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1. Introduction. The purpose of our paper is to provide sufficient
conditions for ¥ - boundedness of the solutions of a differential system of
the form

(1) x' = A(t)x + f(t)
as a perturbed system of

(2) y = A(t)y.

We investigate conditions on a fundamental matrix Y(t) of the linear
homogeneous differential system (2) and on the function f(t) under which
the solutions of the systems (1) and (2) are ¥ - bounded on R;. Here, ¥
is a continuous matrix function. The introduction of the matrix function ¥
permits to obtain a mixed asymptotic behavior of the solutions.

The problem of ¥ - boundedness of the solutions for systems of or-
dinary differential equations has been studied by many authors, as e.g.
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AKINYELE [1], [2], CONSTANTIN [4], [5], AVRAMESCU [3], HALLAM [11],
HARA, YONEYAMA, ITOH [12], KUBEN [14], MORCHALO [15]. In these
papers, the function W is a scalar continuous function ( and increasing, dif-
ferentiable and bounded in [1], [2], nondecreasing and such that ¥(t) > 1
on Ry in [4], [5] ).

2. Definitions, notations and hypotheses. Let RY denote the

Euclidean d - space. For x = ( xq, X2,... xq )L € Ry, let || = || =
max { [x1 |, [x2 |,...]xq | } be the norm of x. For a matrix A = ( a;;),
we define the norm | A | of A by | A| = sup ||Ax]; it is well-known that
lell<1
d
A= i |-
Al= 2 Loy

In the above systems, we suppose that:

- A(t) is ad x d continuous matrix on Ry = [0, 00);

-f: Ry — R%is a continuous function.

Let ¥; : Ry — (0,00),1 =1, 2, ... d, be continuous functions and

U = dlag [\Ifl,\lfg,...\l’d].

A matrix P is said to be a projection if P2 = P. If P is a projection, then
so is I - P. Two such projections, whose sum is I and hence whose product
is 0, are said to be supplementary.

Definition 1. A function ¢ : Ry — RY is said to be ¥— bounded on
Ry if ¥(t)p(t) is bounded on R.

Definition 2. The solutions of (1) are W— uniformly bounded on R
if for every a > 0, there exists H(a) > 0 such that any solution x(t) of (1)
which satisfies the inequality || W(tg)x(tg)||< « for some tg > 0, exists and
satisfies the inequality || ¥(t)x(t)||< H(«) for all t > to.

Remarks. 1. For ¥; = 1, i = 1, 2,...d, we obtain the notions of just
boundedness respectively uniform boundedness.

2. If in the above Definition, we replace ¥ with U*, k € Z \ {0,1}, we
generalize the notion of uniform boundedness of degree k with respect to a
function ¢ ( see [4] ).

3. It is easy to see that if the solutions of (1) are ¥— uniformly bounded
on R4, they are ¥— bounded on R..
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4. Tt is easy to see that if ¥ and ¥~! are bounded on R, then the ¥ -
boundedness is equivalent with the just boundedness.

3. V¥ - boundedness of the solutions of the linear homogeneous
system (2). In this section we give necessary and sufficient conditions for
the ¥ - boundedness of the solutions of the linear homogeneous system (2).

Theorem 1. Let Y(t) a fundamental matriz for linear system (2).
Then, the solutions of linear system (2) are ¥— bounded on Ry if and
only if for every s > 0, there exists K(s) > 0 such that

| U)Y ()Y (s)U (s)| < K(s), forallt > s > 0.

Proof. The solution of (2) which takes the value y € R at a > 0 is
y(t) =Y(t)Y(a)y for t > 0.

If the solutions of (2) are ¥— bounded on R, then, for y € R and s
> 0, there exists K(y,s) > 0 such that

[ TER)YR)Y ' s)y || < K(ys), forallt > s.

Let y = U~ 1(s)e], where ¢; = (0,...1,...0), for i = 1,2,...d. Then, there

77

exists Kg > 0 such that
I \If(t)Y(t)Y_l(S)\If_l(s)eiT || < Kg,forallt > sandi=1,2,..4d.

It follows that the columns of the matrix W(t)Y(t)Y1(s)¥~1(s) are
bounded for t > s. Thus, the elements of this matrix are bounded for t >
s.

