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ON A PRODUCT OF D-COMPLETE ¢-IDEALS

BY
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Abstract. In this paper we give sufficient conditions for the product Z1®Zs of
D-complete o-ideals be a complete o-ideal relating to the family of Borel sets.

The study of the D-complete o-ideals products is important first of all
because in this way we can build new D-complete o-ideals. It is also impor-
tant in the study of the products of the topologies density type, topologies
which appear, for example, in the connection between the approximate diffe-
rentiability and the approximately partial derivability. In [7] we have shown
that the product of the T-complete o-ideals is a 7-complete o-ideal. If we
"increase” the 7 family and, instead, we take into consideration the classes
of the borelian sets, the things become considerably complicated. Further
on, we will settle sufficient conditions for a product of D-complete o-ideals
to be complete, related to the family of borelian sets.

Let X be a linear space, A C X and Z, D two families of subsets of X.
We use the following notations: x + I = {x +u; uw € I}, A\l = { u; u € I},
x+Z ={x+1; I €I}, \T ={XN; I €I} If (X,7) is a topological
space, let us denote ZAD = {IAD; I € Z, D € D}, Z, (A) = {z € X;
YV eV, (x), VN A¢Z}. Also we denote by int, (A),cl; (A), Fr; (A), the
interior, closure and boundary of the set A in the topology 7. Let (X, ||]|)
be a linear normed space and let Z be a o-ideal of subsets of X. We denote
by U (z,r) the open ball with center z and radius r, 7). the norm topology,
Dr={D¢€ D;Frr,, (D) € Z} and @7 (A) = { € X ;V(ng) an increas-
ing sequence of natural numbers there exists a subsequence (my) such that
limsup [U (0,1) \my (A —x)] € T}.

k
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Consider the following assertions:
(D), : ZAD is a g-algebra of subsets of X

(D), : VA C X, 3H4 € TAD so that A C Ha and VP € TAD with
ACP=Hjs\PeZ

(i) : (my )z = 71
(i2) : Try , (X) = X
(i3):x+IT=Z,\I =1, Vxe X, VAc R}

(C1) : If 2 € &7 (A), then V(ni) an increasing sequence of natural
numbers there exists a subsequence (my) and there exists (Ix) C Z so that
limkinf [ni(A —2)\Ix] C N [mi(A — ).

Definition 1. A o-ideal Z is called D-complete if it satisfies the
conditions (D), , (D), , (i2), (i3) and D\®z (D) € Z,V D € D.

Theorem 1. ([6,Theorem 6]) Let (X, ||.||) be a separable space and let
T be a o-ideal of subsets of X which satisfies the conditions (iz), (i3). Then
T is 7). -complete if and only if T satisfies (i1).

Let (X1, [-ll;); (X2, ]][5) be two linear normed spaces, 71 = 7. , T2 =
=T, X = X1 x Xo and |-+ X — RE, [[(21, 22) || = max {[[z1], , ||z2]l5}-
If AC X and (z1,22) € X we denote by A, the set {xo € Xo; (21,22) € A}
and by A,, the set {z; € X1; (z1,22) € A}. Let 7y C P (X1), Zo C P (X2)
be the two non-empty families and Z7 75 the family of subsets I C X1 x X5
with property {1 € X1; I, ¢ o} € Z;.

Theorem 2. ([7, Theorem 7]) If X; and X2 are separable spaces, I,
1s a T -complete o-ideal and Iy is a To-complete o-ideal, then T1R15 is a
1 ® To-complete o-ideal.

Proposition 1. If 77 and Zs are o-ideals then Ty Q715 is a o-ideal.

Proposition 2. If 7y and I satisfy the condition (iz) (respectively
(i3)) then I1®TIs satisfies the condition (iz) (respectively (is)) .

