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1. Introduction. This paper is concerned with the Darboux problem
for hyperbolic differential inclusions of the form

uxy(x, ) € F(x,y,u(z,y)),
(1.1) u(x,())yz A, O),y u((),yy) = X(0,y),

where F' is a multifunction from II x R™ to nonempty subsets of R", II =
L x I, I; = [0,T;],T; > 0,3 = 1,2 and Az,y) = a(z) + 8(y) — a(0)
with « and 8 two continuous functions from I (resp. I2) to R™, satisfying
a(0) = 53(0).

Qualitative properties and structure of the set of solutions of the Dar-
boux problem (1.1) have been studied by many authors ([1], [2], [3], [6], [7],
[10], [11], [13], etc.). In [7] it is shown that the solution set of (1.1) with F'
single valued is an Rs-set, in [3] it is proved that the solution set is a retract
of a convex subset of a Banach space, in [11] a solution of (1.1) continuous
with respect to A is constructed and in [6] the arcwise connectedness of the
solution set to (1.1) is shown.

In the present paper we study the properties of the map that associates
to a given A the set of solutions to (1.1) and the main purpose is to prove
that this solution map depends Lipschitz-continuously on A.

Our proof is based on an idea of TALLOS ([12]), applying the contraction
principle in the space of selections of the multifunction instead of the space
of solutions.
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We note that similar results are obtained in the case of ”classical” dif-
ferential inclusions by KANNAI and TALLOS ([8]) and in the case of mild
solutions of semilinear differential inclusions in Banach spaces by author
(I5))-

The paper is organized as follows: in Section 2 we recall some prelimi-
nary results that we use in the sequel and in Section 3 we prove our main
result.

2. Preliminaries. Let P(R") be the family of all nonempty subsets
of R"™ and let II be the rectangle I; x I, where I} = [0, T3], Io = [0, T3]
Given a € R we denote by L' the Banach space of all (equivalence classes
of) Lebesgue measurable functions o : II — R", endowed with the norm

(2.1) o]y = / /H @) oz, y) | ddy.

We denote by C' the Banach space of all continuous functions u : I — R™
endowed with the norm

lullc = sup |u(z,y)||-
(z,y)ell

By A we mean the linear subspace of C' consisting of all A € C such
that there exist continuous functions o« : Iy — R™, 3 : Is — R, with
a(0) = 5(0), satisfying A(z,y) = a(z) + B(y) — «(0) for every (x,y) € II.
Observe that A, equipped with the norm of C, is a separable Banach space.

In order to study problem (1.1) we introduce the following

Hypothesis 2.1. Let F : II x R™ — P(R") be a set -valued map with
nonempty closed values, satisfying the following assumptions:

i) The set-valued maps (x,y) — F(x,y,u) is measurable for all u € R".

it) There exist k > 0 such that, for almost all (z,y) € II F(x,y,.) is
k-Lipschitz, i.e.

dyg (F(z,y,u), F(z,y,u)) < k|jlu—'|| Vu,u’ € R
where dy is the Hausdorff-Pompeiu generalized metric on P(R™) defined by
di (A, B) = max{d"(A, B),d*(B,A)}, d*(A,B)=sup{d(a,B);a € A}.

iii) d(0, F(x,y,0)) < k for almost all (x,y) € II.
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For o € L(IT), consider the following Darboux problem:

Uy (-TU, ):U(ZC, )7
(2:2) u(i,O)yz Az, 0),y u(0,9) = A0, y).

Definition 2.2. Let A € A. The function v € C given by

ul(e,4) = Ma.y) + /0 ’ /0 " o(emdedy (a,y) €11

is said to be a solution of (2.2)

Obviously, problem (2.2) has a unique solution, which will be denoted
by uMe.

Definition 2.3. Let Hypothesis 2.1 be satisfied and let A € A. A
function u € C is said to be a solution of (1.1) if there exists a function
o € L' such that

o(z,y) € F(z,y,u(z,y)) a.e.(II),

ule,y) = M) + /0 ’ /O Yo(emdedn (n.y) € 1L

We denote by S(A) the solution set of (1.1).
In what follows we define

W:={ueC;3(\o0)€AXx L' such that = u)""}

and
s Mlw = 11 () w = 1A e + o ()]

It is easy to verify that ||.|| is a norm and (W, ||.||w) is a Banach space.

Finally we recall some basic results concerning set valued contractions
that we shall use in the sequel.

Let (Z,d) be a metric space and consider a set valued map 7" on Z with
nonempty closed values in Z. T is said to be a A-contraction if there exists
0 < A <1 such that:

d(T(z), T(y)) < Md(x,y) Va,y€Z
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If Z is complete, then every set valued contraction has a fixed point, i.e.
a point z € Z such that z € T'(z) (see, for instance, [9]).

