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1. Introduction. The almost hyperproduct (ahp)-structures on a
manifold were considered, together with other important structures, by
LIBERMAN [6]. New properties of these structures were established by
WALKER [9, 10]. LEGRAND [5], Hsu [4], VIDAL and VIDAL CosTA [§]
and others, in the more general setting of the r-m-structures on manifolds.

In this paper, we give a new definition for an ahp-structure and we
establish its equivalence with other geometric structures. We study then
the compatibility of the ahp-structures with metrics and linear connections,
their integrability and we determine two canonical connections compatible
with a metric ahp-structure. Finally, we give as example, a metric ahp-
structure on the tangent bundle, obtained by lifting a metric almost product
structure off the base manifold.

2. Hyperproduct structures on a vector space.

Definition 2.1. A hyperproduct (hp)-structure on a real vector space
V' is a triple (F,G, H) of automorphisms of V' which satisfy the following
conditions:

1) F?=G*=H*>=FoGoH=1

2) I,F,G, H are linear independent.
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It results from here
3) FoG=GoF=H, GoH=HoG=F, HoF=FoH=G.

I+ F I-F
Considering the projectors F} = +T, F, = —5

4) FooGy=Gyol,, GooHy=HyoGy, HyoFy=F,0oH,, a,b=1,2

, etc., we obtain

and

5) FloGy=GioHy=HioF, F1oGy=Gy0Hy= Hyo Fy,
F20G1:G10H2:H20F2, FQOG2:G20H1:H10F2.

From these relations and (F} + F) o (G1 + G2) = I, it follows
FioGi+Fio0Gy+FhoGi+FroGy=1

and setting

6) PP =Fi0G1, Po=F 0Gy, P3=F,0G, Py=F;0Gy,
one obtains

4
7)Y Po=1I, P2=Py, PaoPy=0, a#p=1234
a=1

Therefore, P, are independent and supplementary projectors on V. Setting
then

8) Wo=PFo(V), a=1,2,3,4,
it results that W, are independent and supplementary subspaces of V, i.e.

9) V=WeWydW;d Wy

Denoting with (F,F~), G*,G™), (H*,H ™) the eigensubspaces of
F,G, H corresponding to +1 and —1, it follows
10) Wi =FtNGt=Gt*NHY=H"NFT,
Wo=FtNG =G NH =H NF*
Ws=F NGT=GtNnH- =H NF~,
Wy=F NG =G NnHY=HTNF".

From here it results
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11) Fr=W1 oWy, F-=W3& Wy, G =W; & Ws,
G =Wod Wy, HF =W Wy, H- =Wy & Ws.

Setting n, = dim W,,, we obtain ni + no = dim F*, ng + ng = dim F—,
etc., and n; + ng + ng + ng = dimV. If F,G, H are paracomplex (pc)-
structures, i.e. trf = trG = trH = 0, then n1 = ny = ng = ng =
n and dim V' = 4n. We remark that if two of the structures F,G, H are
paracomplex, the rested is not necessary paracomplex.

Let Qo = I — P, be the supplementary projector of P, and ¢, =
2P, — I, a = 1,2,3,4, be the associated product structures. Denoting
Weo = Z We, we obtain for the eigensubspaces of ¢,

B

12) of =Wa, ¢y = Wa, a=1,2,3,4.
We have also the relations
13) ¢2 =1, ¢pa©dp=dpoda, a#3=1,2,3,4, p1opgopdzops=—I,
14) F = —¢10¢3 = ¢p30¢4, G = —¢1003 = ¢20¢4, H = —d10¢4 = ¢30¢3.
We remark the useful relations

15) 4P, =T+ F+G+H, AP,=I+F — G — H,
APy =] -F+G-H, 4P,=I—-F -G+ H

and
16) F=P+P,—P3— Py, G=P—P,+P;— Py, G=P,—P,— P3+Py.