Hence, there exists K(s) > 0 such that

| U()Y()Y )T (s) | < K(s), forallt > s > 0.

Conversely, if the above condition is satisfied, then, for every solution
y(t) of (2), we have

RIONONENR IONMOMaROL SONONON EES NONRIONON K

for all t > s.
Thus, the solutions of (2) are ¥— bounded on R .
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The proof is now complete.

Remark. We observe that ¥— boundedness of the solutions of the

linear system (2) is equivalent with ¥ - stability of the linear system (2)
(see [7]).

Theorem 2. Let Y(t) a fundamental matriz of the linear system (2).
Then, the solutions of the linear system (2) are ¥— uniformly bounded
on Ry if and only if there exists a constant K > 0 such that

| O)YR)Y Hs)U 7 (s)| < K, forallt > s > 0.

Proof. Suppose first that the solutions of the linear system (2) are ¥—
uniformly bounded on R;.

Let u € R be such that ||ul| <1 and s > 0. From Definition 2, it follows

that

| DY (OY ()2

2‘11_1(5)11) | < H(1), forallt > s.

Thus,
| U()Y()Y Hs)T () | < 2H(1),forallt > s > 0.
Suppose next that
| ()Y ()Y ()T Hs) | < K, forallt > s > 0.
It is easy to see that, if the solution y(t) of (2) satisfies the inequality
| U(s)y(s) ||< , for some s >0,

then,
| T(t)y(t) || < Ka, forallt > s.

This shows that the solutions of (2) are ¥— uniformly bounded on R.
The proof is now complete.

Remarks. 1. We observe that ¥— uniform boundedness of the solu-
tions of the linear system ( 2 ) is equivalent with ¥ - uniform stability of
the linear system ( 2 ) ( see [7] ).
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2. We specify that ¥— uniform boundedness of the solutions of the
linear system (2) is not equivalent with ¥ - boundedness of the solutions
of the linear system (2). This is shown by the next example, transformed
after an example due to PERRON ( [17] ).

Example 1. Let
1 0
A(t) =
0 sinln(t+1)+cosln(t+1) —2

Then, a fundamental matrix for system (2) is

et—i—l 0
Y(t) =
0 e(t+1)[sinln(t+1)—2]
Let
e—(t+1) 0
U(t) =
0 et+1
We have
1 0 1 0
T(t)Y(t) = and U(t)Y(t)Y 1 (s)T 1 (s) =
0 eb® 0 et—9(s)

where ¢(t) = (t+1)[sinln(t+1) — 1].

It is easy to see that | W (t)Y(t)] is bounded on Ry and
| ()Y (t)Y1(s)¥~1(s) | is unbounded for t > s > 0.

It follows that the solutions of (2) are ¥ - bounded on R, but they are
not ¥ - uniformly bounded on R

Theorem 3. Let Y(t) be a fundamental matriz of the linear system (2).

Then, the linear system (2) has at least one, but not every, non-trivial
U - bounded solution on Ry if and only if there exists a projection P #£ 0
such that

a). W (t)Y(t)P is bounded on R,

b). U(t)Y(t)(I-P) is unbounded on Ry.
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Proof. Suppose first that the linear system (2) has at least one, but not
every, non-trivial ¥ - bounded solution on Ry. Let y(t) be this solution.
Thus, there exists K > 0 such that

oY) Y H0)y(0) || < K, forallt > 0.

Let ¢ = Y~1(0)y(0) # 0 be and ¢ = (ci,...Cs,...cq) T, where |cs | = ||c||.
Let P the null matrix in which the s - column is replaced with ||c||~tc.
Thus, P? = P, P # 0 and ¥(t)Y(t)P is bounded on R, .

But then, if ¥(t)Y(t)(I-P) is bounded on R, then ¥(t)Y(t) is bounded
on R4, which is contradictory.

Thus, the conditions a) and b) are satisfied.

Suppose next that the conditions a) and b) are satisfied.

It is easy to see that there exists yo € RY | yo # 0 such that (I-P)yg =
0. Thus, y(t) = Y(t)Pyo is a non-trivial ¥ - bounded solution of (2).

If all the solutions of (2) are ¥ - bounded on Ry, then U(t)Y(t) is
bounded on Ry ( Theorem 1 ). Then, ¥(t)Y(t)(I-P) is bounded on Ry,
which is contradictory.