Proof. We suppose that Z; and Z, satisfy the condition (i3). Let
D be a non empty open subset of X; x X5. Since D,, € m,Vx; € X1,
{1 € X1; Dy, ¢ Io} = {x1 € X1; D,, # 0} and hence for 2, € {21 € Xy;
D,, ¢ I,} there exists zo € X5 and € > 0 such that U ((z1,22),¢) C D.
Then U(ml,a) C {(L’l €X1; Dacl ¢ IQ} and {(L’l GXl; le Qé IQ} §é I:. It
result that (71 ® 72) N (Z1®Zs) = {0} . Hence Z1 R, satisfies the condition
(71®12),, ., (X) = X. Now we suppose that 7; and 7, satisfy the condi-
tion (i3). Let F € 7:®7s, (y1,y2) € X and A > 0. We have: {z; € Xy;
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(y1,92) + ), ¢ o} = {z1 € Xu; By, & Do} = y1 +{w € Xy
E., ¢ 15} €Ty = (y1,y2)+E € T1®Z5 and hence Z1®Zs C (y1,Yy2) +Z1®ZLs.
It follows that (yl,yg) + T1®1y C (yl,yg) + (— (yl,yg) +1—1®Ig) = T1Q15.
Since (AE), = AE1, , {z1€X1; (AE),, ¢12} = Ma1 € Xy; By, ¢12} €15

It result that A\E € 71 ®75. Hence \ (Il®_z'2) =T1Q71,. |

Proposition 3. Let 7, be a o-ideal of subset of X1, Is be a o-ideal of
subset of Xo and x1 € X;1. Then y € (P1,01, (A))z, if and only if for every
increasing sequence of natural numbers (my,) there exists a subsequence (mj,)
and a set D € Iy so that

Ve e Uy (0,1)\D, Uz (0,1) \limkinf my(Ay 41, —y) €T
™

Proof. If y € (®7,87, (A))z, then (x1,y) € 1,07, (A). Hence for
every increasing sequence of natural numbers (my) there exists a subse-
quence (mj,) so that U ((0,0),1)\ limkinf (my(A— (z1,y)) € Th ® Ip. Tt

result that {x € U; (0,1); U3 (0,1) \[limkinf (my(A — (z1,9)]s € Lo} € I.
Let D = {x € U;(0,1); U2 (0, 1)\[limkinf (m (A — (z1,9))]s ¢ Z2} and
x € Uy (0,1)\D. It follows that Us (0,1) \[limkinf (my (A — (21,9))]« € L.
But

liminf (m},(A = (21,9))) =u0, (M, (A — (21,9))z =

=u0 m;C(AIIJFm%z —y) :limkinf m;c(AzH—m%z —y) €.
= k k

Hence U (0,1) \ limkinf m;(AIIJFm%m —y)€ls.
k

Now we suppose that V(my), 3(m},), a subsequence of (my,) and 3D €7,
so that Vo € Uy (0,1)\D, Uz (0,1)\ limkinf my(Ay w2, —y) € Iz Since
Us (0,1)\ limkinf mﬁc(AIﬁ%f—y) = U3 (0,1) \[limkinf (ka(A—(xl, Y))]x, it
results that {z € Uy (0,1); ﬁg (0,1)\ [limkinf (my,(A—(z1,v))]s € Zo} C D.
Hence U ((0,0),1) \ limkinf (M (A— (z1,y)) € T1 @ Is.

Theorem 3. Let D C P(X; x X2) and let T C P(X; x X2) be a
o-ideal. If A D is a o-algebra and 3(D,,) C D\T so that YD € D\Z,3n
so that D,\D € I, then VA C X1 x Xo,3H4 € ZA D so that A C Hy and
VP € TA D with A C P it results that Hy\P € T.