Considering on F'™ and F~ the product structures ¢ and v given by
ot =Wy, o= = Wa, T = W3, v~ = Wy, we obtain for G and H

17 G=poFi+vYoFy,, H=poF| —1oF,.

From the previous considerations it follows that to an hp-structure on V'
we can associate the following systems of subspaces {W,}, {Wopg = W, @
Wst, {Wa}, @ # 8 = 1,2,3,4. We can associate also some equivalent
structures: {Pn}, {¢a}, @ =1,2,3,4, {F,p, 1}, which must satisfy certain
conditions resulting from 1) and 2).
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In a canonical basis for the hp-structure (F,G, H), that is formed by
vectors situated in Wy, a = 1,2, 3,4, we obtain for F,G, H the matrices

with the diagonal blocs formed by the (4)-unitary matrices of dimensions
Na, @ = 1,2,3,4. It follows from here that the group of automorphisms
for the hp-structure (F, G, H) is isomorphic with GL(n1,IR) x GL(n2,R) x
GL(n3,IR) x GL(n4,R).

For a metric h on V, i.e. a symmetric and nondegenerate (0, 2)-tensor,
we consider the metrics

19) gt =ho(IXxI+FXxF+GxG+HxH), go=gi0(FxI),
g3:glo(GxI), g4:glo(H><I).

It follows
20) gao (FXF)=ga0(GXxG)=gao(HxH)=ga, a=1,2,3,4.

Let M = {g1,92,93,94} be the set of previous metrics and
G = {I,F,G, H} the subgroup of GL(V) determined by the hp-structure
(F,G, H). Setting

T(g,(u,v)) =go(uxwv), Vg€ M, u,ve€g,

one obtains a right action of the group G x G on M. The elements of M are
invariant to the restriction of the action T" of G x G to its diagonal subgroup.

Definition 2.2. We call the structure (F, G, H, g1) a metric hyperprod-
uct (mhp)-structure on V' and gs, g3, g4 the associated metrics.

If A is an Euclidean metric, then g1 is also Euclidean and g9, g3, g4 are
pseudo—Euclidean. If F, G, H are pc-structures and h is Euclidean metric,
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then the structures (F,¢1), (G,g1), (H,g1) are Euclidean mpc-structures.
Setting 3 = g1/Wa, a = 1,2,3,4, we obtain a metric on each of the sub-

spaces W,. All g are Euclidean when ¢ is Euclidean. The pairs (F*,F),
(G*,G7), (H",H™) are then formed by orthogonal subspaces of V', with
respect to all g, and W, are also orthogonal subspaces for all g,. If g1 is
an Fuclidean metric on V, then in an orthogonal basis on V, formed by
vectors situated in W, we obtain

I I

21) g1 = 7 , G2 = 7 ,

Hence, for an Euclidean mhp-structure (F,G, H,g1), the automorphism
group is isomorphic with O(n1,IR) x O(ng,R) x O(ns3,IR) x O(n4,R).

Almost hyperproduct structures on a manifold. Let M be a
paracompact C*°-manifold, F(M) the ring of real functions, D} (M) the
F (M) module of (r,s) tensor fields, D(M) the F(M)-tensor algebra and
Der(M) the F(M)-module of derivations for D(M).

Definition 3.1. An almost hyperproduct (ahp)-structure on M is a
triple (F,G, H) of (1,1) tensor fields, which satisfies the conditions 1) and
2) for each x € M.

All the considerations from the previous section may be extended to the
tangent bundle TM. For an ahp-structure (F,G, H) on M, we denote by
F* G*, H* the eigendistributions (or subbundles of T'M), corresponding
to +1 and by F,, G4, Hy, a = 1,2, the projectors of F,G,H on F* G*,
H* respectively. We consider also the projectors P,, a = 1,2,3,4, given
by 6), the supplementary projectors @, = I — P, and the distributions
(subbundles of T'M)

22) Wy = Pa(TM), Wag = W, ® Wg, Wa = Zﬁ;ﬁawﬁv a # [0 =
1,2,3,4.
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These distributions are related to the eigendistibutions of F, G, H by the
relations 10) and 11) and they will be called the distributions of the ahp-
structure (F,G, H). We denote by D!'(M,W,) the F(M)-module of the
sections of the subbundle W,,.

