (λE)x1
/∈I2} = λ{x1 ∈X1; Ex1 /∈I2}∈I1.

It result that λE ∈ I1⊗I2. Hence λ (I1⊗I2) = I1⊗I2.

Proposition 3. Let I1 be a σ-ideal of subset of X1, I2 be a σ-ideal of
subset of X2 and x1 ∈ X1. Then y ∈ (ΦI1⊗I2 (A))x1 if and only if for every
increasing sequence of natural numbers (mk) there exists a subsequence (m′

k)
and a set D ∈ I1 so that

∀x ∈ U1 (0, 1) \D, U2 (0, 1) \ lim inf
k

m′
k(Ax1+

1
m′

k

x − y) ∈ I2.

Proof. If y ∈ (ΦI1⊗I2 (A))x1 then (x1, y) ∈ ΦI1⊗I2 (A) . Hence for
every increasing sequence of natural numbers (mk) there exists a subse-
quence (m′

k) so that U ((0, 0), 1) \ lim inf
k

(m′
k(A − (x1, y)) ∈ I1 ⊗ I2. It

result that {x ∈ U1 (0, 1) ; U2 (0, 1) \[lim inf
k

(m′
k(A − (x1, y))]x /∈ I2} ∈ I1.

Let D = {x ∈ U1 (0, 1) ; U2 (0, 1) \[lim inf
k

(m′
k(A − (x1, y))]x /∈ I2} and

x ∈ U1 (0, 1) \D. It follows that U2 (0, 1) \[lim inf
k

(m′
k(A − (x1, y))]x ∈ I2.

But
[lim inf

k
(m′

k(A− (x1, y))]x =∪
l
∩

k≥l
(m′

k(A− (x1, y))x =

=∪
l
∩

k≥l
m′

k(Ax1+
1

m′
k

x − y) =lim inf
k

m′
k(Ax1+

1
m′

k

x − y)∈I2.

Hence U2 (0, 1) \ lim inf
k

m′
k(Ax1+

1
m′

k

x − y)∈I2.

Now we suppose that ∀(mk),∃(m′
k), a subsequence of (mk) and ∃D∈I1

so that ∀x ∈ U1 (0, 1) \D, U2 (0, 1) \ lim inf
k

m′
k(Ax1+

1
m′

k

x − y) ∈ I2. Since

U2 (0, 1) \ lim inf
k

m′
k(Ax1+

1
m′

k

x−y) = U2 (0, 1) \[lim inf
k

(m′
k(A−(x1, y))]x, it

results that {x ∈ U1 (0, 1) ; U2 (0, 1) \ [lim inf
k

(m′
k(A− (x1, y))]x /∈ I2} ⊂ D.

Hence U ((0, 0), 1) \ lim inf
k

(m′
k(A− (x1, y)) ∈ I1 ⊗ I2.

Theorem 3. Let D ⊂ P(X1 × X2) and let I ⊂ P (X1 × X2) be a
σ-ideal. If I∆̇ D is a σ-algebra and ∃ (Dn) ⊂ D\I so that ∀D ∈ D\I,∃n
so that Dn\D ∈ I, then ∀A ⊂ X1 ×X2,∃HA ∈ I∆̇ D so that A ⊂ HA and
∀P ∈ I∆̇ D with A ⊂ P it results that HA\P ∈ I.

Proof. Let (Dn) ⊂ D\I so that ∀D ∈ D\I,∃n so that Dn\D ∈ I
and let A ⊂ X1 × X2. If A ∈ I∆̇ D then let HA = A. Now we suppose
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that A /∈ I∆̇ D. Let N0 = {n ∈ N;A ∩Dn ∈ I}, I = ∪
n∈N0

(A ∩Dn) and

HA =
(

∩
n∈N0

CDn

)
∪ I. It results that I ∈ I and HA ∈ I∆̇ D. We suppose

that ∃P ∈ I∆̇ D such that A ⊂ P and HA\P /∈ I. Since HA\P ∈ I∆̇
D,∃D ∈ D and I1, I2 ∈ I so that HA\P = (D\I1) ∪ I2. By HA\P /∈ I,
D /∈ I. It follows that there exists n0 ∈ N such that Dn0\D ∈ I. We have:
D\I1 ⊂ HA\P ⊂ HA\A ⇒ (D\I1) ∩ A = ∅ ⇒ D ∩ A ⊂ I1 ⇒ D ∩ A ∈ I;
Dn0 ∩ A ⊂ (Dn0\D) ∪ (D ∩A) ∈ I1 ⇒ Dn0 ∩ A ∈ I ⇒ n0 ∈ N0 ⇒
Dn0 ∩HA = (Dn0∩ ∩

n∈N0
CDn)∪ (Dn0 ∩ I1) = Dn0 ∩ I1 ∈ I ⇒ Dn0 ∩D ∈ I

therefore Dn0 ∈ I.

