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1. Preliminaries. Let M"™ be an n-dimensional differentiable manifold
and F™ = (M™, L) be a Finsler space equipped with a fundamental function
L(z,y)(y* = i*) on M™. For a differential one-form 3(z,dx) = b;(z)dz" on
M™, we shall deal with a change of Finsler metric which is defined by

L(l‘,y) - I’(:an) = f(L(x,y),ﬁ(:B,y)),

where f(L, () is a positively homogeneous function of L and [ of degree
one. This is called a G-change of the metric. We have specially interesting
examples of J-change of the metric, for instance,

(1) L(z,y) = L(z,y) + B(z,y),

(2) L(z,y) = L*(z,y)/ Bz, y)-

The change (1) is called a Randers change and (2) a Kropina change.
For a 3-change L — L = f(L,f3), if L is a Riemannian metric a(z,dr) =
(aij(x)dxidxj)l/Q, then L = f(L,3) becomes (o, 3)-metric. In particular

L = a + 3 is a Randers metric and L = o?/3 a Kropina metric.
In this section we shall use the following notations :

fi(=fr) = 0f/0L, fa(= fp) = 0f /0B,

fi1(= frr) :== 62 f/OLOL, fi2(= frg) :== 0*f/OLOB,

etcetera.
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Since L = f is a positively homogeneous function of L and 3 of degree one,
we have

(1.1) f=hL+fB, Lh2+pBf2=0, Lfu+pBfi2=0.
For the later use we put

(1.2) p=fH/L, a=ffe = ffe
Paying attention to l; = &;L, from (1.1) we have

(1.3) li = fili + fabs.

Differentiating this by 3/, we have the angular metric tensor }_Lij = fﬁ.iaji
on F™ :

(1.4) hij = phij + qomims,
where the covariant vector m; is defined by

It is noted that m; is a non-zero vector orthogonal to y*. In fact m; = 0 gives
L?b; — By; = 0. We differentiate this by v/ and get Bgij — 2L1;b; 4+ bjy; = 0,
which leads to a contradiction g;; — l;l; = 0.

Now, from (1.1), (1.3), (1.4) and (1.4) 1) the fundamental tensor g;; =
9;0;(L*/2) of F™ is given by

(1.5) Gij = Pgij + pobibj + p_1(biy; + bjys) + p—2yiy;,
where we put

po = qo + f22,
(1.5) 1) q-1= ffi2/L, p-1=q-1+pf2/f,

q—2 = f(fu — f1/L)/L?, P2 =q_2+p*/f>

The reciprocal tensor g of gij can be written as

(1.6) 97 = (1/p)g" — sob’ — s_1(b'y? + bly") — s_oy'y,
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where we put

bi = gijbj, b2 = gijbibj, V= b2 - ,32/L,
(1.6) 1) sp = EQQO/TpLZ, s_1= p,1E2/pTL2,

s 9 =p_1(vpLl? — v2L?)/mpBL%, 1= L%*(p+vq)/L?.

From the homogeneity it follows that these quantities satisfy

qoB+q-1L* =0, q-18+ q_2L* = —p,

poB+p_1L? =g, qB +pL? = f2,
(1.7)

p_1B+p_oLl? =0, sof +s_1L% =q/T,

510 + s o8 =p_1v/T.

As to the torsion tensor Cyj, = o (gij/2) of F™, from (1.5) and (1.7) we
get

(1.8)  Cijk, = pCiji + p—1(hijmy + hjgms 4+ hxgm;) /2 4 poamimgmy, /2,
where we put pos = dpo/98. Contracting this by §"*, we have
(1.9) Oi’;:Ci’;_‘/;’;a
where we put
Vil = QM (pCijb™ — p_ymimy) — p_1(h"imj + h'jm;) /2p
(1.9) 1) —(’mh/p - VQh)(p02mimj +p_1hij)/2,
Qh — Sobh 4 $_1yh, hhi — ghThira mh — ghrmr.