If V° is a connection on M, then each connection V on M may be
written in the form

23) V=V°+r,
where 7 is an (1,2) tensor field on M. That is, for X € D'(M) we have
Vx =V% + 7x,

where Vx and V& are derivations in D(M) and 7x is the (1,1) tensor field
given by 7x(Y) = 7(X,Y), or 7x is a derivation in D(M) with 7x(f) =0
for each f € F(M). From here it follows the useful result.

Proposition 3.1. The set C(M) of the connections on M is an F(N)-
affine module (space) [1] associated to F(M)-linear module D(M).

Let F be an almost product (ap)-structure on M. Setting

1
§(TX+FOT)(OF),

VX € DY(M), it follows ¥ (V) € C(M), xr(T) € Di(M) and
25) V% = Yr, X5 = xr, Yr(V+7)=9r(V) + xr(7).

Hence, ¢ is the F(M )-affine projector on C(M ), associated to F (M )-linear
projector xr on Di(M).

24) Yp(V)x = %(VX +FoVxoF), xp(r) =

Definition 3.2. A connection V on M is called compatible with the
ap-structure F' (or is an F-connection) if it satisfies

26) VF = 0.

It is easy to see that VF = 0 if and only if V preserves by parallelism
the eigendistributions F* and F~ of F. From the expression of ¢p(V) it
results

27) Yr(V)x(F) =0, VX € D'(M),
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i.e. the image of any connection V by the projector ¢z is an F-connection.
Conversely, if VxF = 0 it follows Vx o F — FoVx =0 and so, ¥p(V)x =
Vx, VX € D}(M) i.e. V € Imtpp. Thus, we have

Theorem 3.1. The set Cp(M) of the connections compatible with the
ap-structure F is the affine submodule of C(M), which is the image of the
affine projector g

Considering on C(M) the conjugation with respect to F i.e. the F(M)-
automorphism Cg : C(M) — C(M) given by

29) Cp(V)x = FoVyoF, VX € DY(M),

we obtain
30) wr(V) = 5(V +Cr(V),

i.e. Cp is the affine symmetry of the affine module C(M) with respect to
affine submodule Cr (M), made parallely with the linear submodule Ker x .
Hence, ¥ r(V) is the mean connection of V and its conjugate with respect
to F. ¢p(V) will be called the F'-connection associated to V with respect
to ap-structure F'.

Let V° be a fixed connection on M. Since Cp(M) = Imp, then for
each connection V € Cp(M) there exists V' € C(M) so that V = ¢p(V’).
But from 23), there exists 7 € Di(M) so that V' = V° + 7 and therefore,
V =9¢p(V° + 7). Then from 25) it follows

Theorem 3.2. The set Cp(M) of the connections V compatible with
the ap-structure F' is given by

31) V =9r(V°) + xr(7),

where V° is a fized connection on M and T is an arbitrary (1,2)-tensor field
on M.

Hence Cp(M) is the affine submodule of C(M) which passes through the
F-connection 9 r(V°) and has as direction the linear submodule Im xr of

Definition 3.3. A connection V is called compatible with the ahp-
structure (F, G, H) (or is an (F, G, H)-connection) if it satisfies
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32) VE =0, VG =0, VH = 0.

It is clear that if we have, for example, VF = 0, VG = 0, then we have
also

33) VH =0, VF, =0, VG, =0, VH, =0, a=1,2,
VP, =0, VQu =0, a =1,2,3,4.

The compatibility of V with the ahp-structure (F,G, H) is equivalent
with the absolute parallelism of the eigendistributions of F, G and H, in the
connection V. But it is easy to show that all the distributions Wy, W5, Wa,
a # [ =1,2,3,4 are absolute parallel in the connection V if and only if
Wa, a=1,2,3,4 are. Hence we have

Theorem 3.3. The connection V is compatible with the ahp-structure
(F,G,H) if and only if it preserves by parallelism the distributions W,
a=1,234.

From F oG = G o F it follows ¥p o g = g o ¥r, XF © XG = XG © XF
CroCqg = CgoCp. After that ¥ and ¢ being affine projectors associated
to linear projectors x g and X, it follows that ¢ p o is the affine projector
associated to linear projector xr o xg, i.e.,

34) Yrova(V+71)=1vrotpq(V)+ xr o xa(r).

