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Abstract. In this paper we present some results on the coincidence and fixed point
properties of geodesic correspondences in Finsler manifolds. We follow the method of
Frankel [5], which was generalized for the Finsler case first in [6] and [8].
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1. Introduction. T. FRANKEL ([5]) studied fixed points of correspon-
dences of a Kahler manifold of positive bisectional curvature. His result
was generalized by the second author to the case of Kéahler Finsler man-
ifolds [8]. In this paper we generalize Frankel’s results to coincidence of
correspondences of real Finsler manifold, not only for fixed points of a cor-
respondence. The main result is the following.

Theorem. Let V and W be two compact geodesic correspondence of a
Finsler manifold N of positive sectional curvature, one of them transversal.
Then V and W have a coincidence.

We also obtain results on coincidence of geodesic maps and consequently,
fixed point properties of geodesic maps. We recall that examples of real
Finsler manifolds of positive curvature have been obtained by R. BRYANT
[4] and Z. SHEN [9].

2. Preliminaries. Let M be a real manifold M of dimension
n, (TM,m, M) the tangent bundle of M. The vertical bundle of the manifold
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M is the vector bundle 7 : V — TM given by V =kerd m C T(TM). (z%)
will denote local coordinates on an open subset U of M, and (z¢,y') the
induced coordinates on 7=(U) C TM. The radial vertical vector field ¢ is
locally given by ¢(u® aza) =u’ aga |-

A Finsler metric on M is a function F' : TM — R, satisfying the
following properties:

1) F2is smooth on M, where M = TM \ {0},

(

(2) F(u) >0, for all u € M,

(3) F(Au) = |A\|F(u) for all u € TM, X\ € R,

(4) For any p € M the indicatrix I;(p) = {u € T, M|F(u) < 1} is strongly
convex.

A manifold endowed with a Finsler metric F' is called a F1121812er manifold.
Condition (4) implies that the quantities g;;(z,y) = %%I;iézf") means
positive definite matrix, so a Riemannian metric (,) can be introduced in
the vertical bundle (V, 7, TM).

On a Finsler manifold there does not exist, in general, a linear metrical
connection. The analogue of the Levi - Civita connection lives just in the
vertical bundle, however, there are several ones. In this paper we use the
Cartan connection, which is a good vertical connection in V, i.e. a R - linear

map.

VXM x X(V) = X(V)

having the usual properties of a covariant derivations, metrical with respect
to g, and ’good’ in the sense that the bundle map A : TM — V defined
by A(X) = Vx¢ is a bundle isomorphism when restricted to V. The latter
property induces the horizontal subspaces H,, = ker A for all u € M , which
is direct summand of the vertical subspaces V,, = Ker(dn),:

TM:HEBV

© : V — H denotes the horizontal map associated to the horizontal bundle
H. For a tangent vector field X on M we have its vertical lift XV and its
horizontal lift X to M.

Using O first we get the radial horizontal vector field y = ©o¢. Secondly
we can extend the covariant derivation V of the vertical bundle to the whole
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tangent bundle of M: Denoting it with the same letter, for horizontal vector
fields H we have:

VyH =0(Vx(0 Y (H))) VX € XM

and then, an arbitrary vector field Y € XM is decomposed into vertical and
horizontal parts, so
VyY =VxYV + VY

Thus V : XM x XM — XM is linear connection on M induced by a
good vertical connections, its torsion and curvature €2 are defined as usual.
Specially the sectional curvature of V along a curve o is given as follows:

RK'T(UHa UH) = <Q(UH7 UH)UHa UH>
for any U € X(M). This is called the horizontal flag curvature in [1]. A

curve o : [0,1] — M is called geodesic if VyuTH = 0, where T = 5.

3. Product of Finsler manifolds. In this section we construct the
product of Finsler manifolds. Let (M, F1), (Ma, F») be two Finsler mani-
folds with the Cartan connection. Consider the product manifold M; x My
with the metric

F(or,v2) = \/ F2(01) + F§(v2), ¥(vr,v2) € TMy x TMy

This is homogeneous, smooth /gnd | positive definite on ]\71 X Mg because
F1, F5 have these properties on My, Ms. The Levi matrix of F' is positive

definite on ]\71 X Mg because it is of the form (61 g) where A, B are the

Levi matrix of Fy, Fb.

Let H1, Ha be the horizontal bundles of the manifolds (M, FY), (Ma, F»)
and ‘H = H1 & Ho.

The metrics F1, F» induce the Riemannian structures (,); and (,)2 on
the horizontal bundles. It follows that on the bundle H = H1 @ Ho we have
the metric

(X+UY+V)=(X,Y) + (U, V)

The Cartan connection of the product manifold is related to the Cartan
connections of M7 and My as follows:

Vxiuv(Y +V)=VxY +VyV,VX,Y € X(H1),U,V € (H2).
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The sectional curvature of My x My satisfies the relation:
R(X+U,Y+V)=R(X,Y)+R(U,V), VX,Y € X(H1), and U,V € X(Ha).

These results come from the characterization of warped product of Finsler
manifolds, proved by the authors in [7].

It follows from [7] that a curve o = («, 3) in the product manifold is a
geodesic if and only of the components o and § are geodesics in the factors.