Theorem 4. Let X2 be a separable space, I2 be a τ2-complete σ-
ideal and I1 be a D1-complete σ-ideal which satisfies the conditions C1 and
τ1 ⊂ I1∆̇D1. Then A\ΦI1⊗I2 (A) ∈ I1 ⊗ I2,∀A a Fσ subset of X1 ×X2.

Proof. Let (yn) be a sequence of X2 such that clτ2{yn} = X2 and
let A be a closed subset of X1 × X2. Since Ayn

is a closed set in X1 and
τ1 ⊂ I1∆̇D1 it results that Ayn

∈ I1∆̇D1 and Ayn
\ΦI1(Ayn

) ∈ I1,∀n.
Let E =∪

n
(Ayn

\ΦI1(Ayn
)). Hence E ∈ I1. Let x1 /∈ E. The set Ax1 is

a closed subset of X2, therefore Ax1 ∈ I2∆̇D2. If Ax1 ∈ I2, then ΦI2(Ax1) =
= ∅ ⊂ (ΦI1⊗I2 (A))x1 . Now we suppose that Ax1 /∈ I2. Since I2 is τ2-
complete, by Theorem 1, it results that I2 satisfies the condition (i1). Hence
Ax1\ intτ2Ax1 ∈ I2, ΦI2 (Ax1) = ΦI2 (intτ2Ax1) ⊂ ΦI2 (clτ2 (intτ2Ax1)) and
intτ2Ax1 6= ∅. Since clτ2{yn} = X2 there exists {ynk

} ⊂ intτ2Ax1 a subse-
quence of {yn} such that clτ2{ynk

} = clτ2 (intτ2Ax1) . Since {ynk
} ⊂ Ax1

we have that x1 ∈ ∩
k

Aynk
, and by x1 /∈ E, x1 ∈ ∩kΦI1(Aynk

). Let

y ∈ ΦI2 (Ax1) and let (mk) be an increasing sequence of natural num-
bers. By y ∈ ΦI2 (clτ2 (intτ2Ax1)) , there exists (m′

k) a subsequence of (mk)
such that U2 (0, 1) \ lim inf

k
[m′

k(clτ2(intτ2Ax1) − y)] ∈ I2. On the other

hand, by x1 ∈ ΦI1(Ayn1
), there exists (m′′

k) a subsequence of (m′
k) such

that U1 (0, 1) \ lim inf
k

[m′′
k(Ayn1

− x1)] ∈ I1. By the condition (C1) , there

exists (m1
k) a subsequence of (m′′

k) and there exists
(
I1
k

)
⊂ I1 such that

∩
k

[m1
k(Ayn1

− x1)] ⊃ lim inf
k

[m′′
k(Ayn1

− x1)\I1
k ]. We have:

∩
k

[m1
k(Ayn1

− x1)] ⊃lim inf
k

[m′′
k(Ayn1

− x1)]\ ∪
k

I1
k

and hence

U1(0, 1)\ ∩
k

[m1
k(Ayn1

−x1)] ⊂ [U1(0, 1)\ lim inf
k

(m′′
k(Ayn1

−x1))]∪∪kI1
k ∈I1.
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It results that U1 (0, 1) \ ∩
k

[m1
k(Ayn1

− x1)] ∈ I1. Analogous, for every

i ∈ N\{0, 1, 2} there exists (mi
k) a subsequence of (mi−1

k ) so that

U1 (0, 1) \ ∩
k

[mi
k(Ayni

− x1)] ∈ I1.

