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1. Preliminaries. Let Mn be an n-dimensional differentiable manifold
and Fn = (Mn, L) be a Finsler space equipped with a fundamental function
L(x, y)(yi = ẋi) on Mn. For a differential one-form β(x, dx) = bi(x)dxi on
Mn, we shall deal with a change of Finsler metric which is defined by

L(x, y) −→ L̄(x, y) = f
(
L(x, y), β(x, y)

)
,

where f(L, β) is a positively homogeneous function of L and β of degree
one. This is called a β-change of the metric. We have specially interesting
examples of β-change of the metric, for instance,

(1) L̄(x, y) = L(x, y) + β(x, y),

(2) L̄(x, y) = L2(x, y)/β(x, y).

The change (1) is called a Randers change and (2) a Kropina change.
For a β-change L −→ L̄ = f(L, β), if L is a Riemannian metric α(x, dx) =(
aij(x)dxidxj

)1/2, then L̄ = f(L, β) becomes (α, β)-metric. In particular
L̄ = α + β is a Randers metric and L̄ = α2/β a Kropina metric.

In this section we shall use the following notations :

f1(= fL) := ∂f/∂L, f2(= fβ) := ∂f/∂β,

f11(= fLL) := ∂2f/∂L∂L, f12(= fLβ) := ∂2f/∂L∂β,

etcetera.
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Since L̄ = f is a positively homogeneous function of L and β of degree one,
we have

(1.1) f = f1L + f2β, Lf12 + βf22 = 0, Lf11 + βf12 = 0.

For the later use we put

(1.2) p = ff1/L, q = ff2, q0 = ff22.

Paying attention to li = ∂̇iL, from (1.1) we have

(1.3) l̄i = f1li + f2bi.

Differentiating this by yj , we have the angular metric tensor h̄ij = L̄∂̇i∂̇jL̄
on F̄n :

(1.4) h̄ij = phij + q0mimj ,

where the covariant vector mi is defined by

(1.4) 1) mi = bi − βyi/L2.

It is noted that mi is a non-zero vector orthogonal to yi. In fact mi = 0 gives
L2bi− βyi = 0. We differentiate this by yj and get βgij − 2Lljbi + bjyi = 0,
which leads to a contradiction gij − lilj = 0.

Now, from (1.1), (1.3), (1.4) and (1.4) 1) the fundamental tensor ḡij =
∂̇i∂̇j(L̄2/2) of F̄n is given by

(1.5) ḡij = pgij + p0bibj + p−1(biyj + bjyi) + p−2yiyj ,

where we put

(1.5) 1)

p0 = q0 + f2
2,

q−1 = ff12/L, p−1 = q−1 + pf2/f ,

q−2 = f(f11 − f1/L)/L2, p−2 = q−2 + p2/f2.

The reciprocal tensor ḡij of ḡij can be written as

(1.6) ḡij = (1/p)gij − s0b
ibj − s−1(biyj + bjyi)− s−2y

iyj ,
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where we put

(1.6) 1)

bi = gijbj , b2 = gijbibj , ν = b2 − β2/L,

s0 = L̄2q0/τpL2, s−1 = p−1L̄
2/pτL2,

s−2 = p−1(νpL2 − b2L̄2)/τpβL2, τ = L̄2(p + νq0)/L2.

From the homogeneity it follows that these quantities satisfy

(1.7)

q0β + q−1L
2 = 0, q−1β + q−2L

2 = −p,

p0β + p−1L
2 = q, qβ + pL2 = f2,

p−1β + p−2L
2 = 0, s0β + s−1L

2 = q/τ ,

s−1b
2 + s−2β = p−1ν/τ .

As to the torsion tensor C̄ijk = ∂̇k(ḡij/2) of F̄n, from (1.5) and (1.7) we
get

(1.8) C̄ijk = pCijk + p−1(hijmk + hjkmi + hkimj)/2 + p02mimjmk/2,

where we put p02 = ∂p0/∂β. Contracting this by ḡhk, we have

(1.9) C̄ h
i j = C h

i j − V h
i j ,

where we put

(1.9) 1)

V h
i j = Qh(pCimjb

m − p−1mimj)− p−1(hh
imj + hh

jmi)/2p

−(mh/p− νQh)(p02mimj + p−1hij)/2,

Qh = s0b
h + s−1y

h, hh
i = ghrhir, mh = ghrmr.