4. The main result. Let N be an n - dimensional real differentiable
manifold. A correspondence V of a manifold N with itself is an n - dimen-
sional submanifold of N x N. Two correspondences, V, W are said to have a
coincidence iff VW # (). A correspondence V' C N x N is called transversal
if Tty.g)V @ Tip,q)({P} X N) = Tip,q) (N x N) and T )V Ty, ) (N % {q}) =
Tp,q)(NxN) hold for all (p, q) € V. Since T(,, 4)({p} x N) and T, (N x{q})
are orthogonal, it follows that any vector orthogonal to V' at (p,q) cannot
be tangent to {p} x N or N x {q}.

A correspondence V. C N x N is said to be geodesic iff V' is a totally
geodesic submanifold in N x N.

Now we can prove the main Theorem stated in the Introduction.

Proof. We denote M = N x N. We assume that V' and W do not
intersect each other. Then there is a shortest geodesic o(t) from V to
W with the endpoints o(a) € V and o(b) € W resp., for V and W are
compact. By the Gauss lemma this geodesic strikes the manifolds V' and
W orthogonally.

We horizontally lift all the quantities from the tangent level to the second
tangent level TT'M (in fact to H = Hy & Hi, where H; is the horizontal
bundle associated to V). The horizontal lift from T, M to H will be denoted
by superscript H. .

We consider P € Hs(,)M the parallel translated of Tf([a)V with respect
to the Cartan connection along & to the point ¢(b). The parallel transport
defined by the Cartan connection maps horizontal vectors into horizontal
one, ¢ (a) into 5 (b), and it is angle preserving and dimension preserving.
It follows that ¢/ (b) L P and that implies dim (P +T;{b)W) <dim M —1.
It follows that

dim(P NTJ, (W) =
= dimP + dimTj{b)(W) — dim(P + Tj{b)(W)) >
> dimV + dimW — (dimM — 1) =n+n—(2n—1) = 1.
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We can choose a unit vector w! e PﬁTf(b) M. There exists a unit vector

v eT O{{a)V such that w? is obtained from v by parallel translation. The

parallel translation of v along & generates a vector field U¥. We consider
the variation ) : (—e€,e) x [0,1] — M of o with transversal vector field
X = dn(U"). Then, by the second variation formula (cf. [1], p. 38) we
have

d*ty, H pHy (b
ds2 (O):<VUHU T >t5'|a+
b
0
# [ |19rt ™ = @t oot T, - L TP d

a

U™ is parallel along & and TH o 6 = 6| so VpuU|; = V_u = 0. Thus
the first term of the integral vanishes. So does the last term, for U? 1 TH
holds along ¢. The end terms can be omitted, since we can choose such
variation where all transversal curves are geodesic, therefore Vyn U = 0.
Since V' and W are totally geodesic submanifolds in M = N x N, this
property ensures that the variation ) is proper, ie. the endpoints of the
variational curves move in V', and W, resp. Summarizing we have

b b
(0) = — /<Q(TH, o, Ty dt = —/R(-,(UH, Utdt < 0,

a

20y
ds?

thus contradicting the minimality of o. O

It is clear that this Theorem yields that any correspondence V of a
Finsler manifold of positive sectional curvature has a fixed point. In fact,
take the diagonal of N x N for W.

5. Coincidence of geodesic maps. A smooth map f: N — N gives
rise to a correspondence, the graph G(f) of f;G(f) = {(p, f(p))|p € N}.
G(f) is a special type of correspondence since f is single valued. Let A =
{(p,p)|p € N} be the diagonal of N x N. It is clear that a map f has a fixed
point whenever G(f) intersects the diagonal A. A correspondence will be
said to have a fixed point if it intersects the diagonal.

Now we want to apply this theorem for geodesic maps. A smooth map
f: N — N is called geodesic if for every geodesic curve o of N the image
f(«) is geodesic. For a detailed study on geodesic maps see BACSO’S works

([2,3])-



368 LASZLO KOZMA and IOAN RADU PETER 6

Lemma. If f is a geodesic map, then its graph G(f) is a geodesic
correspondence.

Proof. If 0 = (a, ) C G(f) is a geodesic curve of the graph G(f), then
a and 3 are geodesic of N by Theorem 9 of [7]. In this case [ is just the
image f(a). O

Lemma. If f : N — N is a one-to-one map and G(f) is a geodesic
correspondence, then f is a geodesic map.

Proof. Let a be a geodesic curve in N, and § = f(«) its image,
o = (a,3). Let @ = (@, /) be a geodesic curve with 7(0) = ¢(0). 7 is
in G(f), for G(f) is a totally geodesic submanifold. 7(0) = ¢(0) implies
@(0) = &(0) and 5(0) = 3(0). Therefore @ = cv. The injectivity of f implies
that 3 = 3 = f(a). Thus, again by Theorem 9 of [7] we get that 3 is
geodesic, which was to be proved. [l

These two lemmas show that the notion of geodesic correspondence is a
natural extension of the notion of geodesic map. Let us consider now two
geodesic maps f,g: N — N. Then G(f) and G(g) give geodesic correspon-
dence, each of them is transversal. Therefore from our Theorem we can
deduce the following.

Corollary. If f,g: N — N are geodesic maps of a Finsler manifold N
with positive sectional curvature, then they have a coincidence. Specially, f
always has a fized point.
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