The proof is now complete.

Remark. We observe that the linear system (2) has at least one, but
not every, non-trivial ¥ - bounded solution on R4 if and only if it is ¥ -
conditionally stable on Ry ( see [10]).

A sufficient condition for ¥ - boundedness of the solutions of the linear
system (2) is given by

Theorem 4. Let Y(t) be a fundamental matriz for (2).
Suppose that there exist a projection P and a positive constant K such
that

/t | U ()Y(t)PY  (s)U 1 (s) | ds+

ooO

[T leayamey e as< K
t

forallt > 0.
Then:
1). if P# 0, P # I, the linear system (2) has at least one, but not every,

non-trivial ¥ - bounded solution on R4 ; in addition, if y(t) is this solution,
then tlim | W (t)y(t)| = 0.
—00
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2). if P = I, the solutions of the linear system (2) are ¥ - bounded on
R, ; in addition, for any solution, tlim | W (t)yt)| = 0.

3). if P = 0, the solutions of the linear system (2) (except null solution)
are U - unbounded on R .

Proof. Suppose that P # 0. From Lemma 1, [9], it follows that there
exists a constant N > 0 such that

| U()YER)P| < Ne ™'t forallt > 0.

Case P # I. Since 0 is an eigenvalue of I - P, there exists a v € RY,
v # 0, such that (I-P )v = 0. Let yo = Y(to)v and y(t) the solution of
(2) with initial condition y(to) = yo. Then, we have

IeE)y(t) | = [ ¥OYR)Y (t)y(to) || =

= | U@R)Y®Pv] < Ne ™' ||v|, forallt > 0.

Thus, y(t) is a ¥ - bounded solution of (2) and, in addition,
Tim [ W(t)y(t)] =0.

On the other hand, from Lemma 2, [9], it follows that || W(t)Y(t)(I-
P)xg || is unbounded on Ry for all xg € R? such that (I-P)xq # 0.

Since 0 is an eigenvalue of P, there exists ug € R%, up # 0 as an eigen-
vector: Pug = 0. Let zg = Y(to)up be.

For the solution z(t) of (2) with initial condition z(tg) = zp, we have

T(0)a(t) = WO Y)Y (5p)alty) = L(6)Y (1) (1-P)ug.

It follows that
limsup || U(t)z(t) || = oo.
t—o00
Thus, the solution z(t) is ¥ - unbounded on R;.
Case P = L. In this case, we have that | ¥(t)Y(t)] < Ne 5 't for all
t > 0. From Theorem 1, the conclusion is obvious.
Now, suppose that P = 0. From Lemma 2, [9], it follows that

limsup || W(t)Y(t)x, || = oo,

t—o0

for all xg € RY, xg # 0. This shows that the system (2) has no nontrivial
¥ - bounded solution on R.
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The proof is now complete.

Example 2. Consider the linear system
(3) x' = Ax

where A is a d x d real constant matrix.

Let a, B € R be, o < . Suppose that the characteristic roots of A are
divided into two sets A1 and Ao such that every root in the first set has real
part less than « and every root in the second has real part greater than 3.
We can represent the vector space RY as the direct sum of two subspaces
X1, Xo invariant under A such that all characteristic roots of the restriction
of A in X; belong to A; (i = 1, 2). The corresponding projections Py, Po
of RY onto X;, Xy commute with A, are supplementary and there exists a
constant K > 0 such that

\etA P < Ke®, fort > 0,

e Py| < Ke?, fort < 0.

It will be noted that P; # 0 if A; # 0 ( see [6], Chapter III ).

We consider two cases:

Case I. There exist characteristic roots of A with diferent real parts.

We consider 3 subcases:

i). we can choose «, € R as above such that all characteristic roots of
A have real parts less than a.

In this case, Ay = ), Po =0, Py = L. Let 71 > a be and ¥(t) = e "'1,.
Then we have

| W(t)e e A0 1(s) | < Kel>WE) fort > s > 0.

From Theorem 2, it follows that the solutions of (3) are ¥ -uniformly
bounded on R.