We denote by the symbol (|) the h-covariant differention with respect
to the Cartan connection CT' and put

(1.10) 2Ejk = bjjx + by, 2Fjk = bjjk — bj;-
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Now we deal with well-known function G*(z,y) which are (2)p- homo-
geneous in y' and are written as G* = 'yjikyj y* /2, by putting
Vi'e = 9" (Orgjr + 0igkr — Orgji) /2.
Owing to (1.5) and (1.6), a straightforward calculation leads to
(1.11) G(z,y) = (3 'y") /2 = G + D’
where the vector D? is given by

Dl = (q/p)Fio + (pE()() — 2qFrOb’“)(s_1yi + Sobi)/Q,
(1.11) 1)
sz — ngrjv

and the subscript 0 (excluding sp) means the contraction by .
We shall examine how the Cartan connection CT' changes by a 3-change
of the metric. Let CT' = (F}’;,N';,C,";) be the Cartan connection on

the space F" = (M™,L). For coefficients N*; = 9;G" of the non-linear
connection, we differentiate (1.11) by y* and get

(1.12) N'; = N'; + D';,
where the tensor Dij = 3jDi is given by
Dij = (1/p)Aij — QiArjb"“ — qbo|j(s_1bi + 5_9y"),

Ajj = (1/2)EooBij + qFij + FioQj — (pCijm + Vijm)D™,
(1.12) 1)
Ay =g" Ay, Vigm = 09sV; 5, Qi = p-1Yi + pobi

Bji = (p—1hji + poomjmy) /2.

Here, for the covariant vector (); it is noted that

(1.13) Qo=4q,  hQj= Bj/2.
Let BT = ((?ji > N%;,0) be the Berwald connection on F™. Differentiat-

ing (1.12) by y*, we have connection coefficients Gji = 9kNij of BT which
are given by
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where G ji .. are connection coefficients of BT on F". Therefore from (1.6),
(1.8), (1.9) and (1.12) we obtain connection coefficients ;") of the Cartan
connection CT" on F™ as follows :
sz’k — ;Vjik + Cipe N g™ — C\f N7 — Cvjz‘TNrk _
(1.15)

=F'". +D}y,

where we put

D/, {9"/p — Qb — y*(s-1b" + s_2y")}

“(Bsjboji + Bskboj — Brjbojs + FsjQr + FarQ;
(1.15) 1)
+Ek:st +pCjk:TDTs + ijrDTs - pcskmij

_‘/sijmk - pcsijmk - V-sk:mij)

The tensor D ji i called the difference tensor, has the following proper-
ties :

(1.16) (1) D= Bj'g=D'j, (2) Dy o =2D".

Lemma 1.1 [4]. If the covariant vector, the components b;(xz) of which
are coefficients of the one-form [3, is parallel with respect to the Cartan con-
nection CT" on F™, then the difference tensor Djik(: Fjik —Fjik) vanishes.

2. Subspaces given by a (- change. Let M"™ be an n-dimensional
smooth manifold and F" = (M™,L) be an n-dimensional Finsler space
equipped with a fundamental function L(z,y) on M™. Then the metric
tensor g;j(x,y) and Cartan’s C-tenson Cj;i(x,y) are given by

gij = (0*L2/0y'0y?) /2,  Ciji = (Dgi;/0y")/2,

and we can introduce in F" the Cartan connection CT' = (Fj 4 ,G%;,C; & ).

An m-dimensional subspace M™ of the underlying smooth manifold
M™ may be parametrically represented by the equation z* = z*(u®)(i =
1,2,--+,n), where u® are Gaussian coordinates on M™ and Greek indices
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run from 1 to m. Here, we shall assume that the matrix consisting of the
pojection factors B,! = 0x'/0u® is of rank m. The following notations are
also employed : By's := 0%z Z/@uaﬁuﬁ By 5= “By'g, B o = = B! Bg’--
If the supporting element y* at a point (u®) of M™ is assumed to be tan-
gential to M™, we may then write y* = B,!(u)v®, so that v® is thought
of as the supporting element of M™ at the point (u®). Since the function
L(u,v) := L(z(u),y(u,v)) gives rise to a Finsler metric of M, we get an
m-dimensional Finsler space F™ = (M™, L(u,v)).

At each point (u®) of F™, the unit normal vectors N{(u,v) are defined
by

(2.1) i Ba lNJ 0, gijNéNg =0w (a,b,---=m+1,--- n).

If (B, N%) is the inverse matrix of (B!, N!), we have

(2.2) B,'B% =6,°, BiNf=0, NIB% =0, N!N’=4¢,

and further

(2.3) Bo'B% + N.N§ = §';.

Making use of the inverse matrix (¢*°) of (gag), we get B% = g*%g;;Bs’.
By (2.1) and (2.3), we also have §,,N? = g;;Na.

For the induced Cartan connection ICT = (Fj3 *, G5, Cs 5" ) on F™,
the second fundamental h-tensor Hg; and the normal curvature vector Hg
in a normal direction N{ are given by

HSg:= N{(Bag + Fj i Bad"*) + My H},
(2.4)
H® := N“(Bg,! + G';Byj),
where My%, := G/, B/ NN} and B;,! = Bga' v”.
Contracting Hj, by v”, we immediately get

(2.5) HS = Hj " = H.
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Let’s introduce in F™ = (M", L) the Cartan connection CT =
(F’j K ,C_v’;, C_J'j ) from a B-change of the metric.