We denote by the symbol ( | ) the h-covariant differention with respect
to the Cartan connection CΓ and put

(1.10) 2Ejk = bj|k + bk|j , 2Fjk = bj|k − bk|j .
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Now we deal with well-known function Gi(x, y) which are (2)p- homo-
geneous in yi and are written as Gi = γ i

j ky
jyk/2, by putting

γ i
j k = gir(∂kgjr + ∂jgkr − ∂rgjk)/2.

Owing to (1.5) and (1.6), a straightforward calculation leads to

(1.11) Ḡi(x, y) := (γ̄ i
j ky

jyk)/2 = Gi + Di

where the vector Di is given by

(1.11) 1)
Di = (q/p)F i

0 + (pE00 − 2qFr0b
r)(s−1y

i + s0b
i)/2,

F i
j = girFrj ,

and the subscript 0 (excluding s0) means the contraction by yi.
We shall examine how the Cartan connection CΓ changes by a β-change

of the metric. Let CΓ̄ = (F̄ i
j k, N̄

i
j , C̄

i
j k) be the Cartan connection on

the space F̄n = (Mn, L̄). For coefficients N i
j = ∂̇jG

i of the non-linear
connection, we differentiate (1.11) by yi and get

(1.12) N̄ i
j = N i

j + Di
j ,

where the tensor Di
j = ∂̇jD

i is given by

(1.12) 1)

Di
j := (1/p)Ai

j −QiArjb
r − qb0|j(s−1b

i + s−2y
i),

Aij := (1/2)E00Bij + qFij + Fi0Qj − (pCijm + Vijm)Dm,

Ai
j = girArj , Vijm = gsjV

s
i m, Qi = p−1yi + p0bi

Bjk = (p−1hjk + p02mjmk)/2.

Here, for the covariant vector Qi it is noted that

(1.13) Q0 = q, ∂̇kQj = Bjk/2.

Let BΓ̄ = (Ḡ i
j k, N̄

i
j , 0) be the Berwald connection on F̄n. Differentiat-

ing (1.12) by yk, we have connection coefficients Ḡ i
j k = ∂̇kN̄

i
j of BΓ̄ which

are given by

(1.14) Ḡ i
j k := G i

j k + B i
j k, B i

j k = ∂̇kD
i
j ,



5 FINSLERIAN SUBSPACES SUBJECTED TO β-CHANGES 323

where G i
j k are connection coefficients of BΓ on Fn. Therefore from (1.6),

(1.8), (1.9) and (1.12) we obtain connection coefficients F̄ i
j k of the Cartan

connection CΓ̄ on F̄n as follows :

(1.15)
F̄ i

j k := γ̄ i
j k + C̄jkrN̄

r
mḡim − C̄ i

k rN̄
r
j − C̄ i

j rN̄
r
k =

= F i
j k + D i

j k,

where we put

(1.15) 1)

D i
j k = {gis/p−Qibs − ys(s−1b

i + s−2y
i)}

·(Bsjb0|k + Bskb0|j −Bkjb0|s + FsjQk + FskQj

+EkjQs + pCjkrD
r
s + VjkrD

r
s − pCskmDm

j

−VsjmDm
k − pCsjmDm

k − VskmDm
j).

The tensor D i
j k, called the difference tensor, has the following proper-

ties :

(1.16) (1) D i
j 0 = B i

j 0 = Di
j , (2) D i

0 0 = 2Di.

Lemma 1.1 [4]. If the covariant vector, the components bi(x) of which
are coefficients of the one-form β, is parallel with respect to the Cartan con-
nection CΓ on Fn, then the difference tensor D i

j k(= F̄ i
j k−F i

j k) vanishes.