We denote by Fiz(T) the set of all fixed point of the multifunction 7'
Obviously, Fiz(T) is closed.

Proposition 2.4.([9]) Let Z be a complete metric space and suppose
that 11,15 are A-contractions with closed values in Y. Then

d(Fiz(Ty), Fiz(Ty)) <

" supd(Ti(2), To(2)).
z2€Z

3. The main result. We are ready now to show that the set of solution
of (1.1) depends Lipschitz-continuous on the initial condition.

Theorem 3.1. Let Hypothesis 2.1 be satisfied and let a > Vk.

Then the map A — S(\) is Lipschitz-continuous on A with nonempty
closed values in W.

Proof. Let us consider A € A, o € L' and define the following set valued
maps:

B Malog) = Fap Mo + ' / Y o6 m)dedn), (x.y) €L

(3.2) Ti(0) = {8() € L' é(,y) € Myo(,y) ace. (1)}

We shall prove first that T (o) is nonempty and closed for every o € L*.

The fact that that the set valued map M) ,(.,.) is measurable is well
known. For example the map (z,y) — F(z,y, Az, y) + [5 [ o(& n)dédn)
can be approximated by step functions and we can apply Theorem III. 40 in
[4]. Since the values of F' are closed, with the measurable selection theorem
(e.g. Theorem IIL.6 in [4]) we infer that M) ,(.,.) admits a measurable
selection ¢(.,.). According to Hypothesis 2.1, one has:

lo(z, Yl < d(0, F(x,y,0)) + du (F(z,y,0), F(z,y, \(z,y)+

T Yy z )
+ / / o€, mydedn) < k(1 + |\l + / / o€, ) |dédn).
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Thus, integrating by parts, we obtain:

T1 T2 Tl T2
/ / @) || g, )| ddy < / / @ (1 4 ||\t
0 0 0 0

‘ Y _ﬁ _ ,—aTy _ —aTy
+ [ [ ot mlideandrdy = S50+ INIe)(1 =T — )+

T pTo pTn T2_ k k
s [ [T dnag)otenlagan < S0+ Ie)+ 5ol
o Jo Je Jn a a

therefore, if ¢(.,.) is a measurable selection of M)y ,(.,.) then ¢(.,.) € L
and hence Ty (o) is nonempty.

The set T\ (o) is closed. Indeed, if ¢, € Tx(o) and ||¢,, — ¢|[1 — 0, then
we can pass to a subsequence ¢, such that ¢,, (z,y) — ¢(x,y) for a.e.
(z,y) € IT and we find that ¢ € T)\(0).

The next step of the proof will show that Ty(.) is a contraction on L!.

Let 01,00 € L' be given, ¢1 € Ty(o1) and let € > 0. Consider the
following set valued map:

G(z,y) = My, (z,y) N{z € R"; ||¢1(x,y) — 2| <

< k| /0 ) /0 "(01(6.m) — oa€, m)dedn)|| + ¢}

Since

Ty
d((bl(x?y)aM)\,tm(xay)) < dH(F(x7y7)‘(x7y) +/0 /0 Ul(gaﬁ)dfdﬁ)a

FlapMe) + [ ’ / (€, m)dedn)) < k] / ' / (01(€.m) — o2&, m))dédn)| .

we deduce that G(.,.) has nonempty closed values.
Moreover, according to Proposition III1.4 in [4], G(.,.) is measurable.
Let ¢2(.,.) be a measurable selection of G(.,.). It follows that ¢o €
T)\(O'Q) and

Ty To
1 — dolln = /0 /0 @6y (2,5) — o(e, ) ||dedy <

T rT» z oy
—a(z+y) B
= /0 /o € k(/o /0 llo1(&,m) — o2(&,n)||dEdn)drdy+
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T [ To
+6/ / e~ ) dpdy =
o Jo

Tl T2 Tl T2
=k ~a(@+Y) g B e
/0 /0 (/5 /n e wdy)||or(€,m) — o2&, m)||dEdn+

T T>
+e / / e~ =) dady.
0 0

Since € is arbitrary, we deduce that

k
d(¢1,Ta(02)) < ;!\01 — oal|1.

Replacing o1(.,.) by o2(.,.), we obtain

k
di(Tx(o1), Th(02)) < gHUl — oal|1.