If v4 > «, from Theorem 4, it follows that the solutions of (3) are W
- bounded on R, and, in addition, tlggo | U(t)y(t)|]] = 0, for any solution
y(t)-

ii). we can choose «, 8 € R as above such that all characteristic roots
of A have real parts greater than (.
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In this case, Ay = 0, Py = 0, Po = 1. Let 72 < 3 be and ¥(t) = e 72'1,.
Then we have

| T(t)e e A0 () | < Kel@ 29 fors > t > 0.

From Theorem 4, it follows that non-trivial solutions of (3) are ¥ -
unbounded on R+.

iii). we can choose a, 3 € R as above such that A; # (), 1 = 1, 2. Then,
Pi#0,P; #1,i =1, 2. Let v € (o, 3) be and ¥(t) = e ""I;. Then, we
have

| U (t)e M Pre 40 1(s) | < Kel@ M) fort > s > 0

| U(6)e P40 (s) | < Kel® M) fors > t > 0.

From Theorem 4, it follows that the system (3) has at least one, but not
every, nontrivial ¥ - bounded solution y(t) on Ry; in addition,
Jim [ w(o)y ()] = 0.

Case II. The characteristic roots of A have the same real part \.

We consider 3 subcases:

a). Let v > X and ¥(t) = e 7*1;. From Theorem 4, it follows that the
solutions of (3) are ¥ - bounded on R4 and, in addition, 1tlinoao | U(t)y(t)]|

= 0 for any solution y(t).

b). Let v < A and ¥(t) = e 7*I;. From Theorem 4 it follows that
nontrivial solutions of (3) are ¥ - unbounded on R.

c). Let v = X and, e.g., ¥(t) = e " 1(t)Ig, where ¢ : Ry — (0,00)
is a continuous function such that t&! < ¢(t), t > 0. Then, the solutions
of (3) are ¥ - bounded on R;.

Remarks. 1. In fact, the above results are true for v1 > a, 72 < (3
respectively v € [a, A].

2. We have a similar situation if A(t) is a d x d real continuous periodic
matrix.

3. This Example generalizes a well-known result for boundedness of the
solutions of (3).

4. ¥ - boundedness of the solutions of the linear nonhomoge-
neous system (1). In this section, we give sufficient conditions for ¥ -
boundedness of the solutions of the linear nonhomogeneous system (1).
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Theorem 5. Suppose that:
1. the solutions of (2) are ¥ - uniformly bounded on R,
2. the function f is such that

/0 Sl w s | de

18 convergent.

Then, the solutions of (1) are U - uniformly bounded on R..

If, in addition, the fundamental matriz Y(t) for (2) is such that
tlirgo | W(t)Y(t)| = 0, then, the solutions of (1) are such that tlirgo | W(t)x(t)
= 0.

Proof. Let Y(t) be a fundamental matrix for (2). From Theorem 2 it
follows that there exists a constant K > 0 such that

| T)Y()Y ()T s) | < K, forallt > s > 0.

Let -
L= [T hvor |

Let x(t) be the solution of (1) with the initial condition x(ty) = xo.
Then, from the classical variation of parameters formula ( see [13] ), we

obtain .

x(t) = Y)Y Mtg)xo + [ Y)Y ' (s)f(s)ds,
to
for all t > to ( in fact, for t > 0 ).
Thus, for t > tg, we have

TeE)x) | < 1Y) (6) T (t) (L(te)xe) | +

t
/O T Y)Y ()P () (T()E(s) [ ds < K( || W(tp)xo | + L)
0
It follows that the solutions of (1) are ¥ - uniformly bounded on R+.
Now, for € > 0, there exists t; > tg such that

> €
/ | U(s)f(s) || ds < K

t1



11 ON THE ¥ - BOUNDEDNESS OF THE SOLUTIONS 279

Since tlim | U(t)Y(t)| = 0, there exists to > t; such that
—00

€ t !
WY 1< 5 1Y s I+ [ 1Y@ ] fore >

Then, for t > to we have

Fw)x) | < [wEO)YE) Y (to)x I +

4 w) |/ |yt \derK/ | U()f(s) || ds < e

This shows that thm | U(t)x(t)] = 0.

The proof is now complete.

Remark. Theorem 5 generalizes a similar result of A. Constantin [4]
for W(t) = @ (t)I,.