Proof. Let (D,) C D\Z so that VD € D\Z,3n so that D,\D € Z
and let A C X; x Xo. If A € ZA D then let Hy = A. Now we suppose
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that A ¢ ZA D. Let Ny = {ne N;AND, €T}, I = U (AN Dy) and
neNo

Hy= < eﬂN C’Dn> U L. It results that I € Z and Hs € ZA D. We suppose
n€No
that 3P € ZA D such that A ¢ P and H4\P ¢ Z. Since H4\P € ZA
D,3D € D and I1,Is € T so that H4\P = (D\I1) U I,. By Ha\P ¢ T,
D ¢ 7. 1t follows that there exists ng € N such that D, ,\D € Z. We have:
D\I, C HA\\P C Hx\A= (D\L)NA=0=DnNnAcCl, = DnAceI;
D,,NnAC (D,\D)U(DNA) €Ty = D,y,NA €T =ny €Ny =
D, ,NH4 = (Dp,N eﬁN CD,)U(D,,NL)=D, N1 €ZT=D,, NDeZT
n 0

therefore D,,, € 7. "

Theorem 4. Let X5 be a separable space, Io be a To-complete o-
ideal and Iy be a Dy-complete o-ideal which satisfies the conditions C1 and
71 C T1AD;. Then A\Pz, 27, (A) € T1 ® I3,V A a F, subset of X7 x Xo.

Proof. Let (y,) be a sequence of Xy such that cl,,{y,} = X2 and
let A be a closed subset of X; x X,. Since A, is a closed set in X; and
7 C TyAD; it results that A, € ZyAD; and A, \®z,(4,,) € T1,Vn.

Let E =U (A, \®z1,(Ay,)). Hence E € 7;. Let z1 ¢ E. The set A,, is

a closed subset of X, therefore A,, € ToADy. If A,, € Ty, then ®1,(A,,) =
=0 C (P1,07, (A))z,- Now we suppose that A,, ¢ Z,. Since Iy is To-
complete, by Theorem 1, it results that Z, satisfies the condition (i1). Hence
Az, \ intr, Ay, € I, Oz, (Agy) = @z, (int, Az, ) C g, (clyy, (intr, Ay, )) and
intr, Az, # (0. Since cl,{y,} = X2 there exists {y,, } C int,, A, a subse-
quence of {y,} such that cl,,{y,, } = cl, (int;,Az,). Since {yn,} C Az,
we have that z; € r]g Ay, , and by 1 ¢ E, 1 € NgPz (A4, ). Let

y € &7, (A;,) and let (my) be an increasing sequence of natural num-
bers. By y € ®1, (cl,, (int,;, Az, )), there exists (m},) a subsequence of (my)
such that U (0,1)\ limkinf [m}.(clr, (int;,Ay,) — y)] € Z. On the other

hand, by z1 € ®z,(4,, ), there exists (my) a subsequence of (mj) such
that Uy (0,1)\ limkinf [mj(Ay, —z1)] € Z;. By the condition (C1), there

exists (mj) a subsequence of (m}) and there exists (I}) C Z; such that
Q [mi(Ay, —x1)] D limkinf [m{(Ay,, —x1)\I;]. We have:

0 [mb(Ay,, — 21)] Sliminf [m](Ay,, — )]\ U I}

and hence

U0, )\ 1) [mi(Ay,, —z1)] C [U1(0,1)\ lim inf (my(Ay,, —21))|VULI €T
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It results that U; (0,1)\ Q [my(Ay, — x1)] € Z;. Analogous, for every
i € N\{0,1,2} there exists (m}) a subsequence of (m} ') so that

U1 (0, )\ 0 [mi(Ay,, = 21)] € T

Let m}’ = mk¥, Vk. It results that Uy (0,1)\ ﬁ [my(Ay,, —x1)] € Iy, Vi. Let

D =U Uy (0,1)\ ﬂ my' (Ay, —x1)]. We have DeZ; and Uy (0,1)\D =

=N m%’(AMi ) Ifzx e U; (0, 1)\D, then {y,,} C NxA,, ; 1 ,. There-
i, M

fore clry (intryAy,) = cley{yn, } C clTQ(Q Am1+m%;,z) = ﬂkAxﬁ#k”x. Since

hmkmf my (A, 4 - 9) Dhm inf my’ (N Il+m1’_”m —y) D

| Dhmklnf m’”( 72 (mtTQAxl)Z— y) and
Us (0,1)\ limkinf (my! (cly, (intr, Az,) — )] € Lo
it results that Us (0,1)\ hm inf mj’ (A, , 1

xT
m///

—y) € Iy. As a conclusion

for every increasing sequence of natural numbers (my) there exists a subse-
quence (m}’) and a set D € Z; so that Vz € Uy (0,1)\D,

Us (0,1)\ hm inf mj (A, 4 —y) € Io.