Hence T)(.) is a contraction on L*.
Consequently, T)(.) admits a fixed point o € L. We define

u(z,y) ZA(x,y)Jr/Ox/Oya(&n)d&dn (z,y) eI

and we have that u(.,.) € S(\) is solution to (1.1). Since Fix(T)(.)) is
closed, we also get that S(\) is a closed set of W.
We prove next the following inequality:

k
(3.3) dH(T,\l(U),T)Q(J)) < ?H)\l — )\QHC Vo € Ll,/\l,)\g eC
Let us consider the set valued map

Gi(x,y) = My, o(z,y) N{z € R"; [|¢(x,y) — 2[| < K[|\ = Aallc + e},

where ¢(.) is a measurable selection of M), ,(.) and € > 0.

With the same arguments used for the set valued map G(.,.), we deduce
that G1(.,.) is measurable with nonempty closed values. Let 1(.,.) be a
measurable selection of Gy (., .).

Since € is arbitrary, we deduce that

k
d(¢, Txy(0)) < gl!)\l — Azlle-
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Replacing A2(.) by A1(.) we obtain (3.3).
From (3.3) and Proposition 2.4 we obtain:

dH(Fi$<T)\1), Fi.%'(T)\Q)) S

AL — Aalle.
oA Aelle

Let A\, A2 € A and u € S(A1). In particular there exists o1 € Fiz(T),)
and thus, for every € > 0 there exists o3(.,.) € Fiz(T),) such that

k

3.4 — <
(3.4) o1 02\|1_a2_k

[[Ad1 = Xallc + e

Put w(z,y) = Aa(z,y) + [ [§ o2(&, m)dédn; then w(.,.) € S(A2) and
[lu = wllw =[]\ = Aefle + [lor = o2fli <

k

AL — A
A1 = Xelle + 5 —

H)‘l —)\2Hc+6:

a2

= _kH)\l — Xallo + e

We infer that

a2

a? — k

d(u,S()\g)) S H)\l—)\ch—i-e

for every € > 0, which means

a2

(35) A, S0)) < |1 = Aelle

and by interchanging \; with Ao, if we denote L := —ng 7 > 0 we obtain
d(S(M1), S(A2)) < Ll — Aol

and the proof is complete.



236 A. CERNEA 8
REFERENCES
1. DE Brasi, F.S. and MYJAK, J. — On the set of solutions of a differential inclusion,

Bull. Inst. Math. Acad. Sinica 14(1986), 271-275.

2. DE Brasi, F.F. and MYJAK, J. - On the structure of the set of solutions of the
Darboux problem of hyperbolic equations, Proc. Edinburgh Math. Soc. 29(1986), 7-
14.

3. DE Brasi, F.S., PIANIGIANI, G. and STAICU, V. - On the solution sets of some
nonconvex hyperbolic differential inclusions, Czechoslovak Math. J. 45(1995), 107-
116.

4. CASTAING, C. and VALADIER, M. - Convex Analysis and Measurable Multifunctions,
LNM 580, Springer, Berlin, 1977.

5. CERNEA, A. - Some qualitative properties of the solution set of infinite horizon oper-
ational differential inclusions, Revue Roum. Math. Pures Appl., 43 (1998), 317-328.

6. CERNEA, A. - On the set of solutions of some nonconvexr nonclosed hyperbolic dif-
ferential inclusions, Czechoslovak Math. J., to appear.

7. GORrRNIEWICZ, L. and PruUSzKO, T. - On the set of solutions of the Darbouzx prob-
lem for some hyperbolic equations, Bull. Acad. Polon. Sci. Math. Astronom. Phys.
38(1980), 279-285.

8. KANNAIL, Z. and TALLOS, P. - Stability of solution sets of differential inclusions,
Acta Sci. Math., 63(1995), 197-207.

9. Liv, T.C. - On fized point stability for set valued contractive mappings with applica-
tions to generalized differential equations, J. Math. Anal. Appl., 110(1985), 436-441.

10. MARANO, S. - Generalized solutions of partial differential inclusions depending on a
parameter, Rend. Acad. Naz. Sci. Mem. Mat. 107(1989), 281-295.

11. Staicu, V. - On a non-convex hyperbolic differential inclusion, Proc. Edinburgh
Math. Soc. 35(1992), 375-382.

12. TaLros, P. - A Filippov-Gronwall type inequality in infinite dimensional space, Pure
Math. Appl., 5(1994), 355-362.

13. TEODORU, G. - A characterization of the solutions of the Darbouzx problem for the
equation ugy € F(x,y,u), An. Stiint. Univ. ”Al. 1. Cuza” Iasi Mat. 33(1987), 33-38.

Received: 26.1V.2001 Faculty of Mathematics,

Revised: 12.11.2002 University of Bucharest

Academiei 14, 70109 Bucharest
ROMANIA



