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ON METRICAL FINSLER CONNECTIONS
WITH TORSION 7}, OF GENERALIZED FINSLER SPACES
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1. Introduction. Let us consider an n—dimensional manifold M™ on
which a symmetric and nondegenerate Finsler tensor field g;;(x,y) of type
(0,2) is defined, we shall call (M", g;;) a generalized Finsler space, and the
tensor field g;; is called a metrical Finsler structure. The generalized Finsler
spaces are studied by many authors.

The purpose of the present paper is to extend directly KIKUCHI’s re-
sults [2] and the fruit is a natural extension of HASHIGUCHI [1]. In §1,
we obtain a sufficient condition that the metrical Finsler connection with a
given deflection and torsion be determined uniquely. In §2, we shall consider
generalized Finsler spaces corresponding to generalized Berwald spaces. The
terminologies and notations in the present paper are referred to MATSUMO-
TO’s book [4].

1. Metrical Finsler connections with cgeﬂection and torsion.

A metrical Finsler connection FTI'T = (N, F;'x, C ;'%) with deflection D%y
and torsion 7T’y on (M™, g;;) is a Finsler connection satisfying the following
axioms:
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where the subscript 0 means the contraction for 7. Then we can see

o . 1 . X
(1.6) Cy'x = 59" (Ogkr /Oy’ + 9gjr/0y" — 0gji/OY").

From (1.1), (1.3) and (1.4), the metrical Finsler connection FT'T with de-
flection and torsion of g;; satisfies the equations

(1.7) Fi'y = 9"k — ChloFo'y — O Fo'x + CreFo*rg™ +
. CklZDej + CjzéDek _ CijDZTgm + Ajlkh
1 ¢ . ; 1 1 ir j k
where Cjjp = §8gij/8y s 97" Cire = Ci g, ' = 59 (0gkr /027 +0g;y ) Ox" —
) 1. . ,
—0g,i/02"), and A;"y = §(TJZ,f — T+ Tj1").
Contracting (1.7) with 37, we obtain

(1.8)  WimrFu'y, =7y’ + Cr'eD% + Co'¢ D% — Core D’ g™ + Ao’y
where

(1.9) ng = 55(5]2” + Ck;igym + Coig(szn — Cojgggmi.
Therefore, if we assume that n? x n? matrix (W/") with respect to the
system of indices (1,m) and (i, k) is regular, there exists the inverse matrix

(Wf;) such that Wf’:WZm = dy0;". On contracting (1.8) with Wif, we obtain

(1.10)  FoPq = Wiy (7' 1y + Ci'¢Do + Co'¢D* i — CoreD'rg™ + Ag's).

Given a deflection tensor and a torsion tensor, by substituting these equa-
tions in (1.7), we get F;"; completely. Then we have

Theorem 1.1. Let g;; be a generalized Finsler metric structure with
the matriz (W) being regular. Then gien a deflection tensor D'y and

a torsion tensor T}'y, there exists uniquely a metrical Finsler connection
o

FI'T = (Nik,Fjik,Cjik with deflection D}, and torsion Tjik of gij, and

C ;' is given by (1.6) and F;%y is given by (1.7), where Fu'y, is defined by
(1.10) and so N is given by (1.4).

In the case of the metrical Finsler connection without deflection, we have
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Theorem 1.2. Let g;; be a generalized Finsler metric structure with
the matriz (W) being reqular. Then given a torsion tensor T;'y, there

exists uniquely a metrical Finsler connection FI'T = (N*y, F}'y, C j*x) with

torsion Tj'y of gij, and C ;') is given by (1.6) and F}%y is given by
(1.11) Fi'y =7 — Cv' ooy — C e Fo's + CineFo' g™ + Aj'y,
where FyP, is defined by

(1.12) FoPq = Wi ("0 + Ao'x)-

Remark. In the case of that g;; is derived from a Finsler fundamental

function, the matrix (W/™) is regular. Indeed the inverse matrix I/fo of
. *

(W) is expressed as W/f; = 0Pk — CgPiy*. Further if we deal with a

special metrical Finsler structure [6] g;; = €27(@¥);;(z), where v,;;(7) is a

Riemannian metric tensor and o(z,y) is a function of z and y, the matrix

(W) is naturally regular under the assumption 1+ oo # 0 [2].

2. A condition for F}’; to be functions of position only. In
this section, we shall find the condition for F}*; to be functions of position
only. Differentiating (1.7) by v, we have

CO0uFS = Ol + Gtk — Cirg'—
(2.1) —(le§8gFmsk + Ckz§agFmsj — Cjksg’”faeFmST)mer
+Ckim8€ij + CjimaﬁDmk - CjkmgriaﬂDmr + Ajikb

where we put 9y = 9/9y", Cjwi = githMh and

. 1 . ) ) )
(2.2) ke = igZh(ghmaﬁijk — gimO Tk + GremOeT;™1).
In view of (2.1), we have

Theorem 2.1. We are concerned with a metrical Finsler connection
FTT with deflection D%, and torsion TJ’k Then a necessary and sufficient
condition for the connection coefficients F;'y to be functions of position only
is the following equations are satisfied

(2.3) T = Ty k(x),
(2.4) Cijute = —CijmOk D™
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In the case of the metrical Finsler connection without deflection, we have

Theorem 2.2. We are concerned with a metrical Finsler connection
FT'T with torsion T}'y. Then a necessary and sufficient condition for the
connection coefficients F;'j, to be functions of position only is (2.3) and

are satisfied.
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