1
x
m///

By Proposition 3, y € ((I)I1®Iz (A))ml Hence q)Iz (AII) - (q)11®12 (A))Il
and (A\®z,87, (4))z, C Az, \Pz,(As,). Since Zy is a m-complete o-ideal,
Az \ Pz, (A, ) € Iy and hence (A\Pz, g7, (A))z, € Zo. As a conclusion

{z1 € Xu; (A\P1,01, (A))e, ¢ 12} C E.
It results that
{ml € Xq; (A\¢)11®Iz (A>)3:1 ¢ Ig}EIl and A\CI)Il(X)IQ (A) el ®1Ls.

Now we consider that the set A is F,. Let (A4,) be a sequence of closed
subsets of X7 x X so that A =U A,. We have that A\®z7,57,(4) =

— (U ANBz62, (Y A0S AN B1,62,(An)C U (An\Bz;63,(42))
Slnce A N\P7, 07, (An) € I1 ® Iy, Vn, it results that U (A,\Pz, 01, (An)) €
€ 71 ® Iy and hence A\ Pz, 57, (A) € 71 @ Ls. " n
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Theorem 5. Let Xo be a separable space, o be a To-complete o-
ideal and Iy be a Dy-complete o-ideal which satisfies the conditions Cy and
71 C I1AD;. Let B the family of Borel sets in X1 x Xs. If there exists (By,)
C B\(Z1 ® Z2) a sequence of F, sets so that VB € B\(Z1 ® Z5),3In so that
B, C B and B\B,, € T ® Iy, then 71 ® Iy is a B-complete o-ideal.

Proof. By Proposition 1, 71 ® 7> is a o-ideal and since B is a o-
algebra it follows that (Z; ® Zo) AB is a o-algebra and hence 77 ® Z, satisfies
the condition (B), . By Proposition 2 and Theorem 3 it results that Z; ® T
satisfies the conditions (i2), (i3) and (B), . Since the conditions by Theorem
4 are verified it results that A\®z, ¢z, (A) € 71 ® Z3,VA a F, subset of
X1 x Xo. If B € B\(Z1 ® Z) there exists n € N so that B, C B and
B\B, € T, ® T,. Since B,\®z,0z, (By) € T) ® To, B = B, U (B\B,,) and
O1, 91, (Bn) = P1,07, (B) it results that B\®z, o7, (B) € Z; ® 2. Therefore
71 ® I, satisfies the condition B\®7, g7, (B) € 71 ® Z5,VB € B and hence
T, ® Iy is a B-complete o-ideal. n

REFERENCES

1. BALCERZAK, M. and HEJDUK, J. — Density topologies for products of o-ideals, Real
Analysis Exchange, 20(1), 1994/95, 163-177.

2. GAVALEC, M. — Iterated products of ideals of Borel sets, Colloq. Math. 50 (1985),
39-52.

3. LUKES, J., I\/IOLY7 J., and ZAJICEK, L. — Fine topology Methods in Real Analysis
and Potential Theory, Lect. Notes in Math.1189 (1986).

4. OXTOBY, C. — Measure and Category, Springer-Verlag, 1971.

5. RUSU, D. — Density-type topologies, Analele gtiintifice ale Univ. ”AlI.Cuza” lasi,
41(1995), 269-285.

6. RUSU, D. — Topologies generated by D-complete o-ideals, Analele stiintifice ale Univ.
7 AlLL Cuza” lagi, s.I-a, 44(1998), 477-484.

7. RUSU, D. — Products of r-complete o-ideals, Rev. Roum. Math. Pures et Appl., in

press.
Received: 28.1.1999 ”ALI Cuza” University
Faculty of Mathematics
6600 Iasi

ROMANIA