2. Subspaces given by a β- change. Let Mn be an n-dimensional
smooth manifold and Fn = (Mn, L) be an n-dimensional Finsler space
equipped with a fundamental function L(x, y) on Mn. Then the metric
tensor gij(x, y) and Cartan’s C-tenson Cijk(x, y) are given by

gij = (∂2L2/∂yi∂yj)/2, Cijk = (∂gij/∂yk)/2,

and we can introduce in Fn the Cartan connection CΓ = (Fj k
i , Gi

j , Cj k
i ).

An m-dimensional subspace Mm of the underlying smooth manifold
Mn may be parametrically represented by the equation xi = xi(uα)(i =
1, 2, · · · , n), where uα are Gaussian coordinates on Mm and Greek indices
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run from 1 to m. Here, we shall assume that the matrix consisting of the
pojection factors Bα

i = ∂xi/∂uα is of rank m. The following notations are
also employed : Bα

i
β := ∂2xi/∂uα∂uβ , B0̄

i
β := vαBα

i
β, Bi j···

αβ··· := Bi
αBβ

j · · ·.
If the supporting element yi at a point (uα) of Mm is assumed to be tan-
gential to Mm, we may then write yi = Bα

i(u)vα, so that vα is thought
of as the supporting element of Mm at the point (uα). Since the function
L(u, v) := L(x(u), y(u, v)) gives rise to a Finsler metric of Mm, we get an
m-dimensional Finsler space Fm = (Mm, L(u, v)).

At each point (uα) of Fm, the unit normal vectors N i
a(u, v) are defined

by

(2.1) gijBα
iN j

a = 0, gijN
i
aN

j
b = δab (a, b, · · · = m + 1, · · · , n).

If (Bα
i, N

a
i ) is the inverse matrix of (Bα

i, N i
a), we have

(2.2) Bα
iBβ

i = δα
β, Bα

iNa
i = 0, N i

aB
α
i = 0, N i

aN
b
i = δb

a,

and further

(2.3) Bα
iBα

j + N i
aN

a
j = δi

j .

Making use of the inverse matrix (gαβ) of (gαβ), we get Bα
i = gαβgijBβ

j .
By (2.1) and (2.3), we also have δabN

b
i = gijN

j
a .

For the induced Cartan connection ICΓ = (Fβ γ
α , Gα

β , Cβ γ
α ) on Fm,

the second fundamental h-tensor Ha
αβ and the normal curvature vector Ha

α

in a normal direction N i
a are given by

(2.4)
Ha

αβ := Na
i (Bαβ

i + Fj k
i Bαβ

j k) + Mα
a
bH

b
β,

Ha
α := Na

i (B0̄α
i + Gi

jBα
j),

where Mα
a
b := Ci

j
kBα

iNa
j Nk

b and B0̄α
i = Bβα

i vβ .
Contracting Ha

βα by vβ, we immediately get

(2.5) Ha
0̄α := Ha

βαvβ = Ha
α.
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Let’s introduce in F̄n = (Mn, L̄) the Cartan connection CΓ̄ =
(F̄j k

i , Ḡi
j , C̄j k

i ) from a β-change of the metric.
We now consider a Finslerian subspace Fm = (Mm, L(u, v)) of Fn and

another Finslerian subspace F̄m = (Mm, L̄(u, v)) of the F̄n given by the β-
change. Let N i

a be unit normal vectors at each point of Fm, and (Bα
i, N

a
i )

be the inverse matrix of (Bα
i, N i

a). The functions Bα
i(u) may be considered

as components of m linearly independent vectors tangent to Fm and they
are invariant under the β-change. The unit normal vectors N̄ i

a(u, v) of F̄m

are uniquely determined by

(2.6) ḡijBα
iN̄ j

a = 0, ḡijN̄
i
aN̄

j
b = δab.

The fundamental tensor ḡij = (∂2L̄2/∂yi∂yj)/2 of the Finsler space F̄n

given by (1.5), (1.5) 1.
Now contracting (2.1) by vα, we immediately get

(2.7) yiN
i
a = 0.

Further contracting (1.5) by N i
aN

j
b and paying attention to (2.1), (2.6) and

(2.7), we have

(2.8) ḡijN
i
aN

j
b = pδab + p0(biN

i
a)(bjN

j
b ).