The Theorem 5 is no longer true if we require that the function f is ¥ -
bounded on R instead of the condition

o0
K / | U(t)f(t) || dt is convergent ”.
0

Even if the function f is such that tlim | ¥(t)f(t)|| = 0, the Theorem 5

is no longer true.
This is shown by the next example.

Example 3. In system (2) we consider A(t) =
= I

Then, a fundamental matrix for (2) is Y(t)
Let
L
(t) < t24+1 1 )
0 =
We have U(t)Y(t)=V(t) and
32+1 0
T)Y ()Y ()Tl (s) = t?gl o1 |, fort >s > 0.
=1

It follows that the solutions of (2) are ¥ - uniformly bounded on Ry and
tlim | U()Y(t) | =0.
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If we take f(t) = ((t+1)In (t+1), In (t+1))”, then, we have

(t41) In(t+1)
241
P(t)i(t) =
In(t+1)
t+1

Therefore, tlim | U(t)f(t)]| = 0.
—00
On the other hand, the solutions of the system (1) are

2
O+ 2In(t+ 1) — 1
(t) =
Co+ (t+1)[In(t+1) —1]
Since tlim || ¥(t)x(t)|| = oo, it follows that the solutions of the system
—00
(3) are ¥ -unbounded on R .

Theorem 6. Suppose that:
1). the fundamental matriz Y(t) of (2) satisfies the condition

/tgp(s)|\Il(t)Y(t)Y"l(s)\If_l(s)\ s < K, forallt > 0,
0

where K is a positive constant and ¢ is a continuous positive function on
Ry such that [} p(s)ds=00;

2). the function fis ='W - bounded on Ry.

Then, the solutions of (1) are U - bounded on R .

If, in addition, tliglo | o L)W ()f(t)] = 0, then tli>nolo | U(t)z(t)]| =0
for any solution z(t) of (1).

Proof. From Theorem 2, [8], it follows that tlim | U(t)Y(t) | = 0.

As in the proof of the above Theorem, if x(t) is a solution of (1), then,
for all t > ty > 0, we have

Fw)xe) | < [2E)YE) Y (t)x(to) | +

+/ () | TOYO)Y ()8 (s) [ ¢ () U E)) || ds <

to

< W)Y () (I Y (to)x(to) || + K sup | P () U(s)E(s) || -
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Thus, the solution x(t) is ¥ - bounded on R .
Now, for a given ¢ > 0, there exists t; > t¢ such that

1o (6) W (0)E(t) [|< ﬁ forall t > t;.

Moreover, there exists to > t; such that

€ t -1
OV < § (1Yot [+ [ 1Y 0t 0]

to
forallt > to.

Then, for t > to we have
| W(t)x(t) U < JW)Y() [ Y (t)x(to) || +
+ /t | @)Y )Y L (s)f(s) || ds +

0

+/ () [T Y)Y () U () [ 0 () U()E(s) || ds <

< [U(t)Y(t) | [II Y (tg)x(to) || + /t 1 1Y~ (s)E(s) || ds| +
+orc 5 o(s) | TE)Y ()Y H(s)Tl(s) | ds < e.
This shows that tlirglo | w(t)x(t)| = 0.

The proof is now complete.

Remarks. 1. Theorem 6 generalizes a similar result of CONSTANTIN,

[4], Theorem 3.1, for ¥(t) = ©*(t)I; and A(t) = A.

2. Theorem 6 generalizes a result of O. Perron, [16], in conection with

the linear equation x’ = a(t)x + b(t).

3. HALLAM introduced in [11] two positive scalar continuous functions

¢ and 1) for to determine bounds on the solution vectors of (1). It is clear
that the function ¢ does not influence the conclusions of the theorem. The
function ¢ can only serve to weaken the required hypotheses on f.

Instead, the introduction of the matrix function ¥ permits to obtain a

mixed asymptotic behavior of the solutions.



282 A. DIAMANDESCU 14

We give an example which shows some advantages that are obtained by
introducing the scalar function ¢ and the matrix function W.

Example 4. Consider the linear system of ordinary differential equa-

tions
-2a(t+1) - 5y 0
(4) X = x + b(t)
0 -2a(t+1) - 25

where a > 0, x = (x1, x2)T and b(t) = ( by(t), ba(t) )T is a continuous
vector function on Ry.