From here it results

Theorem 3.4. The set Crc(M) of the connections compatible with the
ap-structure (F,G, H) is given by

35) V =vroypg(V°) + xr o xa(r),

where V° is a fixed connection on M and 7T is an arbitrary element of
D3(M).

With other words, the set Cr.q(M), of (F,G, H)-connections on M, is
the image of the affine projector ¥r o ¢

36) CF7g(M) =Im(¢Yp o vq),
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i.e. it is the affine submodule of C(M) passing by the (F,G, H)-connection
Ypoa(V®), which has the direction given by the linear submodule Im(xpo
xc) of Dy(M).

Taking in 35) 7 = 0, it follows that an ahp-structure (F, G, H) assigns
to each connection V° € C(M), an (F, G, H)-connection V = 1 o g (V®),
which may be written in the form

1
37) V= Z[VO +Cr(V°)+ Cq(V°) + Cu(V°)].
Hence, we have

Proposition 3.2. The (F,G, H)-connection V associated to a connec-
tion V° is the mean connection of V° and its conjugate connections with
respect to ap-structures F,G, H.

If we consider X € DY(M) and Y, € DY(M,W,), a = 1,2,3,4, we
obtain from 37), taking into account 15),

38) VxVy = Po(VSYa), a=1,2,3,4.

Hence, we have

Proposition 3.3. The connections V¢, o = 1,2,3,4, induced by the
(F,G, H)-connection V, associated to V°, on the subbundles Wy, by restric-
tion, coincide with the projections of V° on W,.

4
Taking Y € D'(M) and setting Y = Y Yy, with Y, € D'(M, W,), we

get ot
39) VxY =30y Pa(Vi(PaY)))

i.e.
40) Vx =S| PyoV% o Py, ¥X € DY(M).

Definition 3.4. An Otsuki quasiconnection [7] on M is a pair D =
(P, D), formed by a tensor field P € D}(M) and a mapping D : D'(M) x
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DY(M) — DY(M), which is F(M)-linear in the first argument, IR-linear in
the second and satisfies

Dx(fY)=X(f)P(Y) + fDxY, Vf € F(M), X,Y € D'(M).

It results that a linear connection is an Otsuki quasiconnection with P = 1.
From 7) and (40) it follows

Proposition 3.4. For a connection V° on M, the pairs DS = (Py, Pyo
VoP,), a=1,2,3,4, X € DY(M) determine four Otsuki quasiconnections
on M. The restrictions of D% to the subbundles W, coincide with the
connections V¥, obtained from V° by projections and the sum of D% is the
(F,G, H)-connection V associated to V°.

From 38) and 40) it follows

Proposition 3.5. A connection V on M is an (F,G, H)-connection if
and only if there are the connections V* on the subbundles Wy, so that

4
41) Vx =Y V% o Pa, VX € D'(M).

a=1

It results also from 40)

Proposition 3.6. A wvector field Y € DI(M) is parallel along a curve
v C M in the (F,G, H)-connection V associated to V°, if and only if its
components Y, € DY (M, W,) are parallel along ~y in the induced connections

Ve on W,,.

The problem of the integrability for an ahp-structure has been analysed
in a more general framework by WALKER [9,10], Hsu [4], VIDAL and VIDAL
CosTA [8] and others. We give here some characterizations specific for our
case.

Definition 3.5. One sais that the ahp-structure (F, G, H) is integrable
if all the distributions of the structure, i.e. W, WQB,WO“ a=1,2,3,4, are
integrable.

One has
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Proposition 3.7. The ahp-structure (F,G, H) is integrable if and only
if the distributions Wog, a # 3 =1,2,3,4, are integrable.

Indeed, from W, = Wog N Woy, a # B # v and W,z integrable, it
follows that W, are integrable. After that, from W, = Z Wp and W,
BFo

W,g integrable, it results W, integrable.
Since W, are the eigendistributions of the ap-structures F', G and H,
from this proposition and the integrability of an ap-structure it follows

Theorem 3.4. The ahp-structure (F,G, H) is integrable if and only if
the ap-structures F, G and H are integrable, i.e. their Nijenhuis tensors are
Z€er0

42) Np =0, Ng =0, Ny =0.
It is easy to verify that this condition is equivalent with
43) Np =0, Ng =0, Npg =0.