Putting a = b, then we obtain

(2.9) ḡij(±N i
a/

√
p + p0(biN i

a)2)(±N j
a/

√
p + p0(biN i

a)2) = 1,

provided p + p0(biN
i
a)

2 > 0.
Therefore we can put

(2.10) N̄ i
a = N i

a/
√

p + p0(biN i
a)2,

where we have chosen the sign “+” in order to fix an orientation. On using
(2.1) and (2.7), the first condition of (2.6) gives us

(2.11) (biN
i
a)(p0bjBα

j + p−1yjBα
j) = 0.

Now, assuming that p0bjBα
j +p−1yjBα

j = 0 and contracting this by vα, we
find p0β + p−1L

2 = 0. By (1.5) 1) this equation lead us to ffβ = 0, where
we have used LfLβ +βfββ = 0 and LfL+βfβ = f owing to the homogeneity
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of f . Thus we have fβ = 0 because of f 6= 0. This fact means L̄ = f(L)
and contradicts the definition of a β-change of metric. Consequently (2.11)
gives us

(2.12) biN
i
a = 0.

Therefore (2.10) is rewritten as

(2.13) N̄ i
a = N i

a/
√

p (p > 0),

and then it is clear N̄ i
a satistifies (2.6). Summarizing the above, we obtain

Theorem 2.1. For a field of linear frame (Bi
1, · · · , Bi

m, N i
m+1, · · · , N i

n)
of Fn, there exists a field of linear frame (Bi

1, · · · , Bi
m, N̄ i

m+1, · · · , N̄ i
n) of

the F̄n given by the β-change such that (2.6) is satisfied along F̄m, and then
we get (2.12).

The quantities B̄α
i are uniquely defined along F̄m by

B̄α
i = ḡαβ ḡijBβ

j ,

where (ḡαβ) is the inverse matrix of (ḡαβ).
Let (B̄α

i, N̄
a
i ) be the inverse matrix of (Bα

i, N̄ i
a), and then we have

(2.14) Bα
iB̄β

i = δα
β, Bα

iN̄a
i = 0, N̄ i

aB̄
α
i = 0, N̄ i

aN̄
b
i = δb

a,

and further

(2.15) Bα
iB̄α

j + N̄ i
aN̄

a
j = δi

j .

We also get δabN̄
b
i = ḡijN̄

j
a , that is,

(2.16) N̄a
i =

√
pNa

i .

Now assuming that the covector field bi(x) is gradient, we have from
(1.11)1)

(2.17) Na
i Di = 0.

Differentiating (2.17) by yj and contracting it by Bj
α, we get

(2.18) Na
i Di

jB
j
α = 0.
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If each geodesic of Fm with respect to the induced metric is also a
geodesic of Fn, then Fm is called totally geodesic. A totally geodesic sub-
space Fm is characterized by each Ha

α = 0. ¿From (2.4) and (2.16) we
have

(2.19) H̄a
α =

√
p(Ha

α + Na
i Di

jB
j
α).

Thus from (2.18) we obtain H̄a
α =

√
pHa

α. Hence we have

Theorem 2.2 Assume that the covector field bi(x) is gradient. Then
the subspace Fm is totally geodesic, if and only if the subspace F̄m is totally
geodesic.

From (2.4), (2.16) and Lemma 1.1, we have H̄a
α =

√
pHa

α. Thus we
obtain

Theorem 2.3 Let bi(x) be parallel with respect to CΓ on Fn. Then the
subspace Fm is totally geodesic, if and only if the subspace F̄m is totally
geodesic.

If each h-path of Fm with respect to the induced connection is also
an h-path of Fn, then Fm is called totally h-autoparallel. A totally h-
autoparallel subspace Fm is characterized by each Ha

αβ = 0. From (2.4),
(2.5), (2.16) and Lemma 1.1, we obtain

Theorem 2.4. Let bi(x) be parallel with respect to CΓ on Fn. Then
a subspace Fm is totally h-autoparallel, if and only if the subspace F̄m is
totally h-autoparallel.
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