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Abstract. In [3] Borel and Serre present the construction of some manifold with
corners as the compactification of the quotient of the space X of maximal compact sub-
groups of a semi-simple Q-algebraic group G by the action of a torsion free arithmetic
subgroup I'. In particular, a ”corner” X(P) is associated to some fix parabolic subgroup
P of G. In this note we prove the functoriality of Borel and Serre’s construction of such
a corner.
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1. Borel and Serre’s construction. In this section we recall the
notations and the main steps of the construction in [3]. The properties
of the linear algebraic groups and of their subgroups that are used in this
construction can be found in [1], [2], [4].

Let k be a field of zero characteristic (usually a subfield of R), G be an
algebraic group over k and G° the connected component of the unity.

Let RG be the radical of G, R,G it’s unipotent radical and R;G it’s
k-split radical. By definition, it is the maximal k-split connected subgroup
of RG, it is normal and Zariski dense in G. A Levi subgroup of G is a
maximal reductive k-subgroup. The Levi subgroups are R,G-conjugated.

Definition 1.1. A S — k space for G is a couple (X, (Ly)zex) where
X is a homogeneous G-space and (L;).cx) is a set of Levi subgroups of G
such that:

(i) The isotropy subgroups H, (z € X) of G in X are of the form K - 5,
where S is a maximal torus in RyG and K is a maximal compact subgroup
in G(R), contained in the normalizer of S.
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(ii) Hy C Ly and Lyg = (Ly)Y for any z € X and g € G.

Let S be a k-torus acting linearly on the vector space V. The weights
of S'in V are the characters x € X*(S) such that V, = {v €V / s.v =
x(s)v, Vs € S} # {0}. A vector v € V,, v # 0 is called weight vector of S,
with weight x. Let T' be a maximal torus of G and S a singular sub-torus
of codimension 1. Taking V = g = Lie(G), the weights x # 0 of T such
that S = (kerx)? and Lie(ZgS/Ru(ZcS)) = Lie(ZaT) ® kX, ® kX_y,
where X, and X_, are weight vectors for x and —x respectively, form the
set of roots of G by respect to T, R = R(G,T'). This set is determined by
G modulo isomorphisms, as the maximal torus are conjugated.

Let P be a parabolic R-subgroup of G, Z the center of P/R,P and
v:XXZ—Z,(x,z) — xoz=x- 2z, the geodesic action of Z on the S —k
space X, where ”-” is the action of G on X and z, € P (see [3]).

Let S be a maximal k-split torus of G°/R,G, ¢ = R(G°/R,G, S) the
set of k-roots of G°/ R, G by respect to S. Let A be a basis of R(G/R,G, S).
There exists a bijection between the set of conjugacy classes in G(G), the set
of maximal parabolic k-subgroups of G, and the set of subsets of A (note
also that ((G) corresponds bijectively to 3(G/R,G) and (5(G/R4G) via
the canonical projections). The conjugacy class corresponding to J C A is
represented by the standard parabolic subgroup Py, with the image P;/R,G
in G/R,G; we have RyPy = Sy - R, Py, where S; = (Naes kera)o.

Let P € 5(G). The quotient

Sp = RyP/(RuP - RiG)

is a maximal k-split torus in C(P/(R,P - RyG)). Let Ap = S%. If P’ €
B(G) is conjugated to P via G°, then we have the canonical isomorphism
op.p: Sp =~ Sp. If we choose P’ = P; standard, then Spr = S;/Sa. The
elements of A\ I induce a basis in X*(S7/5a) ® Q. So we have the natural
isomorphism [3]:
p:Ap~ (Ri)A\I

which we can also view as an open embedding of Ap in RAV | whose closure
is Ap = Rﬁ\l.

Now let X be a homogeneous space of type S — k for G. It is a principal

Ap-bundle under the geodesic action. The corner associated to P is the
total space of the associated bundle with the standard fibre Ap ([3]):

X(P)=X x4 4p
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So X (P) is the quotient space of the product X(P) = X x Ap by the
equivalence relation: (x,s) ~ (2/,s) if and only if there exists a € Ap such
that z = 2’ o a and 2’ = az. The space X (P) has a natural structure of
manifold with corners induced by the one of the fibres.