Considering a connection V° and its associated connection V with re-
spect to ahp-structure (F, G, H), given by 37), we obtain for the torsion of
\Y%

T(Xa,Yp) = P3(Vx,Yp) — Pa(Vy,Xa) — [Xa, Yg].

From here it follows
P’Y(T(Xouyﬁ)) = _P’Y[XOHY,B]? Va 7é /8 7& Y= 1727374'

Remarking that P,[X,,Y3] = 0, for v # a # (3, is equivalent with the
integrability of the distribution W,g, it results

Proposition 3.8. The ahp-structure (F, G, H) is integrable if and only
if there exists a connection V° on M so that the torsion of the associated
connection V, with respect to structure (F,G, H), satisfies

44) PyoTo(Pyx Pg) =0, Va#8#~v=1,2,3,4.

Let now g be a metric on M i.e. a symmetric and nondegenerate (0, 2)-
tensor field.

Definition 3.6. One sais that the metric g is invariant to the ahp-
structure (F, G, H), or that (F,G, H, g) is a mahp—structure on M if
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45) go(F'x F) =g, go(GxG)=g, go(H x H)=g.

As in the first section we can prove that on any paracompact manifold
M there exist Riemannian metrics invariant to a given ahp-structure.
Setting

46) go=go (Fx1I), g3=go(Gx1I), gg=go(H x1I)

we obtain new metrics on M, invariant to ahp-structure (F,G, H), called
the associated metrics to mahp-structure (F,G, H, g).

Definition 3.7. A connection V on M is called compatible with the
metric g if it satisfies

47) Vg = 0.

Considering g as a mapping from D'(M ) to D1(M), which assigns to
a vector field Y the 1-form w = ¢(Y,-), i.e. w(Z) = g(Y,Z), for each
Z € DY(M), we can associate to a connectlon V € C(M) and a tensor field
7 € D3(M), the affine and the linear projectors 1, and x4 given respectively
by

1 _ 1 _
48) Uy(V)x = 5(Vx +yg 'oVxog), xg(m)x = S(mx +g Yorx 0g).
As for an ap-structure F, for a metric g, we obtain

Theorem 3.5. The set C4(M) of connections V compatible with a
metric g are given by

49) V =1pg(V°) + xg(7),
where V° € C(M) is fized and 7 € D3(M) is arbitrary.

If (F,G,H,g) is an mahp-structure on M, then ¢y o9y = g 09p, etc.,
and XF 0 Xg = Xg © XF, etc. Thus from [1] it follows

Theorem 3.6. The set of connections on M, compatible with the mahp-
structure (F,G, H,g) is given by

50) V =vp oG o hy(V°) + xF o xa © X¢(T),
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where V° € C(M) is fized and T € DY(M) is arbitrary.

We remark that if a connection is compatible with the mahp-structure
(F,G, H,g) it is also compatible with the associated metrics g2, g3, g4. Tak-
ing in 50) V° = V¥, the Levi-Civita connection of g, we have 14(V9) = V9
and setting 7 = 0, we obtain

Proposition 3.9. The connection V= Ypopa(VY), i.e. the (F,G,H,g)
- connection associated to Levi-Civita connection V9 of g, is compatible with
the mahp-structure (F,G,H,g) on M.

Definition 3.8. We call the connection V = Yr o Ya(VY), the first
canonical connection associated to mahp-structure (F,G, H, g).

Considering an (F, G, H)-connection V on M, we have ¢ (V) = ¢g(V)
= V and therefore for the connection V = Yrogoy(V), compatible with
the mahp-structure (F, G, H, g), we obtain V= 14(V). Hence, we have

Proposition 3.10. If V is an (F,G, H)-connection on M, then V =
1y(V) is compatible with the mahp-structure (F,G, H, g).

