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i
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1. Introduction. Let us consider an n–dimensional manifold Mn on
which a symmetric and nondegenerate Finsler tensor field gij(x, y) of type
(0,2) is defined, we shall call (Mn, gij) a generalized Finsler space, and the
tensor field gij is called a metrical Finsler structure. The generalized Finsler
spaces are studied by many authors.

The purpose of the present paper is to extend directly KIKUCHI’s re-
sults [2] and the fruit is a natural extension of HASHIGUCHI [1]. In §1,
we obtain a sufficient condition that the metrical Finsler connection with a
given deflection and torsion be determined uniquely. In §2, we shall consider
generalized Finsler spaces corresponding to generalized Berwald spaces. The
terminologies and notations in the present paper are referred to MATSUMO-

TO’s book [4].

1. Metrical Finsler connections with deflection and torsion.
A metrical Finsler connection FΓT = (N i

k, Fj
i
k,

◦
C j

i
k) with deflection Di

k

and torsion Tj
i
k on (Mn, gij) is a Finsler connection satisfying the following

axioms:

gij|k = ∂gij/∂xk −Nr
k ∂gij/∂yr − grjFi

r
k − girFj

r
k = 0,(1.1)

gij

∣∣
k = ∂gij/∂yk − grj

◦
C i

r
k − gir

◦
C j

r
k = 0,(1.2)

Tj
i
k = Fj

i
k − Fk

i
j ,(1.3)

Di
k = F0

i
k −N i

k,(1.4)
◦
C j

i
k =

◦
C k

i
j ,(1.5)
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where the subscript 0 means the contraction for yj . Then we can see

(1.6)
◦
C j

i
k =

1
2
gir(∂gkr/∂yj + ∂gjr/∂yk − ∂gjk/∂yr).

From (1.1), (1.3) and (1.4), the metrical Finsler connection FΓT with de-
flection and torsion of gij satisfies the equations

(1.7) Fj
i
k = γj

i
k − Ck

i
`F0

`
j − Cj

i
`F0

`
k + Cjk`F0

`
rg

ri+
Ck

i
`D

`
j + Cj

i
`D

`
k − Cjk`D

`
rg

ri + Aj
i
k,

where Cij` =
1
2
∂gij/∂y`, gjrCir` = Ci

j
`, γj

i
k =

1
2
gir(∂gkr/∂xj+∂gjr/∂xk−

−∂gjk/∂xr), and Aj
i
k =

1
2
(Tj

i
k − T i

jk + Tjk
i).

Contracting (1.7) with yj , we obtain

(1.8) W im
`k F0

`
m = γj

i
kyj + Ck

i
`D

`
0 + C0

i
`D

`
k − C0k`D

`
rg

ri + A0
i
k,

where

(1.9) W im
`k = δi

`δ
m
k + Ck

i
`y

m + C0
i
`δ

m
k − C0k`g

mi.

Therefore, if we assume that n2 × n2 matrix (W im
`k ) with respect to the

system of indices (1,m) and (i, k) is regular, there exists the inverse matrix

(
∗

Wpk
iq ) such that

∗
Wpk

iq W im
`k = δp

` δm
q . On contracting (1.8) with

∗
Wpk

iq , we obtain

(1.10) F0
p
q =

∗
Wpk

iq (γj
i
kyj + Ck

i
`D

`
0 + C0

i
`D

`
k − C0k`D

`
rg

ri + A0
i
k).

Given a deflection tensor and a torsion tensor, by substituting these equa-
tions in (1.7), we get Fj

i
k completely. Then we have

Theorem 1.1. Let gij be a generalized Finsler metric structure with
the matrix (W im

`k ) being regular. Then given a deflection tensor Di
k and

a torsion tensor Tj
i
k, there exists uniquely a metrical Finsler connection

FΓT = (N i
k, Fj

i
k,

◦
C j

i
k with deflection Di

k and torsion Tj
i
k of gij, and

◦
C j

i
k is given by (1.6) and Fj

i
k is given by (1.7), where F0

i
k is defined by

(1.10) and so N i
k is given by (1.4).

In the case of the metrical Finsler connection without deflection, we have
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Theorem 1.2. Let gij be a generalized Finsler metric structure with
the matrix (W im

`k ) being regular. Then given a torsion tensor Tj
i
k, there

exists uniquely a metrical Finsler connection FΓT = (N i
k, Fj

i
k,

◦
C j

i
k) with

torsion Tj
i
k of gij, and

◦
C j

i
k is given by (1.6) and Fj

i
k is given by

(1.11) Fj
i
k = γj

i
k − Ck

i
`F0

`
j − Cj

i
`F0

`
k + Cjk`F0

`
rg

ri + Aj
i
k,

where F0
p
q is defined by

(1.12) F0
p
q =

∗
Wpk

iq (γj
i
kyj + A0

i
k).

Remark. In the case of that gij is derived from a Finsler fundamental

function, the matrix (W im
`k ) is regular. Indeed the inverse matrix

∗
Wpk

iq of

(W im
`k ) is expressed as

∗
Wpk

iq = δp
i δk

q − Cq
p
iy

k. Further if we deal with a
special metrical Finsler structure [6] gij = e2σ(x,y)γij(x), where γij(x) is a
Riemannian metric tensor and σ(x, y) is a function of x and y, the matrix
(W im

`k ) is naturally regular under the assumption 1 + σ0 6= 0 [2].

2. A condition for Fj
i
k to be functions of position only. In

this section, we shall find the condition for Fj
i
k to be functions of position

only. Differentiating (1.7) by y`, we have

(2.1)
∂̇`Fj

i
k = Ck

i
`|j + Cj

i
`|k − Cjk`|

i−
−(Cj

i
s∂̇`Fm

s
k + Ck

i
s∂̇`Fm

s
j − Cjksg

ri∂̇`Fm
s
r)ym+

+Ck
i
m∂̇`D

m
j + Cj

i
m∂̇`D

m
k − Cjkmgri∂̇`D

m
r + Λj

i
k`,

where we put ∂̇` = ∂/∂y`, Cjk`|
i = gihCjk`|h and

(2.2) Λj
i
k` =

1
2
gih(ghm∂̇`Tj

m
k − gjm∂̇`Th

m
k + gkm∂̇`Tj

m
h).

In view of (2.1), we have

Theorem 2.1. We are concerned with a metrical Finsler connection
FΓT with deflection Di

k and torsion Tj
i
k. Then a necessary and sufficient

condition for the connection coefficients Fj
i
k to be functions of position only

is the following equations are satisfied

Tj
i
k = Tj

i
k(x),(2.3)

Cijk|` = −Cijm∂̇kDm
`.(2.4)
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In the case of the metrical Finsler connection without deflection, we have

Theorem 2.2. We are concerned with a metrical Finsler connection
FΓT with torsion Tj

i
k. Then a necessary and sufficient condition for the

connection coefficients Fj
i
k to be functions of position only is (2.3) and

(2.5) Cijk|` = 0

are satisfied.
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