2. The main result.

Theorem 2.1. Let G and G’ be two linear algebraic k-groups and
f:G — G’ be a group homomorphism. Let P C G, P' C G’ be parabolic
k-subgroups of G and G' such that f(P) C P'. Let X and X' be S — k
homogeneous spaces under G and G’ respectively and F : X — X' a function
compatible with f and the structures described in the definition 1.1. Let

X(P) = X x** Ap (Ap = (R)AV)

X'(P') = X' xAr Ap/ (Apr = (R3))
be the associated corners. Then there exists a function
Xf:X(P)— X'(P)
defined by factorization from
F:X—-X | Fp:Ap— Ap/
such that the association

(G7P7X) - (G/7P/7X,)

(f,F) — Xf
s functorial.

Proof. We shall construct X f following the steps of Borel and Serre’s
construction.

We can suppose that P and P’ are standard parabolic subgroups, P =
Pr (I c A), PP=Pp (I'cA"). The morphism f induces a group ho-
momorphism f* : X*(G') — X*(G) such that f*(A’) C A, as ¢, ¢’ are
uniquely determined, modulo isomorphism, by G and G’ respectively. As
f(P) C P', we have f*(I') C I. Thus

fSp=1f ((OQEJ kera)o) C Sp = (Naeskera)®
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As f(Sa) C Sar, it follows that f induces an morphism f : Sp — Sps. But
Ap = S% and f(S%) C (f(Sp))° and so we get the morphism f4 : Ap —
Apr.

We have the canonical isomorphisms:

p + Ap o~ (Rp)AM
fal 1 Fa
pl . AP/ ~ (Rj-)A/\I/

and we obtain the morphism Fj : (R%)A\ — (RE)AN' Fy = p/o faop!,
that can be extended by continuity to Fy : Rﬁ\l — ]Rf\ll which can be

seen as Fy : Ap — Apr.

By hypothesis the function F' conserves the geodesic action: if z; = zoa,
7y =F(x1) = F(roa) = F(x-a;) = F(x) - f(az) = F(x) o Fa(a)

We must prove now that by factorization we obtain a function X (P) —
X'(P"). Let (z,2) ~ (x1,s1). This implies that there exists a € Ap such
that x = 1 oa and 23 = az, so we have F(x) = F(z1) o Fs(a) and
Fa(z1) = Fa(a)Fa(z) and thus (F(z), Fa(2)) ~ (F(x1), Fa(21)). Tt follows
that we have a function X f : X(P) — X'(P’).

Consider now the sets of data (G, P, X), (G, P', X’) and (G”,P”,X”)
and the morphisms f: G —-G', f/: G -G, F: X - X', F/: X' - X”
which satisfy compatibility conditions like those in the statement of the
theorem. Let g = f' o f, G = F' o F. It follows that g(P) C P”. We must
show that G4 = F/y o Fy.

We have

g XNG) — XNG) , g =fof"

Supposing that P = Py, P’ = Py, P’ = Pjp» are standard parabolic sub-
groups, we have f*(I') C I, f*(I”) C I’ and so g*(I”") C I and g(S;) C Sp».
It follows that ¢ induces in a natural way, by factorization, a morphism
g:Sp — Sp», where Sp = S;/Sa, Sp» = Sp/Sa». As g = f'o f, it follows
that § = f’ o f and g=f"y o fa for the restrictions to Ap = S%, Ap = S%,.
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We obtain the diagram

p i Ap = (RpAV
fal L Fay

P Ap = (RYAV
fal LF)y

Pl Ap = (R)AV

and obviously
GA:,O” OgAOp_l — (pn Of;lo(f)/)_l) (ploonp—l) :FAOFA

and, extending by continuity, G4 = Fij’4 o Fy.
As for the couples (F, Fy), (F',F)) the equivalences used for defining
the varieties X (P), X'(P'), X”(P”), the relations G = F'oF, G4 = F/joFy

imply X (f" o f) = X(f") o X(f).
The equality X (idg) = id x(p) 1s obvious, and so the correspondence

(G,P,X) — (G, P X'
(f,F) — X[

is functorial. [ |
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