Let V be an (F,G, H)-connection on M. As we have seen, setting
V%Y, = VxY,, for X € DY (M) and Y, € DY (M, W,o5), a = 1,2,3,4, we
obtain a connection V¢ on each subbundle W, of TM. Considering then
as torsion for the connection V¢, the tensor field 7% = P, o T o (P, X P,)
restricted to W, where T' is the torsion of V, we obtain

51) T Xa,Ya) = Vx.Ya—Vy. Xa—Pa[Xa, Yal, VXo,Ya € DHM, Wa),
a=1,234.

Now we can prove

Theorem 3.7. Given a Riemannian mahp-structure (F,G,H,g) on
M, there exists a unique connection V on M which satisfies

52) a) VF =0, VG =0; b) PgoT o (Pyx P3) =0, a # 8; ¢c) T* =0;
d) @X(j =0, where g = go (Py x P,) and a, f = 1,2,3, 4.

Indeed, from a) we obtain VxY, € DY (M, W,), VX € DY(M), Y, €
DY (M, W,), a =1,2,3,4, and taking into account b) it follows

53) Vx,Ys = Ps[Xa, V3], a # 5=1,2,3,4.



350 V. CRUCEANU 14

After that, from c) and d) we have

54) Vx, Yo — Vy, Xo — Pa[Xa, Ya] =0,
Xag(YOM ZOt) = 3(VX04Y(X7 ZOé) + E(Xou VXaZa)'

Thus, as well as in the Riemannian case, it follows from here

20(Vx,Ya: Zo) = X (Ya, Za) + Ya9(Za, Xa) = Zag(Ya, Ya)—
_Z(Xom Pa[Yaa Za]) + E(Ya; Pa[ZayXaD + E(Zaapa[Xay Ya]),
VXo, Yo, Zo € DM, W,).

Hence, we have obtained a unique connection V which preserves the ahp-
structure (F, G, H), but generally it does not preserves the metric g. More
precisely, we have

56) (Vx.9)(Yas Za) =0, Vx,9(Ys, Z5) = (£x.9)(Ys, Zp),
(vXag)(Yﬁ’ Z’Y) = Oa « 7é ﬁ 75 Y= 17273547

where Lx is the Lie deriv&tive with respect to X.
Setting then V = 1,(V), it follows from Proposition 3.10 that V is an
(F,G, H, g)-connection on M.

Definition 3.9. We call the connection V = 1119(@) the second canonical
connection for the Riemannian mahp-structure (F, G, H, g).

Example. Let N be a manifold and M = T'N the total space of the
tangent bundle w : TN — N. Setting for each 1-form p € D;(N), given
locally by u(x) = p;(z)dx?, v(1)(2) = pi(x)y’, where z = (z,y) € T, N, we
obtain a class of functions on T'IN, with the following property. For any two
vector fields A, B € DY(T'N), we have A = B if and only if A(yu) = B(yu),
for each € Dy (V).

Let V be a connection and X a vector field on V. Setting

57) XM (yp) = v(Vxp), X¥(vp) = p(X) o7, Y € Di(N),

we obtain two vector fields X" and XV on TN, called respectively the
horizontal and the vertical lifts of X. For an 1-form w on N, the horizontal
and vertical lifts are given by

58) Wwh(XM) = w(X)om, Wh(X?)=0;
W’ (XM(=0, w(XY) =w(X)om, VX € DY(N).



15 ALMOST HYPERPRODUCT STRUCTURES ON MANIFOLDS 351

After that, setting
59) F(X") = X" F(X")=-X" VX € DY(N),

we obtain an apc-structure F' on TN, having as eigendistributions F'* and
F~, the horizontal distribution HT'N of the connection V and the vertical
distribution VI'N of the fibration. For f € D}(TN) and g € DY(N) we
define the horizontal and vertical lifts f*, f¥ and ¢", g* on TN, by

60) fM(X") = f(X)", fM(XY)=0; fU(X") =0, fUX) = f(X)",
gh(Xh7Yh> = g(Xa Y)OTF, gh(thyv) = gh(ijyh> - gh(vayv) =
07
gU (XM Yh) = g (XM, Y") = g"(XV,Y") =0,

g(X,Y)onm, VX,Y € DY(N).

g’l) (X'U’ Yl))

Let now (f,g) be a map-structure on N ie. go (f X f) =g and g =
go (f x I) its associated metric. Considering the lifts

