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A CONTRIBUTION TO THE STUDY
OF BOL–MOUFANG TYPE ALGEBRAS

BY

J.0. ADENIRAN and J.A. OGUNTUASE

Abstract. It is proved that loops satisfying the RC(LC,C) identities generate

algebras satisfying the same identities. Relationships between RC(LC,C) algebras with

certain Bol–Moufang type identities are also established.

1. Introduction. The class of loops and algebras satisfying the
Bol–Moufang type identities have been studied and extended in various di-
rections. See for example [1], [2], [3], [4], [5] and the references therein.

In this paper we shall study algebras satisftying the following identities

1. (a) (xy · z)z = x(yz · z)
(b) (xy · z)z = x(y · zz)
(c) xy · zz = x(yz · z)

2. (a) x(x · yz) = (x · xy)z
(b) x(x · yz) = (xx · y)z
(c) (x · xy)z = xx · yz

3. (zx · x)y = z(x · xy)

Identities (1) are called the RC–identities and any loop satisfying any
one of them satisfies the others. Identities (2) are called the LC–identites
and any loop satisfying any one of them satifies the others. Identity (3)
is called the C–identity. It is the object of this study to contribute to the
study of Bol–Moufang type algebras by examining the properties of algebras
satisfying the aforementioned identities.
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Throughout this paper, we shall assume that A is an algebra (non–
associative) over a scalar field F with an identity element 1.

The mapping Ra : A −→ A is defined as Ra : x −→ xa. Similarly the
mapping La : A −→ A is defined as La : x −→ ax.

2. Main results.

Theorem 2.1. Let A be an algebra over a field F. Then:

(i) A is an RC–algebra if and only if A satifies one of the following equi-
valent identities:

(xy · z)w + (xy · w)z − x(yz · w)− x(yw · z) = 0

or
(xy · z)w + (xy · w)z − x(y · zw)− x(y · wz) = 0

or
(xy · zw) + (xy · wz)− x(yz · w)− x(yw · z) = 0

(ii) A is an LC–algebra over F (where the characteristic of F 6= 2) if and
only if A satifies one of the following equivalent identities

x(w · yz) + w(x · yz)− (x · wy)z − (w · xy)z = 0

or
x(w · yz) + w(x · yz)− (xw · y)z − (wx · y)z = 0

or
(x · wy)z + (w · xy)z − xw · yz − wx · yz = 0

(iii) A is a C–algebra if and only if A satifies one of the following identity:

(zx · w)y + (zw · x)y − z(x · wy)− z(w · xy) = 0

for all x, y, z, w ∈ A.

Proof. (i) Let A be an RC–algebra, then it follows that A satisfies
(1a, b, c) for all x, y, z ∈ A. Thus A satisfies (1a) if and only if

(xy · z)z − x(yz · z) = 0.
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We linearize (4) by substituting z = z + w and we obtain

(xy · (z + w))(z + w)− x(y(z + w) · (z + w)) = 0.

That is
(xy · z)w + (xy · w)z − x(yw · z)− x(yz · w) = 0.

Hence (4).
Conversely let A be an algebra which satisfies (4), putting w = z in

(4) we obtain

(xy · z)z + (xy · z)z − x(yz · z)− x(yz · z) = 0

which, because CarF 6= 2 implies that

(xy · z)z = x(yz · z) for all x, y, z ∈ A.

The proofs of (1b,c), (2a,b.c) and 3 are similar, hence the details are omitted.

Theorem 2.2. Let A be the loop algebra generated by an RC–loop
over F. Then A is an RC–algebra (respectively LC, C algebra).

Proof. Let A be the loop algebra generated by an RC–loop (L, ·).
Then x, y, z ∈ A can be expressed in the form

x =
n1∑
i=1

αixi, y =
n2∑

j=1

βjyj , z =
n3∑

k=1

γkzk

where xi, yj , zk ∈ L and αi, βj , γk ∈ F. Then

(6)
(xy · z)z =

∑
αiβjγkγl(xiyj · zk)zl

=
∑
k=l

αiβjγ
2
k(xiyj · zk)zk +

∑
k 6=l

αiβjγkγl[(xiyj · zk)zl + (xiyj · zl)zk]

for all xi, yj , zk, zl ∈ L and αi, βj , γk, γl ∈ F.
Similarly, we have

(7)
x(yz · z) =

∑
αiβjγkγlxi(yjzk · zl)

=
∑
k=l

αiβjγ
2
kxi(yjzk · zk) +

∑
k 6=l

αiβjγkγl[xi(yjzk · zl) + xi(yjzl · zk)]
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for all xi, yj , zk, zl ∈ L and αi, βj , γk, γl ∈ F. Hence

(8)

(xy·z)z − x(yz·z) =
∑
k=l

αiβjγ
2
k[(xiyj ·zk)zk − xi(yjzk·zk)]

+
∑
k 6=l

αiβjγkγl[(xiyj ·zk)zl + (xiyj ·zl)zk − xi(yjzk·zl)− xi(yjzl·zk)]

By 1(a)
(xiyj · zk)zk = xi(yjzk · zk)

and by (4), equation (15) becomes

(xiyj · zk) · zl + (xiyj · zl) · zk = xi(yjzk) · zl) + xi(yjzl) · zk).

Thus using (8) we obtain

(xy · z)z = x(yz · z) for all x, y, z ∈ A.

Hence A is an RC–algebra.
The proofs for LC and C are similar and omitted.
In the following theorem we shall assume that A∗ is the loop of units

in A.

Theorem 2.3. In an RC–algebra A the following are true

RyRzRw + RyRwRz −Ryz·w −Ryw·z = 0 ∀y, z, w ∈ A

RyRzR
−1
y = Ryz·y−1 ∀y ∈ A∗, z ∈ A

A is a Bol algebra and y2 ∈ Nµ ∀y ∈ A.

Proof.
(16) Let A be an RC–algebra. From (4) we obtain

xRyRzRw + xRyRwRz − xRyz·w − xRyw·z = 0

which implies that (16) holds for all x, y, z ∈ A.

(17) Let w = y−1 in (16) we obtain

RyRzRy−1 + RyRy−1Rz −Ryz·y−1 −Rz = 0.
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Now Lemma 5[4] implies that

Ry−1 = R−1
y ∀y ∈ A.

Hence

RyRzR
−1
y = Ryz·y−1 ∀y, z ∈ A∗ (A∗ is the loop of units in A)

(18) Let w = y in (4), we obtain

(xy · z)y + (xy · y)z − x(yz · y)− x(yy · z) = 0.

This implies by Lemma 5[4] that

(xy · z)y + xy2 · z − x(yz · y)− x2 · y2z = 0

which is only true if only (18) holds.

Theorem 2.4. In an LC–algebra A the following are true

LyLwLx + LyLx − Lx·wy − Lw·xy = 0 ∀x, y, w ∈ A

LyLxL−1
y = Ly−1·xy ∀x ∈ A, y ∈ A∗

A is a left− Bol algebra and y2 ∈ Nµ ∀y ∈ A.

Proof. Similar to that of Theorem 2.3.

Corollary 2.1. In a C–algebra A, the following are true

1. A is conjugacy closed
2. A is a Moufang algebra.

Proof. Since C–algebra are essentially those algebra that are both
RC and LC, then the proof follows from the proofs of Theorems 2.3 and 2.4.
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