A fundamental matrix for the homogeneous system is

t%e—a(tﬂ)? 0
Y(t) =
0 (t+11)§ ematH1)?
We have
%e—a(t—l—l)z-l—a(s—&—lf 0
Y)Y (s) =
0 Eiii))j e—a(t+1)?+a(s+1)?

Consider 4 cases:
Case 1. U(t) = I, and p(t) = 1.
The condition 1 of Theorem 6 is satisfied:

t
1
/ [EOYOY () [ds < o forallt > 0,
0

Then, if b(t) is a bounded function on Ry, then the solutions of (4) are
bounded on R..

We remark that, in fact, the above conditions for A(t) and b(t) are
Perron’s conditions for the linear equation x” = a(t)x + b(t) ( see [16] ).

Case 2. ¥U(t) = Iz and p(t) =t + 1.

It is easy to see that the condition 1 of Theorem 6 is satisfied:

/t(s—i—l) Y ()Y ()T (s) | ds < 2i for all t > 0.
0 a
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Now, the condition 2). of Theorem 6 about b(t) is satisfied if b(t) is H%l
- bounded, that is if 24 is bounded on R..

Then, the solutions of (4) are bounded on R.

This is a weaker condition than the Perron’s condition ” b(t) is bounded
on R,”.

Case 3. ¥Y(t) = (t+1)I and p(t) =t + 1.

The condition of the Theorem 6 about Y(t) is satisfied.

Now, the condition 2). of Theorem 6 about b(t) is satisfied if b(t) is
bounded on R;.

Then, every solution x(t) of the equation (4) is such that (t+1)x;(t) and
(t4+1)x2(t) are bounded on R.

It is easy to see that for x;(t) and x2(t), this result is stronger than the
result of PERRON, [16].

t+1 0

Case 4. U(t) = ( 0 (t+1)? ) and o(t) =t + 1.

It is easy to see that the condition 1 of Theorem 6 is satisfied:
t 1
/ (s+1) | () YR)Y ()T s) |ds < 2 forallt > 0.
0 a

Now, the condition 2. of Theorem 6 about b(t) is satisfied if b(t) is
( (1) t—? 1 > - bounded on Ry, that is if by (t) and (t+1)bz(t) are bounded
on R_|_.

Then, every solution x(t) of the equation (4) is such that (t+1)x;(t) and
(t+1)%x2(t) are bounded on R.

It is easy to see that for x1 (t), this result is stronger than the O. Perron’s
result contained in [16].

On the other hand, we see that the asymptotic properties of the solutions
x1(t) and x2(t) are not the same.

This is an advantage that is obtained by introducing the matrix function
v,

In the same manner as above, we can discuss about the second part of
the Theorem 6.

As a Corollary of our Theorems 5 and 6, we have the following

Corollary 1. Consider the linear equation

(5) 7 = Az + f(t)
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where A is a d x d real constant matriz.

Suppose that all characteristic roots of A have real parts less than «,
where « is a given real number. Let v > « be and W (t) = e 7t I,.

i). Suppose that fis ¥ - bounded on R.

Then, the solutions of (5) are ¥ - bounded on R .

If, in addition, tli}noloe_w f(t)|| = 0, then tlir})loe_w | z(t) || = 0, for any
solution z(t) of (5).

i1). Suppose that f is such that

/ N S | de
0

18 convergent.

Then, the solutions of the system (5) are ¥ - uniformly bounded on Ry
and tlgglo e | x(t) || = 0, for any solution x(t) of (5).

The Theorem 6 is no longer true if we require that the solutions of
linear system (2) are ¥ - uniformly bounded on R and tlirgo | U(t)Y(t)] =

0, instead of the condition
t
/ ()Y ()Y (s)T1(s) | ds < K, forall t > 0.
0

This is shown by the next example.

Example 5. In the Example 3, we take f(t) = (3t2+1, 2t+1)7. We
have || U(t)f(t)]] < 3 for all t > 0.

On the other hand, the solutions of (1) are x(t) = (c1 + t3 + t, ¢y + t2
+ )T, t > 0.

It is easy to see that all solutions of (1) are ¥ - unbounded on R;.
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