Let m′′′
k = mk

k,∀k. It results that U1 (0, 1) \ ∩
k

[m′′′
k (Ayni

− x1)] ∈ I1,∀i. Let

D =∪
i

[U1 (0, 1) \ ∩
k

m′′′
k (Ayni

− x1)]. We have D ∈ I1 and U1 (0, 1) \D =

=∩
i,k

m′′′
k (Ayni

− x1). If x ∈ U1 (0, 1) \D, then {yni} ⊂ ∩kAx1+
1

m′′′
k

x. There-

fore clτ2 (intτ2Ax1) = clτ2{ynk
} ⊂ clτ2(∩

k
Ax1+

1
m′′′

k

x) = ∩kAx1+
1

m′′′
k

x. Since

lim inf
k

m′′′
k (Ax1+

1
m′′′

k

x − y) ⊃lim inf
k

m′′′
k (∩

i

Ax1+
1

m′′′
i

x − y) ⊃

⊃lim inf
k

m′′′
k (clτ2 (intτ2Ax1)− y) and

U2 (0, 1) \ lim inf
k

[m′′′
k (clτ2(intτ2Ax1)− y)] ∈ I2

it results that U2 (0, 1) \ lim inf
k

m′′′
k (Ax1+

1
m′′′

k

x − y) ∈ I2. As a conclusion

for every increasing sequence of natural numbers (mk) there exists a subse-
quence (m′′′

k ) and a set D ∈ I1 so that ∀x ∈ U1 (0, 1) \D,

U2 (0, 1) \ lim inf
k

m′′′
k (Ax1+

1
m′′′

k

x − y) ∈ I2.

By Proposition 3, y ∈ (ΦI1⊗I2 (A))x1 . Hence ΦI2(Ax1) ⊂ (ΦI1⊗I2 (A))x1

and (A\ΦI1⊗I2 (A))x1 ⊂ Ax1\ΦI2(Ax1). Since I2 is a τ2-complete σ-ideal,
Ax1\ΦI2(Ax1) ∈ I2 and hence (A\ΦI1⊗I2 (A))x1 ∈ I2. As a conclusion

{x1 ∈ X1; (A\ΦI1⊗I2 (A))x1 /∈ I2} ⊂ E.

It results that

{x1∈X1; (A\ΦI1⊗I2 (A))x1 /∈ I2}∈I1 and A\ΦI1⊗I2 (A)∈I1 ⊗ I2.

Now we consider that the set A is Fσ. Let (An) be a sequence of closed
subsets of X1 × X2 so that A =∪

n
An. We have that A\ΦI1⊗I2(A) =

= (∪
n

An)\ΦI1⊗I2(∪n An)⊂(∪
n

An)\(∪
m

ΦI1⊗I2(Am))⊂ ∪
n

(An\ΦI1⊗I2(An)).

Since An\ΦI1⊗I2 (An) ∈ I1 ⊗ I2,∀n, it results that ∪
n

(An\ΦI1⊗I2 (An)) ∈
∈ I1 ⊗ I2 and hence A\ΦI1⊗I2 (A) ∈ I1 ⊗ I2.
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Theorem 5. Let X2 be a separable space, I2 be a τ2-complete σ-
ideal and I1 be a D1-complete σ-ideal which satisfies the conditions C1 and
τ1 ⊂ I1∆̇D1. Let B the family of Borel sets in X1×X2. If there exists (Bn)
⊂ B\(I1 ⊗ I2) a sequence of Fσ sets so that ∀B ∈ B\(I1 ⊗ I2),∃n so that
Bn ⊂ B and B\Bn ∈ I1 ⊗ I2, then I1 ⊗ I2 is a B-complete σ-ideal.

Proof. By Proposition 1, I1 ⊗ I2 is a σ-ideal and since B is a σ-
algebra it follows that (I1⊗I2)∆̇B is a σ-algebra and hence I1⊗I2 satisfies
the condition (B)1 . By Proposition 2 and Theorem 3 it results that I1 ⊗I2

satisfies the conditions (i2) , (i3) and (B)2 . Since the conditions by Theorem
4 are verified it results that A\ΦI1⊗I2 (A) ∈ I1 ⊗ I2,∀A a Fσ subset of
X1 × X2. If B ∈ B\(I1 ⊗ I2) there exists n ∈ N so that Bn ⊂ B and
B\Bn ∈ I1 ⊗ I2. Since Bn\ΦI1⊗I2 (Bn) ∈ I1 ⊗ I2, B = Bn ∪ (B\Bn) and
ΦI1⊗I2 (Bn) = ΦI1⊗I2 (B) it results that B\ΦI1⊗I2 (B) ∈ I1⊗I2. Therefore
I1 ⊗ I2 satisfies the condition B\ΦI1⊗I2 (B) ∈ I1 ⊗ I2,∀B ∈ B and hence
I1 ⊗ I2 is a B-complete σ-ideal.
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