We now consider a Finslerian subspace F = (M™, L(u,v)) of F™ and
another Finslerian subspace F™ = (M™, L(u,v)) of the F™ given by the -
change. Let N! be unit normal vectors at each point of F™, and (B%;, N&)
be the inverse matrix of (B,¢, N!). The functions B,!(u) may be considered
as components of m linearly independent vectors tangent to F™ and they
are invariant under the (-change. The unit normal vectors N!(u,v) of F™
are uniquely determined by

(2.6) gijBai]\_f({ = 0, QUNOZLNZ = 5ab'

The fundamental tensor g;; = (0°L?/0y'dy’)/2 of the Finsler space F™
given by (1.5), (1.5) 1.
Now contracting (2.1) by v®, we immediately get

(2.7) y; N = 0.

Further contracting (1.5) by NéNg and paying attention to (2.1), (2.6) and
(2.7), we have

(2.8) GiiNiNi = pday + po(biNZ) (b;N7).
Putting a = b, then we obtain
(29)  gi(£NG/\/p+ po(b:iNi)?)(EN] [/ +po(biN)?) = 1,

provided p + po(b;Ni)? > 0.
Therefore we can put

(2.10) N = Ng/\/p+po(biNi)2,

where we have chosen the sign “4” in order to fix an orientation. On using
(2.1) and (2.7), the first condition of (2.6) gives us

(2.11) (biN2)(pob;Bo’ + p-1y;Bo’) = 0.

Now, assuming that pgbjBaj —|—p,1ijaj = 0 and contracting this by v%, we
find pof + p_1L* = 0. By (1.5) 1) this equation lead us to ffz = 0, where
we have used Lfrg+03fgs = 0 and Lfr+3fs = f owing to the homogeneity
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of f. Thus we have f3 = 0 because of f # 0. This fact means L = f(L)
and contradicts the definition of a B-change of metric. Consequently (2.11)
gives us

(2.12) b;N! = 0.
Therefore (2.10) is rewritten as
(2.13) No=No/Vp  (p>0),

and then it is clear N/ satistifies (2.6). Summarizing the above, we obtain

Theorem 2.1. For a field of linear frame (BY,---,Bl,,Ni 1, ,N})

of F™, there exists a field of linear frame (Bt .- ,Bfn,Nf,Hl,--- ,NE) of
the F™ given by the 3-change such that (2.6) is satisfied along F™, and then
we get (2.12). ) B
The quantities B%; are uniquely defined along F™ by
Bai = gaﬁgijB/gj,

where (§*%) is the inverse matrix of (gas)-
Let (B%, N{) be the inverse matrix of (B,!, N¢), and then we have

(2.14) B,'B% = 6,7, Bi/Nf =0, N:BY =0, N:N? = 6°,
and further

(2.15) Bo'B% + N.N§ = ¢6';.

We also get 6abNib = gijN(Z, that is,

(2.16) N = /pN{.

Now assuming that the covector field b;(z) is gradient, we have from
(1.11)1)

(2.17) NED' = 0.
Differentiating (2.17) by 3’ and contracting it by B, we get

(2.18) N{D}B], = 0.
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If each geodesic of F™ with respect to the induced metric is also a
geodesic of F™, then F™ is called totally geodesic. A totally geodesic sub-
space F™ is characterized by each H? = 0. (From (2.4) and (2.16) we
have
(2.19) HY = \/p(H} + N{'D’B},).

07

Thus from (2.18) we obtain HS = /pH¢. Hence we have

Theorem 2.2 Assume that the covector field bj(x) is gradient. Then
the subspace F™ is totally geodesic, if and only if the subspace F™ is totally
geodesic.

From (2.4), (2.16) and Lemma 1.1, we have H? = ,/pH%. Thus we
obtain

Theorem 2.3 Let b;j(x) be parallel with respect to CT' on F™. Then the
subspace F™ is totally geodesic, if and only if the subspace F™ is totally
geodesic.

If each h-path of F" with respect to the induced connection is also
an h-path of F", then F" is called totally h-autoparallel. A totally h-
autoparallel subspace F'™ is characterized by each Hj; = 0. From (2.4),
(2.5), (2.16) and Lemma 1.1, we obtain

Theorem 2.4. Let b;(x) be parallel with respect to CT' on F™. Then
a subspace F™ is totally h-autoparallel, if and only if the subspace F™ 1is
totally h-autoparallel.
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