61) G=f"+f H=f"—f" q1=¢"+9", 2 =9" - ¢",
93=9"+3", a=g"— 7",

one obtains

Theorem 3.8. If (f,g) is a map-structure, g its associated metric and
V a linear connection on N, then the tensor fields F, G, H, g1 given by 59)
and 61), determine on TN a mahp-structure with the associated metrics

92,393, 94-

We remark that the pairs (f*, g") and (f, g*) determine map-structures
on the subbundles HTN and VTN with g" and §¥ as associated metrics.
After that the distributions (subbundles) W, of the ahp-structure (F, G, H)
are given by

62) Wl = (fh)+7 W2 = (fh)_a W3 = (fv)+7 W4 = (fv)_'
Considering local coordinates (z%) on N and (z¢,y‘) on TN, where for

z = (x,y) € TN, y = y’@ and setting for V, V o — = Tk

- —, WE
ozt al‘] Y 8xk ’

obtain on T'N the local vector fields and 1-forms

5 a\" & L i O , ) . o
I = T — t— N — dyt T od d®
63) 53 ( aﬁ) 5~ Vil g 0y = (dat)" = dy' + Dy’ da”.
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ox’

0 .
Hence, to the natural basis () and co—basis (dz") on N, we can asso-

ciate on T'N the adapted basis and co-basis (dz?, §y). In these

szi’ Oy’
bases, denoting by the same letter the matrix of each tensor field, we obtain

wo=[1 2)oo-[4 =[] 2]

_ 19 0 _l9 O _ g 0 _lg 0
g1_|:og:|792_|:0 g:|vg3_|:0 §:|)g4_|:0§ .

Therefore, tr F' = trG = 0, tr H = 2tr f and hence F' and G determine
always apc-stuctures on T'N and GG determines an apc-structure if and only
if f determines an apc-structure on N. If g is a Riemannian metric on
N, then (F,G,H,g1) is a Riemannian mahp-structure on TN, g; being
the Sasaki metric associated to metric g and the connection V on N. The
associated metrics g9, g3, g4 are always of hyperbolic type. More precisely,
go and g4 are always of neutral type and g3 is neutral if and only if f is an
apc-structure on N. In an orthogonal basis on N, formed by eigenvectors of
f and the basis on T'N formed by the corresponding horizontal and vertical
lifts of these, the tensors of the Riemannian mahp-structure (F,G, H,g1)
and the associated metric g2, g3, g4 are given by 18) and 21), where n; = ns
and ng = nyg. Let now D be the diagonal lift of V, [3], i.e. the connection
on T'N given by

65) DxnY" = (VxY)', DxnYV = (VxY)", DxoY" = Dx. YV =0,
VX,Y € DY(N).

For the horizontal and vertical lifts of f € Di(N) and g € DY(N), we obtain

66) Dxn(f") = (Vxf)", Dx»(f*) =0, Dxn(f*)

(Vx[f)?, Dxo(f) =

0;
Dxn(g") = (Vxg)", Dxv(g") =0, Dxn(g9®) = (Vxg)!, Dxv(g") =
0, VX € DY(N).

If (f, g) is a map-structure and g its associated metric, we get for the mahp-
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structure (F, G, H, g1) and the associated metrics g2, g3, g4,

DF =0, Dy»G = (Vxf)"+ (Vxf)?, Dx.G =0,
DXhH—(va)h (Vxf)', Dx.H = 0;

(ng)v’ DX”gl = 07

—(Vxg)", Dxvg2 =0

+(Vxg)", Dxvgz =0,

—(Vx9)", Dxvgs =0, VX € D(N).

Hence, DF is always zero, DG and DH are simultaneous zero and namely
when V[ is zero. Dg; and Dgo are zero for Vg = 0 and Dgs and Dgy are
zero for Vg = 0. Resuming the previous considerations we obtain finally

Theorem 3.9. If (f,g) is a map-structure on N and V = 1¢(V9)
is the canonical (f,g)-connection associated to it, then (F,G,H,g1) is a
mahp-structure on TN and the diagonal lift D of V is compatible with this
structure.
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